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Instability in Models Connected with Fluid Flows I, IT 
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attractors, first order linear and nonlinear equations, partial differential 
equations of fluid mechanics, etc. with the focus on the key question in the 
study of mathematical models simulating physical processes: 


Is a model stable (or unstable) in a certain sense? 


An answer provides us with understanding the following issue, extremely 
important for applications: 


Does the model adequately describe the physical process? 


Recent advantages in this area, new results, and current approaches to the 
notion of stability are presented by world-recognized experts. 
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Preface 


1. Overview 


These two volumes are devoted to mathematical analysis of equations of 
continuous media (mostly fluids) describing phenomena for which the basic 
underlying physics, i.e., their relation with First Principles, is well under- 
stood and broadly accepted. One of the most important mathematical issues 
is how these equations can be used for an accurate description of “matter.” 
At present, this question is especially urgent in virtue of at least three in- 
terconnected factors: new engineering problems, advantages of functional 
analysis, and the emergence of digital computing. 


e Modern engineering problems involve physics at different levels of ac- 
curacy, corresponding to different equations. The properties of these 
equations and the relations between them turn out to be important 
for applications. 

For instance, the Navier-Stokes equations and the Maxwell equa- 
tions are the most commonly used to compute quantities related to 
fluids and electromagnetic waves respectively. However, if a medium 
is rarefied, other (more refined) equations should be used. This is typ- 
ically the case for the re-entry in the atmosphere of a space vehicle 
transiting very rapidly from a region where the gas is rarefied to a re- 
gion of gas with normal density. Then the Boltzmann equation should 
be used. 

In the same way, the use of the transport kinetic equation is im- 
perative for devices so small that the flux of electrons cannot reach 
thermal equilibrium. At the other end of the scale spectrum, one con- 
fronts issues like climate evolution, and therefore it is necessary to 
use equations describing the interaction between the ocean and the 
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atmosphere or the stability of very large structures in fluids such as 
anticyclones and the Jupiter red spot. 


e During the evolution of mathematics from the 19th to the 20th century, 
the emphasis in studying these equations shifted from trying to find 
an explicit form of solutions to investigating equations by functional 
analysis methods due to Hilbert, Banach, and others. 


e In fact, the systematic use of functional analysis is naturally com- 
bined with access to digital computing, also not relying on explicit 
solutions. Functional analysis is of paramount importance not only 
for computing error estimates between a real solution and its discrete 
approximation, but also, most significantly, for constructing a discrete 
version of the problem that retains the basic properties of the original 
problem (a necessary condition for convergence). For instance, in fluid 
mechanics, any discrete approximation should preserve mass, momen- 
tum, and energy. As predicted by von Neumann in 1946, digital com- 
putation provides information not available through other methods. 
It is important to note that, combined with mathematical analysis, 
these computations have led to mathematical discoveries. The most 
classical examples involve dynamical systems. 

i) The observation of the singular behavior of a discrete version 
of the Kortweg-de Vries equation made in 1955 by Fermi, Pasta, and 
Ulam [4], which led Lax, in 1968, to the study of the integrability of 
the Kortweg-de Vries equation by using the so-called Lax pair [8]. 

ii) The discovery of strange attractors by Lorentz [10] and Hénon 
[6] on the basis of numerical experiments, which motivated a sys- 
tematic research on properties of attractors; for fluids, in particular, 
starting with the contribution of Ladyzhenskaya [7] in 1972. 


While the range of applications of partial differential equations is ex- 
tremely large, from quantum theory to biology, the equations of fluid me- 
chanics have a particular status. It turns out that success in the inves- 
tigation of these equations leads to new results in many other nonlinear 
problems. Therefore, the equations of fluid mechanics often serve as models 
in the study of other nonlinear problems arising in applications and as a 
constant stimulus for new mathematical discoveries. 


A striking example is the notion of a weak solution, implicitly pre- 
sented in the analysis of shocks in conservation laws obeying the Rankine- 
Hugoniot condition. This notion was formalized for the construction of 
turbulent solutions to the Navier-Stokes equations by Leray [9] in 1933 
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and was ultimately completed with the creation of distribution theory by 
Sobolev [16, 17] in 1935/36 and by Schwartz [15] in 1945. 


A description of a physical process by PDEs can be adequate only if 
a certain stability property interpreted depending on the physical problem 
takes place. 

For linear partial differential equations the first formal definition of 
stability (well-posedness) was given by Hadamard [5] in 1904. In 1937, 
based on the notion of stability in the sense of Hadamard, Petrowsky [13] 
proposed a systematic classification of general systems of PDEs. 


The nonlinear structure of equations describing fluid flows dictates 
different approaches to the introduction of the notion of stability. In addi- 
tion to the classical stability (well-posedness in the Hadamard sense), there 
are various definitions of stability reflecting specific mathematical aspects 
of physical problems. In particular, the following variants will be discussed 
in these volumes: 


— the large time behavior of solutions, which is related to the Lyapunov 
stability of stationary solutions and attractors 


— stability relative to initial data (for example, wave packets) 


— stability of averaged models obtained by introducing an infinite-dimen- 
sional measure driven by a stochastic process 


— stability of free-boundary problems 





— stability problems in control theory 


2. Classification of Contributions 
and Comments 


The idea was to gather a collection of contributions from experts to cover 
current approaches to the study of stability of mathematical models sim- 
ulating processes in fluid flows. We present several directions in this area 
that are different by methods and problem statements, but all of them are 
joined by the final goal of research: to clarify whether the mathematical 
model under consideration possesses the property of stability (instability) 
in a certain interpretation of this notion. 


Below we classify the papers in both volumes according to the selected 
directions and give our comments on presented results. 
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2.1. Navier-Stokes equations. General results 
(existence and smoothness of solutions). 


This direction is presented by three papers, where nontrivial situations are 
considered; in particular, the problem can be stated in an unbounded do- 
main or the solution can be of infinite energy. 


[DS] Efim Dinaburg and Yakov Sinai, Existence theorems for the 3D 
Navier-Stokes system having as initial conditions sums of plane waves, 
In: Instability in Models Connected with Fluid Flows. I / Intern. 
Math. Ser. Vol. 6, Springer, 2008, pp. 289-300. 


In this paper, the existence theorem for the Cauchy problem for the 
3D Navier-Stokes equations is proved in the case, where the initial condition 
is a finite sum of plane waves. The time interval, where the solution exists, 
depends on the initial condition. We emphasize that the initial condition 
is not assumed to be of finite energy. The proof is based on the method 
of power series which is of independent interest. There is also an example, 
where a solution exists on a time interval independent of the initial condi- 
tion. We should note that the existence of solutions on an arbitrary time 
interval was earlier obtained by another method in [18] for almost all coef- 
ficients of the initial quasiperiodic polynomial with respect to the Lebesgue 
measure. 


[A] Maxim Arnold, Analyticity of periodic solutions of the 2D Boussi- 
nesq system, In: Instability in Models Connected with Fluid Flows. I / 
Intern. Math. Ser. Vol. 6, Springer, 2008, pp. 37-52. 


The paper by Sinai’s former student M. D. Arnold is devoted to the 
proof of the analyticity of periodic solutions to the 2D Boussinesq system, 
an extension of the Navier-Stokes equations, and uses the method of [11]. 


[Ze] Sergey Zelik, Weak spatially nondecaying solutions of 3D Navier- 
Stokes equations in cylindrical domains, In: Instability in Models Con- 
nected with Fluid Flows. II / Intern. Math. Ser. Vol. 7, Springer, 
2008, pp. 329-376. 


Zelik develops an infinite energy theory for the Navier-Stokes equa- 
tions in unbounded 3D cylindrical domains. Based on this theory, he es- 
tablishes the existence of a weak solution in a uniformly local phase space 
(without any spatial decay assumptions), the dissipativity of the solution, 
and the existence of the so-called trajectory attractor. In particular, this 
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phase space contains the 3D Poiseuille flows. Estimates on the size of the 
attractor in terms of the kinematic viscosity are also obtained. 


2.2. First order linear and nonlinear equations. 


The difference in statements and approaches presented in the papers of 
this direction reflects the rich variety of subjects and methods in current 
investigations of different aspects of stability (instability) in this area. 


[BF] Anatoli Babin and Alexander Figotin, Nonlinear dynamics of 
a system of particle-like wavepackets, In: Instability in Models Con- 
nected with Fluid Flows. I / Intern. Math. Ser. Vol. 6, Springer, 
2008, pp. 53-134. 


The authors highlight the propagation properties of quasilinear hyper- 
bolic equations by introducing a special class of the so-called particle-like 
wave packets. This notion has a dual nature. On one hand, a particle- 
like wave packet is a wave with a well-defined principal wave vector. On 
the other hand, it is a particle in the sense that it can be assigned to a 
well-defined position in space. As was established in this paper, under this 
nonlinear evolution, a generic multi-particle wave packet remains a multi- 
particle wave packet with high accuracy and the constituent single particle- 
like wave packet not only preserves the principal wave number, but also has 
a well-defined space position evolving with constant velocity (their group 
velocity). To prove these results, the authors use properties of the linear 
(hyperbolic) part of the system under consideration and the particle-like 
wave packet structure of the initial data. The methods used in [BF] are 
close to those of [Ch] and [GMN]. 


[P] Evgenii Panov, Generalized solutions of the Cauchy problem for a 
transport equation with discontinuous coefficients, In: Instability in 
Models Connected with Fluid Flows. II / Intern. Math. Ser. Vol. 7, 
Springer, 2008, pp. 23-84. 


Transport equations with discontinuous coefficients arise in the analy- 
sis of various nonlinear systems of conservation and balance laws with lin- 
ear degeneracy of some components. For example, the system of Keyfitz— 
Kranzer type, known in magnetohydrodynamics, reduces to a system of such 
a kind. Furthermore, as is known [12], transport equations with discontinu- 
ous coefficients appear as the adjoint equations corresponding to hyperbolic 
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systems of conservation laws. Panov presents the well-posedness theory for 
general nonhomogeneous transport equations which can be applied for es- 
tablishing the existence and uniqueness of strong entropy solutions to the 
Cauchy problem for Keyfitz-Kranzer type systems. 


[R] Evgenii Radkevich, Irreducible Chapman-Enskog Projections and 
Navier-Stokes approximations, In: Instability in Models Connected 
with Fluid Flows. II / Intern. Math. Ser. Vol. 7, Springer, 2008, 
pp. 85-154. 


In order to derive the viscosity and heat diffusion coefficients from 
the Boltzmann equation, Chapman and Enskog proposed an approximation 
of solutions to the Boltzmann equation in terms of macroscopic quantities 
or moments of the solution. This approach works very well for the first- 
order approximation with respect to the Knudsen number €. This leads to 
the compressible Navier-Stokes equation and provides a way to derive the 
viscosity and heat diffusion coefficients from First Principles. For the next 
order in €, the Burnett equation appears, an ill-posed equation in the sense 
of Hadamard. As was noted in [2], a very good model for relaxation to 
the equilibrium property of the Boltzmann equation is the nonlinear Euler 
equation with relaxation term of order e71. Based on spectral analysis, 
Radkewich proposed some other derivation. In particular, he proved that, 
in the case of an odd number of equations, a well-posed approximation of 
dependent variables of any order can be expressed as an equation of one 
variable. If the number of equations is even, the approximation can be 
expressed via two macroscopic variables. 


2.3. Finite time instabilities of 3d incompressible 
Euler equations. 


The question whether solutions to the 3d incompressible Euler equations 
with finite energy and smooth initial data may blow up in finite time is still 
open. However, it is known that a family of smooth initial data may generate 
growth in the vorticity that, even if not infinite, may be arbitrarily large. 
Furthermore, even in the 2d case, a family of initial data with nonuniformly 
bounded vorticity may generate pathological behavior. In [Ch] and [GMN], 
the reasons leading to such patologies are investigated. 
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[Ch] Christophe Cheverry, Recent results in large amplitude monophase 
nonlinear geometric optics, In: Instability in Models Connected with 
Fluid Flows. I / Intern. Math. Ser. Vol. 6, Springer, 2008, pp. 267- 
288. 


Using methods of nonlinear geometric optics applied to a family of 
oscillating initial data, Cheverry shows that the weak limit of the corre- 
sponding solutions does not satisfy the Euler equation any more. 


[GMN] Francois Golse, Alex Mahalov, and Basil Nicolaenko, Burst- 
ing dynamics of the 3D Euler equations in cylindrical domains, In: 
Instability in Models Connected with Fluid Flows. I / Intern. Math. 
Ser. Vol. 6, Springer, 2008, pp. 301-338. 


To exhibit the stabilizing effect of a fast rotation, the authors consider 
solutions to the Euler equations in a finite cylinder with initial data that is 
a bounded perturbation of a large uniform rotation Q along the axis of the 
cylinder. Conjugating the solution with the Poincaré-Steklov operator (the 
rotation in the space of divergence-free functions), they construct a resonant 
limit system. Special solutions (in particular, periodic and integrable ones) 
are studied by methods of the classical Hamiltonian mechanics for rigid 
bodies. Using a shadowing lemma, the authors find that the solutions to 
the original Euler equation have similar behavior. From the Editors’ point 
of view, the major and remarkable result is the construction of time periodic 
solutions with large variation of the ratio of the H*(t) norms between two 
different times tı and tə (for any s). Such a bursting dynamics, without 
singularities, corresponds to the so-called depletion in the study of the Euler 
equations. 


2.4. Large time asymptotics of solutions. 


The analysis of the large time behavior of solutions to the fluid equations 
covers many applications and is connected with basic physical issues, for 
instance, the route to turbulence. At the same time, it can be approached 
through very different aspects. In addition to the contribution presented in 
this subsection, the papers by Zelik (see Subsection 2.1) and by Zlotnik (see 
Subsection 2.6 below) are directly related to this topic. 
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[ChV] Vladimir Chepyzhov and Mark Vishik, Attractors for nonau- 
tonomus Navier-Stokes system and other partial differential equations, 
In: Instability in Models Connected with Fluid Flows. I / Intern. 
Math. Ser. Vol. 6, Springer, 2008, pp. 135-266. 


As was already mentioned, a description of attractors was a strong 
stimulus for mathematical research. Beginning with the 80’s, the theory of 
global attractors was actively developed by many authors towards different 
directions, including the estimation of the Hausdorff dimension of attractors 
by basic scaling numbers (Reynolds, Grasshoff, etc.) of a flow. Attractors 
for nonautonomous equations were first studied by Chepyzhov and Vishik 
[3] who have made the main contribution to the field. 


In the present paper, the authors treat the case of nonautonomous 
systems. The Hausdoff dimension of the global attractor can be infinite in 
the nonautonomous case, and, by this reason, the authors use the notion of 
an e-entropy introduced by Kolmogorov for estimating the attractor size. 
Nonautonomous partial differential equations with oscillating external forces 
are analyzed. In particular, the authors consider the situation, where the 
amplitude of the oscillation grows infinitely, whereas the attractor remains 
bounded. 


2.5. Statistical approach. 


To derive an equation describing an instable movement, it is reasonable to 
replace unspecified forces by random forces with time-independent incre- 
ments, instead of omitting unspecified forces altogether. Then one obtains 
a stochastic equation, i.e., a partial differential equation with white noise 
on the right-hand side. The presented results of Shirikyan lead to a very 
interesting setting of the problem that is adequate to described instable 
physical processes. 


[Sh] Armen Shirikyan, Exponential mixing for randomly forced partial 
differential equations. Method of coupling, In: Instability in Models 
Connected with Fluid Flows. II / Intern. Math. Ser. Vol. 7, Springer, 
2008, pp. 155-188. 


During many years, physicists were firmly convinced that the white 
noise possesses a smoothing effect on solutions to a partial differential equa- 
tion. In the case of the complex Ginzburg-Landau equation, this conjecture 


Preface xix 


finds its rigorous justification in the paper by Shirikyan presented in this 
collection. In fact, Shirikyan proves the ergodicity of stochastic partial 
differential equations, i.e., the uniqueness of the steady-state statistical so- 
lution even in the case, where the same partial differential equation, without 
white noise on the right-hand side, possesses many individual steady-state 
solutions belonging to an attractor of complicated structure. The smooth- 
ing action of the white noise is precisely to transform the set of individual 
steady-state solutions into a unique statistical steady-state solution. Us- 
ing the coupling method, Shirikyan establishes a general criterion for the 
uniqueness of stationary measures and an exponential mixing property. The 
latter is understood as a certain kind of the Lyapunov exponential stability 
of the steady-state statistical solution. The method is then illustrated by 
the stochastic complex Ginzburg-Landau equation. Note that the results 
presented in [Sh] are based on an approach developed in a series of papers 
by Kuksin and Shirikyan (see references in [Sh]). 


2.6. Water waves and free boundary problems. 


The papers presented in this subsection are devoted to the study of delicate 
physical situations, where the surface separating a liquid and an external 
medium is not fixed. There are many different problems of such a kind. 
Some of them are discussed in our volumes. 


[L] David Lannes, Justifying asymptotics for 3D water-waves, In: Insta- 
bility in Models Connected with Fluid Flows. II / Intern. Math. Ser. 
Vol. 7, Springer, 2008, pp. 1-22. 


A motion of a perfect incompressible irrotational fluid under the in- 
fluence of gravity is described by the free surface Euler (or water-wave) 
equations. These equations have rich structure, and many well-known equa- 
tions in mathematical physics can be obtained as their asymptotic limits, 
for example, the Korteweg-de Vries equations, the Kadomtsev—Petviashvilii 
equations, the Boussinesq systems, the shallow water equations, the deep 
water models, etc. Lannes studies the validation of such asymptotics. Since 
the fluid is irrotational, it derives from a potential and therefore leads to the 
Dirichlet-Neumann operator on the free boundary. An asymptotic analysis 
of the Dirichlet-Neumann operator yields a linearized version of the prob- 
lem. To reach the full nonlinear case, the perturbation method employing 
the Nash—Moser theorem is used. 
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[S] Vsevolod Solonnikov, On problem of stability of equilibrium figures 
of uniformly rotating viscous incompressible liquid, In: Instability in 
Models Connected with Fluid Flows. II / Intern. Math. Ser. Vol. 7, 
Springer, 2008, pp. 189-254. 


The free boundary problem governing the evolution of an isolated mass 
of a viscous incompressible fluid, subject to capillary and self-gravitation 
forces, is considered. The solvability of this problem in a finite time in- 
terval was established by the author in his previous publications. In the 
present paper, Solonnikov studies the stability of the solution correspond- 
ing to the rigid rotation of a liquid about the vertical axis with constant 
angular velocity. The main goal of this investigation is to show that the 
stability /instability is driven by the second variation of the energy func- 
tional, which has been done via analysis of the spectrum of the linearized 
operator in a neighborhood of the stationary regime. Then the perturba- 
tions are estimated in terms of the Holder norms. 


[Zi] Alexander Zlotnik, On global in time properties of the symmetric 
compressible barotropic Navier-Stokes-Poisson flows in a vacuum, In: 
Instability in Models Connected with Fluid Flows. II / Intern. Math. 
Ser. Vol. 7, Springer, 2008, pp. 329-376. 


Unlike the papers [L] and [S] dealing with incompressible fluids (for 
instance, water) and several spatial dimensions, Zlotnik considers symmetric 
self-gravitating flows of a viscous compressible barotropic gas/fluid around a 
hard core with a free outer boundary in a vacuum. The density degenerates 
at the free boundary. Under spherical symmetry, the problem becomes 
one-dimensional relative to the spatial variables. Such problems arise in 
astrophysics. For large discontinuous initial data and general state functions 
(including increasing and not strictly increasing ones) the global-in-time 
bounds for solutions are established, which allows one to study of their 
large-time behavior. Results on the existence, nonexistence, and uniqueness 
of the corresponding static solutions are also presented. 


2.7. Control theory. 


Control theory gives the most natural point of view for engineering sciences. 
Indeed, instead of determining a solution in terms of data, one seeks to find 
the most suitable data to produce the desired output. This approach was 
first developed for time-dependent ordinary differential equations (see, for 
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example, [14]). Due to the use of computers, advantages of functional analy- 
sis, and modern technology, this approach is now extended to distributed 
system. Note that control is closely related to the notion of observability, 
where frequencies of the solution play a crucial role. This fundamental fact 
was widely used by J.-L. Lions, one of the creators of control theory for 
PDEs. The main feature of this area is that many control problems arising 
in applications are ill posed in the sense of Hadamard. 


[Sh] Victor Isakov, Increased stability in the Cauchy problem for some 
elliptic equations, In: Instability in Models Connected with Fluid 
Flows. I / Intern. Math. Ser. Vol. 6, Springer, 2008, pp. 339-362. 


Variations of the boundary data for elliptic equations generate fluctu- 
ations that show up everywhere in the domain. However, according to the 
regularizing properties of these problems, these fluctuations may be very 
small and the identification of their source is an ill-posed problem in the 
sense of Hadamard. It turns out that, in this setting, the most convenient 
tools for obtaining the best possible estimates are “Carleman estimates.” 
Using these tools, Isakov derives some bounds which can be thought of as 
the increasing stability of the Cauchy problem for the Helmholtz equation 
with lower order terms when frequency is growing. These bounds hold un- 
der certain pseudoconvexity conditions on the surface for the Cauchy data 
and on the coefficient of the zero order term in the Helmholtz equation. 


[AS] Andrey Agrachev and Andrey Sarychev, Solid controllability 
in fluid dynamics, In: Instability in Models Connected with Fluid 
Flows. I / Intern. Math. Ser. Vol. 6, Springer, 2008, pp. 1-36. 


The authors consider the controllability and accessibility properties of 
the Navier-Stokes and Euler systems controlled by a low-dimensional force 
on the right hand side. After a survey of recent results, the authors establish 
new results for these systems on the two-dimensional sphere and generic 
two-dimensional Riemannian surfaces. They focus on geometric and Lie 
algebraic ideas, adopting the approach due to Arnold and Khesin [1] and 
making a connection with geometric methods in classical control theory. 
This paper should be especially interesting for those specialists, familiar 
with analytical methods, who wish to be introduced to the geometrical 
approach and to make a step towards more applied points of view. 
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3. Methods and Tools 


To obtain the results presented in the volumes, the authors used well-known 
methods and their modifications or developed new approaches. Keeping in 
mind that mathematical methods are often as important as results they 
produce, we list the main methods and tools used by the contributors and 
indicate the corresponding references. 


e Infinite dimensional geometric approach to fluid dynamics [AS] 


1. 


Nash—Moser theorem [L] 
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Free boundary problems [S], [Z1] 


Conservation laws, hyperbolic systems with discontinuous 
coefficients [P] 
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We survey results of recent activity towards studying the controllability and ac- 
cessibility issues for equations of dynamics of incompressible fluids controlled by 
low-dimensional (degenerate) forcing. New results concerning the controllability 
of Navier-Stokes / Euler equations on a two-dimensional sphere and on a generic 
Riemannian surface are presented. Bibliography: 28 titles. 


1. Introduction 


We survey results of recent activity aimed at studying the controllability and 
accessibility properties of the Navier-Stokes (NS) equations controlled by 
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low-dimensional (degenerate) forcing. This choice of control is the character- 
istic feature of our statement of the problem. The corresponding equations 
are as follows: 


Ou/Ot + Vu + gradp = vAu + Fit, x), (1.1) 
div u = 0. (1.2) 


The words “degenerate forcing” mean that F(t,x) can be represented as 


F(t,2) = JS un(t)F*(a), K is finite. 
keK1 
The word “controlled” means that the functions v;(t), t € [0,7], enter- 
ing the forcing can be chosen freely among measurable essentially bounded 
functions. In fact, any function space, dense in L1[0, T], would fit. 


The domains considered here include two-dimensional (compact) Rie- 
mannian manifolds: a sphere, a torus, a rectangle, a generic Riemannian 
surface diffeomorphic to a disc. We impose the so-called Lions boundary 
condition whenever the boundary is nonempty. 


Our approach stems from geometric control theory which is based on 
differential geometry and Lie theory; the geometric control approach proved 
its effectiveness in studying controlled dynamics in finite dimensions. We 
report on some ideas of how such methods can be extended to the area of 
infinite-dimensional dynamics and controlled partial differential equations. 
Extensions of geometric control theory to the infinite-dimensional case are 
almost unknown. The classical Lie techniques are not well adapted for the 
infinite-dimensional case, and several analytic problems are encountered. 





In this contribution, we concentrate almost exclusively on geometric 
and Lie algebraic ideas of the accomplished work. For details on analytic 
part we refer the interested reader to [7, 6, 23, 21, 22, 26, 27]. 


Applications of geometric theory to the study of the controllabil- 
ity of finite-dimensional systems is a well established subject, although 
many problems still remain unsolved. Starting point of the activity aimed 
at controlling the Navier-Stokes equations by degenerate forcing was the 
study [13, 4, 6, 25] of the accessibility and controllability of their finite- 
dimensional Galerkin approximations on T? and T? (periodic boundary 
conditions). One should note that the controllability of finite-dimensional 
Galerkin approximations of the Navier-Stokes equations on many other do- 
mains remains an open question. Answers for generic Riemannian surfaces 
follow from the results of Section 9. 
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The study in the infinite-dimensional case started in [5, 6, 7], where 
we dealt with the 2D Navier-Stokes / Euler equations on a 2D torus T?. In 
these publications, the notion of the solid controllability in projections and 
that of the approximate controllability are introduced and sufficient criteria 
for them are established. 


To obtain such criteria, the technique of the so-called Lie extensions 
in infinite dimensions was suggested. In the context of our problem, this 
technique can be loosely interpreted as designing the propagation to higher 
modes of the energy pumped by controlled forcing into the lower modes. 


The control functions involved are fast-oscillating, and the analytic 
part of the study consists of establishing the continuity properties of solu- 
tions of the Navier-Stokes equations with respect to the so-called relaxation 
metric of forcing. Being weaker than the classical metrics, it is adapted for 
dealing with fast oscillating functions. 


An extension of the above-mentioned techniques to the Navier-Stokes 
equations with the Lions boundary conditions on a rectangle has been ac- 
complished by Rodrigues [21]. In the course of this study, both geometric 
and analytic parts needed to be adjusted: the Lie extensions turn more 
intricate and the continuity properties need to be reproved. These results 
are surveyed in Section 8. 


A new approach is suggested for establishing the controllability on a 
Riemannian surface diffeomorphic to a disc (Section 9). 


Finally, the study of the Lie algebraic properties of spherical harmonics 
results in a controllability criterion for the Navier-Stokes / Euler equations 
on a 2D sphere (Section 10). 


The results appearing in Sections 9 and 10 have not been previously 
published. 


An interesting extension of the above described methods to the case of 
the Navier-Stokes equations on a 3D torus was accomplished by Shirikyan 
(26, 27]. The geometric part of his study essentially coincides with that 
in [6] and [25], but many additional analytic difficulties in the 3D case 
arise. We do not survey these results here, but refer the interested reader 
to [26, 27]. 

The controllability of the Navier-Stokes and Euler equations was ex- 
tensively studied, in particular, by means of boundary control. There are 
various results on the exact local controllability of the 2D and 3D Navier- 
Stokes equations obtained by Fursikov and Imanuilov, the global exact con- 
trollability for the 2D Euler equation obtained by Coron, and the global 
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exact controllability for the 2D Navier-Stokes equations obtained by Coron 
and Fursikov. We refer the reader to the book [14] and surveys [15, 11] for 
the further references. 


2. 2D Navier-Stokes / Euler Equations 
Controlled by Degenerate Forcing. 
Definitions and Problem Setting 


2.1. Navier-Stokes / Euler equations on 
2D Riemannian manifold. 


The representation of the Navier-Stokes / Euler equations in the form (1.1), 
(1.2) requires an interpretation whenever one considers the system on a 
2D domain M with arbitrary Riemannian metric. There is a general way 
of representing the Navier-Stokes / Euler equations on any n-dimensional 
Riemannian manifold (see, for example, [10]), but we prefer to remain in 
two dimensions and advance with some elementary vector analysis in the 
2D Riemannian case. 


We consider a smooth (or analytic) two-dimensional Riemannian man- 
ifold M (with or without boundary) endowed with the Riemannian metric 
(-,-) and area 2-form ø. All functions, vector fields, and forms will be as- 
sumed to be smooth. 


Any vector field y on M can be paired with two differential 1-forms 


yor: (PE = (ue), youl: (yt, £) = oly, E) (2.1) 
for each vector field £. It is obvious that (y*, y} = o (y, y) = 0. 
Note that for any 1-form À 


XAY = (À, yo. (2.2) 


To prove (2.2), it suffices to compare the values of 2-forms ÀA y and (À, y)o 
on any pair of linearly independent vectors. It is obvious that (2.2) is valid 
if y (and y*) vanishes. If y 4 0, we take a pair y, z which is linearly 
independent. Then 


# 
anse] Be) |= anawa. 


Now, we define the vorticity curl and divergence div of a vector field 
via the differentials dy’ and dy* which are 2-forms. We put dy’ = (curly)o 
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and dyt = (div y)o or, by abuse of the notation, 
(curly) = dy’/o, (div y) = dy*/o. (2.3) 


The gradient grad y of a function y is the vector field paired with dy 
metrically: (grady)? = dy. 

As in the Euclidean case, the vorticity of the gradient vector field of 
a function vanishes: curl(grad y) = d(grad y)’/o = d(dp)/o = 0. 

In the 3D case, curl transforms vector fields into vector fields while, 
in the 2D case it transforms vector fields into scalar functions (actually, the 
component of a vector field directed along the additional third dimension). 
We define the vorticity operator curl on functions. The result of the action 
of curl on a function y is a vector field curly such that 


(A, curl y)o = (dp A À) 


for each 1-form À. By (2.2) and the nondegeneracy of paring y + y*, we 
conclude: 
(curl y)* = —dy. (2.4) 


As in the Euclidean case, the divergence of the vorticity of a function 
vanishes: 
div(curl y) = d(curl y)#/a = —d(dy)/o = 0. (2.5) 


Coming back to Equation (1.2), we note that the condition div u = 0 
can be written as 
dut = 0. (2.6) 
If M is simply connected, we conclude that u? must be a differential: u* = 
—dw, where 4 is the so-called stream function. By (2.4), curly = u. 


For non-simply connected domains we impose a condition which guar- 
antees the exactness; in the next subsection we comment on it. 


For the symplectic structure on M defined by ø and (-,-) we see that 
u is the Hamiltonian vector field corresponding to the Hamiltonian —w: 
= 
u = —#. 
The nonlinear term V,u on the right-hand side of (1.1) corresponds to 


the covariant derivative of the Riemannian (metric torsion-free) connection 
on M. 


Finally, we define the Laplace-Beltrami operator A as A = curl’. In 
the Hodge theory (see [10]), this operator transforms p-forms into p-forms; 
in our notation A transforms vector fields into vector fields and functions 
into functions. 
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2.2. Helmholtz form of 2D Navier-Stokes equations. 


To obtain the Helmholtz form of the Navier-Stokes equations (1.1), (1.2), we 
apply the operator curl to both sides of (1.1). As a result, for the vorticity 
curlu = w we get the equation 


ðw/ðt + curl(Vau) = vAw + f(t, x), (2.7) 
where f(t, x) = curl F(t, x). 


Note that the vorticity of gradp vanishes and the operator curl com- 
mutes with A = curl’. 


To calculate curl(V,,u) according to formula (2.3), we first compute 
the 1-form (V,,u)’ adapting the argument of [10, § IV.1.D]. 


Let y be a vector field that commutes with u: the Lie-Poisson bracket 
vanishes, [u, y] = 0. Then 


(Vu), y) = (Vutt, y) = Lulu, y) — (u, Vuy). (2.8) 
Hereinafter, Lu denotes the Lie derivative. Note that for the covariant 
derivative of metric connection we have Lulu, y) = (Vuu,y) + (u, Vuy). 


Since the connection is torsion-free and [u, y] = 0, we have Vuy — Vyu = 0 
and the right-hand side of (2.8) can be represented as 


1 
Luli, y) — (u, Vyu) = Lule, y) — 5 (au, u), 9): 
Moreover, Lalu’, y) = (Luu’,y) if Luy = [u, y] = 0 and we conclude: 


(Pau), y) = (Lu, y) — 5 (dfu, u), y) 


As far as we can find a vector field y that commutes with u and has any 
prescribed value at a given point, we conclude: 


1 
(Vau) = Luu? — du, u). 


Using the definition of curl (2.3), we get 
curl(Vuu) = d((Vau))/o = dLuw’ /o = Ludu! /o = Lulwo)/o = Lyw. 
Hence curl(V,u) = Lyw. 


If u is a Hamiltonian vector field with Hamiltonian —4, then V,w = 
—{,w}, where {-,-} is the Poisson bracket of functions. 


The Helmholtz form of the Navier-Stokes equations (cf. [10]) reads 


at — {yu} — vAu = ft, 2). 
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Note that w = curlu = curl? Yy = Ay. 
The Lions condition written in terms of the vorticity w and the stream 
function w reads 
Plow = vlom = 0. (2.9) 
If the boundary 0M of M is smooth, then the Hamiltonian vector field 
— 
u = — 4% is tangent to OM. 


For the vorticity w and boundary conditions (2.9) one can recover in 
a unique way the velocity field u corresponding to the exact 1-form ut. The 
corresponding formula is u = curly, where 4 is a unique solution of the 
Dirichlet problem Ay = w with the boundary condition (2.9). Indeed, such 
u is divergence-free and the vorticity of u is equal to w by the definition 
of A. 


The Navier-Stokes equations can be written as 


= — {A uw, w} — vAw = f(t, x). (2.10) 
This equation looks universal. In fact, its dependence on the domain is 
encoded in properties of the Laplacian A on this domain. It is well explained 
in [8, 10] that the Euler equation for a fluid motion is an infinite-dimensional 
analog of the Euler equation for rotation of a (multi-dimensional) rigid body, 
and the Laplacian in (2.10) plays role of the inertia tensor for the rotating 
rigid body. 

2.2.1. Stream function on flat torus. Consider a flat torus T? endowed 
with the standard Riemannian metric and area form o, both inherited from 
the covering of T? by the Euclidean plane. Let 41,42 be the “Euclidean” 
coordinates on T?. We proceed in the space of velocities u with vanishing 


space average: I udo = 0 (by flatness, we may think that all velocities 
T2 
belong to the same linear space). 

To establish the exactness of the closed 1-form uf (involved in (2.6)), 
it suffices to prove that its integral along the generator of a torus vanishes. 
By the Stokes theorem, the integrals of the closed form uË along any two 
homologous paths have the same value. 

Taking u = (ui,u2), we get ut = —ugdy; + urdye. Integrating uf 
along the loop I : p1 = a, we obtain the value of the integral 

27 


fe = fide = c(a), 


T 0 
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which, by the aforesaid, is constant: c(a) = c. Integrating it with respect 
to y1, we conclude that 


Qn 
27c = Jraderder = Jade = 0. 
0 T2 
Hence 
ic =c=0. 
T 


The same holds for the loops I’ : p2 = const. 


2.3. Controllability. Definitions. 


In what follows, we reason in terms of the so-called modes which are eigen- 
functions y* (x) of the Laplace—Beltrami operator A defined in the space of 
vorticities w: Ay*(x) = Aky" (x). 
Representing w and f in (2.10) as series w(t,x) = >> q(t)" (x) and 
k 
f(t, x) = >> up(t)y*(x) with respect to the basis of eigenfunctions, we can 
k 


write the Navier-Stokes equations as an infinite system of ordinary differ- 
ential equations on the coefficients q(t). Assume that 


{o (2) i («)} =X CEE" (x). 
k 
Then the system (2.10) can be written in the coordinate form as 


dk — 5 CPA qig — VARGk = v(t). (2.11) 
ij 

Typically, we will consider a controlled forcing which is applied to 
few modes y(x), k € K', where K! is finite. Then, in the system (2.11), 
the controls enter only the equations indexed by k € X!, while vz = 0 for 
kg K!. 

Introduce another finite set K° of observed modes. We always assume 
that K° > KT. We identify the space of observed modes with R and denote 
by II° the operator of projection of solutions onto the space of observed 
modes span{wx | k € K°}. The coordinates corresponding to the observed 
modes are reunited in the observed component q°. 


A Galerkin K°-approximation of the 2D Navier-Stokes / Euler equa- 
tions is the ordinary differential equation for q°(t) obtained by projecting the 
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2D Navier-Stokes equations onto the space of observed modes and equating 
all the components q(t), k ¢ K°, to zero. The resulting equation is 
0q° 
ot 
If K° > K}, i.e., the controlled forcing f only affects a part of observed 
modes, then I f(t, x) = f(t, x). 

In the coordinate form, the passage to Galerkin approximations means 
omitting the equations in (2.11) for the variables gq, with k ¢ K° and equat- 
ing these gq, to zero in the remaining equations. 

We say that a control f(t,x) steers the system (2.10) (or (2.12)) from 
~ to ĝin time T if for the system (2.10) forced by f the solution with the 
initial condition @ at t = 0 takes the “value” ô at t = T. 





— T° {A-*g?, g} — vAQ° = f(t, x). (2.12) 


The first notion of controllability considered is the controllability of 
Galerkin approximations. 


Definition 2.1 (controllability of Galerkin approximations). A Galer- 
kin K°-approximation of the 2D Navier-Stokes / Euler equations is time-T 
globally controllable if for any two points g and ĝin RY there exists a control 
that steers in time T this Galerkin approximation from gq to ĝ. 


This is a purely finite-dimensional notion. The following notion re- 
gards a finite-dimensional component of solutions, but takes into account 
the complete infinite-dimensional dynamics. 


Definition 2.2 (attainable sets of Navier-Stokes equations). An at- 
tainable set Ag of the Navier-Stokes / Euler equations (2.10) is the set of 
points in H?(M) attained from @ by means of essentially bounded measur- 
able controls in any positive time. For each T > 0 time-T a (time-< T) 
attainable set AZ (AËT) of the Navier-Stokes / Euler equations is the set of 
points attained from ~ by means of essentially bounded measurable controls 
in time T (in time < T). Then the attainable set Ag =U AZ. 

T 


Definition 2.3. The Navier-Stokes / Euler equations are time-T glob- 
ally controllable in projection onto L if for each ¢ the image IE (A?) coin- 
cides with £. 


Definition 2.4. The Navier-Stokes / Euler equations are time-T La- 
approximately controllable if At is L2-dense in H?. 


Definition 2.5 (accessibility in finite-dimensional projection). Let £ 
be a finite-dimensional subspace of H(M), and let II“ be the L2-orthogonal 
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projection of H2(M) onto £. The Navier-Stokes / Euler equations are time- 
T accessible in projection on L if for any @ € H2(M) the image II” (AZ) 
contains interior points in £. 


Definition 2.6. Fix an initial condition @ € H2(M) for trajectories of 
the controlled 2D Navier-Stokes / Euler equations. Let v(-) € Loo ([0, T]; R”) 
be a controlled forcing, and let w; be the corresponding trajectory of the 
Navier-Stokes equations. 


If the Navier-Stokes / Euler equations are considered on an interval 
[0,7] (T < +00), then Er : v(-) wr is called an end-point mapping, 
II° o F/T, is called an end-point component mapping, and IIE o F/T} is 
called an £-projected end-point mapping. 


Definition 2.7. Let ® : M! — M? be a continuous mapping between 
two metric spaces, and let S C M? be any subset. We say that ® covers S 
solidly if S C (M!) and this inclusion is stable with respect to C°-small 
perturbations of ©, i.e., for some C°-neighborhood 2 of ® and each mapping 
Y € Q we have S C U(M?). 


Definition 2.8 (solid controllability in finite-dimensional projection). 
The 2D Navier-Stokes / Euler equations are time-T solidly globally con- 
trollable in projection on a finite-dimensional subspace £ C H?(M) if 
for any bounded set S$ in £ there exists a set of controls Bg such that 
(I£ o F/T.)(Bs) covers S solidly. 


2.4. Statement of the problem. 


In this paper, we discuss the following questions. 


e Under what conditions the 2D Navier-Stokes / Euler equations are 
globally controllable in the observed component? 


e Under what conditions the 2D Navier-Stokes / Euler equations are 
solidly controllable in a finite-dimensional projection? 


e Under what conditions the 2D Navier-Stokes / Euler equations are 
accessible in a finite-dimensional projection? 








e Under what conditions the 2D Navier-Stokes / Euler equations are 
L2-approximately controllable? 


As we explained above, the geometry of controllability is encoded in 
the spectral properties of the Laplacian A and therefore depends on the 
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geometry of the domain on which the controlled Navier-Stokes equations 
evolves. Below we provide answers for particular types of domains. 


3. Geometric Control. Accessibility and 
Controllability via Lie Brackets 


In this section, we collect some results of geometric control theory regard- 
ing the accessibility and controllability of finite-dimensional real-analytic 
control-affine systems of the form 


t= f(x) + > few), x(0)=2°, w(t)ER,i=1,..,r. (3.1) 


The geometric approach is coordinate-free, so that it is adapted for dealing 
with dynamics on manifolds. However, we assume that the system (3.1) 
is defined on a finite-dimensional linear space R” in order to maintain the 
parallel with the Navier-Stokes equations which evolve in Hilbert spaces. 


We use the standard notation P; = etf for the flow corresponding to 
a vector field f. 


3.1. Orbits, Lie rank, and accessibility. 


Let v(-) € Le ([0, T]; R”) be admissible controls, and let x(t) be the corre- 
sponding trajectories of the system à = f°(x) + X f*(x)ui(t) with initial 
i=1 

point x(0) = 2°. We again introduce an end-point mapping Er : v(-) + 
ty (T); here x,(-) is the trajectory of (3.1) corresponding to the control v(-). 

For each T > 0 the time-T attainable set AT, from x° of the system 
(3.1) is the image of the set Le ([0, T]; R”) under the mapping Er or, equiv- 
alently, the set of points z(T) attained in time T from z? by means of admis- 


sible controls. The time-< T attainable set from 2° is Ay = U Ato. 
te[0,T] 
The attainable set from x° of the system (3.1) is Ayo = U AT. 
T>0 


An important notion in geometric control theory is an orbit of a control 
system. 


Definition 3.1 (orbits and zero-time orbits of control systems). The 
orbit of the control system (3.1) passing through x° is the set of points 
obtained from x° under the action of (the group of) diffeomorphisms of 
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1 uN 
the form ef" o... oetNf" | where t; € R, j = 1,...,N, and f” = 
À j 
f+. f'(x)ul is the right-hand side of (3.1) corresponding to the constant 
i=1 


control uf = (u?,...,u2) € R”. The zero-time orbit is the subset of the orbit 
1 DT 


resulting from the action of these diffeomorphisms subject to the condition 


St; =0. 
J 
If we consider the “symmetrization” of the system (3.1), 
& = f(ævo +X fi(x)ui(t), 2(0) = 2°, vo ER, vi(t) ER,i=1,...,r, 
i=1 


then the orbit of (3.1) can be interpreted as the attainable set from x° of this 
symmetrization corresponding to application of piecewise-constant controls. 


The famous Nagano theorem relates properties of orbits and Lie alge- 
braic properties of the system. It claims that the orbit and the zero-time 
orbit of the analytic system (3.1) are immersed manifolds of RY and the 
tangent spaces to these orbits can be calculated via the Lie brackets of 
vector fields {f°,..., f™}. 


Definition 3.2 (Lie rank and zero-time Lie rank). Take the Lie al- 
gebra Lie{ f°,..., f™} generated by {f°,..., f™} and evaluate vector fields 
from Lie{ f°,..., f} at a point x. The dimension of the resulting linear 
space Lie, {f°,..., f™} is the Lie rank of the system {f°,..., f™} at z. 

Take the Lie ideal generated by span{ f!,...,f"} in Lie{f°,..., f™} 
and evaluate vector fields from it at x. The dimension of the resulting linear 
space Lie? { f°,..., f™} is the zero-time Lie rank of the system {f°,..., f™} 
at z. 


These Lie ranks either are equal or differ by 1. 


The Nagano theorem claims that, in the analytic case, Lie, { f°, ..., f™} 
and Lie? {f°,..., f™} are the tangent spaces at each point x of the orbit 
and zero-time orbit respectively. 

The accessibility properties of the analytic control system (3.1) are 
determined by the Lie ranks of this system. Recall that a system is accessible 
if the attainable set A,o has nonempty interior and is strongly accessible if 
for all T > 0 the attainable sets AS; have nonempty interior. 


Theorem 3.3 (Jurdjevic-Sussmann (C“ case) and Krener (C'® case)). 
If the Lie rank of a system of vector fields {f°,..., f"} at x? is equal to n, 
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then for all T > 0 the interior of the attainable set Ay is nonvoid. More- 
over, A, possesses the interior which is dense in it. If the zero-time Lie 
rank at x? is equal to n, then for all T > 0 the interior of the attainable set 
Alo is nonvoid and is dense in Alo. 


See [18, 2] for the proof. 


Let £ be a linear subspace of R^, and let II“ be a projection of RN 
onto £. The control system (3.1) is (strongly) accessible from x in projection 
on L if the image IIE A,o (II£AT,) contains interior points in £ (for each 
T > 0). 

From Theorem 3.3 we easily obtain the following criterion for accessi- 
bility in projection. 


Theorem 3.4. If IIE maps Liezs{f?,..., f™} ( Lie {f°,..., fP} 
onto L, then the control system (3.1) is accessible (strongly accessible) at 
x in projection on L. 


PROOF. Since the proofs of both assertions are similar, we sketch the 
proof of the first one. Consider the orbit of the system (3.1) passing through 
xo. The tangent space to the orbit at each of its points x coincides with 
Le APE 

By Theorem 3.3, the attainable set of the system possesses relative 
interior with respect to the orbit. Moreover, there are interior points Tin € 
A, arbitrarily close to x° so that TI“ maps Liez,,,{f°,..., f™} onto CL. 
Then sufficiently small neighborhoods of £int in the orbit are contained in 
A,,o and are mapped by IÊ onto a subset of £ with nonempty interior. 














3.2. Lie extensions and controllability. 


Controllability is stronger and much more delicate property than accessibil- 
ity. For the verification of controllability it does not suffice, in general, to 
compute the Lie rank which accounts for all the Lie brackets. Instead, one 
should select “good Lie brackets” avoiding “bad Lie brackets” or “obstruc- 
tions.” 


To have a general idea of what good and bad Lie brackets can be like, 
we consider the following elementary example. 

EXAMPLE. tı = v, t2 = z2. This is the two-dimensional control-affine 
system (3.1) with f° = x?0/0x2 and f! = ð/Əxı. The Lie rank of this sys- 
tem is equal to 2 at each point. The system is accessible, but uncontrollable 


14 Andrey Agrachev and Andrey Sarychev 


from each point ĉ = (£1,£2) given the fact that we cannot achieve points 
with x2 < ĉa. One can prove that the attainable set Az coincides with the 
half-plane x2 > &2 with added point #. One can see that it is possible to 
move freely (bidirectionally) along the good vector field f+, while, along the 
bad Lie bracket [f1[f+, f°]] = 20/0x2, we can move only in one direction. 


The good Lie brackets form the Lie extension of our control system. 


Definition 3.5. A family F’ of real analytic vector fields is 


(i) an extension of F if F' D F and the closures of the attainable sets 
Ar(&) and Arı (T) coincide, 

(ii) a time-T extension of F if F' D F and the closures of the time-T 
attainable sets A7-(£) and AZ,(Z) coincide, 


(iii) a fired-time extension if it is a time-T extension for all T > 0. 


The vector fields from F’ \ F are called (i) compatible, (ii) compatible 
in time T, (iii) compatible in a fixed time with F in cases (i), (ii), and (iii) 
respectively. 


The inclusions AF (7) C Ar () and AF(&) C AZ,(Z) are obvious. 
Less obvious is the following proposition (see [2]). 


Proposition 3.6. If an extension F' of an analytic system F is glob- 
ally controllable, then F is also globally controllable. 


Remark 3.1. Talking about time-T extensions, one can consider also 
extensions by time-variant vector fields X+, t € [0,7]. We say that a vector 
field X; is time-T compatible with F if it drives the system in time T from 
to the closure of A(z). 


Our idea is to proceed with a series of extensions of a control system 
in order to end up with an extended system for which controllability can be 
verified and then to apply Proposition 3.6. 

Obviously, Definition 3.5 is nonconstructive. In what follows, we will 
use three particular types of extensions. 

The first natural type is based on the possibility of taking the topolog- 
ical closure of a set of vector fields, maintaining the closures of attainable 
sets. 


Proposition 3.7. (see [18, Ch. 3, 82, Theorem 5]) The topological 
(with respect to the C® convergence on compact sets) closure cl(F) of F is 
a Lie extension. 
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The second type is based on the theory of relaxed (or sliding mode) 
controls. This theory [17, 16] is a far-going development of the pioneering 
contributions by Young [28] and McShane [20] in the context of optimal 
control theory. To introduce the extension, we consider a family of the 
so-called relaxation seminorms || - ||s,x of time-variant vector fields X+, t € 


(0, T]: 
t 
| [X-le xdr), 


where K is a compact set in R, s > 0 is an integer, and || X+||s,x is the 
C*-norm on K. The family of relaxation seminorms defines the relaxation 
topology (metric) in the set of time-variant vector fields. 


IXs = max 


3.2 
te[0,7] 








Proposition 3.8 (see [17, 2]). Let a sequence of time-variant vector 
fields xi converge to a vector field X+ in the relaxation metric, and let these 
vector fields have compact support. Then the flows of x? converge to the 
flow of X+. 


Based on this result, one can prove the following assertion. 


Proposition 3.9. For the systems F and 


oF = {Yb er bi € C*(R), B DE i=in som} 


al 


the closures of their time-T attainable sets coincide. Hence coF is an ex- 
tension of F. 


The proof of Proposition 3.9 and its modifications can be found in [2, 
Ch. 8], [18, Ch. 3],[17, Chs. IJ, IIT]. 

The third type of extensions, we will use, relies upon Lie brackets. It 
appeared in our earlier work on the controllability of the Euler equation for 
a rigid body in [3] and was called there the reduction of a control-affine 
system. We present a particular version adapted to our problem. The 
repeated application of this extension settles the controllability issue for 
finite-dimensional Galerkin approximations of the Navier-Stokes equations. 


Proposition 3.10. Consider the control-affine analytic system 
t= f'(x) + fi(a)ti + f’ (2)ô2. (3.3) 
Let 
[F F=, [A FT = 0. (3.4) 
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Then the system 
t = f(a) + fi (a)ir + f (a)i + (FF? flor, 


is a fixed-time Lie extension of (3.3). 


SKETCH OF THE PROOF. Take Lipschitz functions v1(t), va(t), v1(0) = 
v2(0) = 0, and replace ô; and #2 in (3.3) with e710, (t) + 01 and ev2(t) + da 
respectively. We obtain the equation 


t= f'(x) + fi(a)ir + (x) + (ef ilt) + efit). (3.5) 


Applying the “reduction formula” from [3] or, alternatively, the “vari- 
ation of constants” formula of chronological calculus [1], one can represent 
the flow of (3.5) as the composition of the flow P; of the equation 

g er POE nes Hem) £(y) + Fa) + Fate (3.8) 

and the flow 
P, = ef Test feral), (3.7) 
For the validity of this decomposition the equality [f+, f?] = 0 is important. 


In (3.6), e*df is the exponential of the operator ad: 


OO 


ett =) (ads) /j!. 


j=0 
The operator ady is determined by the vector field f and acts on vector 
fields as ad g = [f, g], where [f, g] is the Lie bracket of f and g. 


By the first relation in (3.4), the operators adj: and ads2 commute 
and, by the second one, any iterated Lie bracket of the form (ad )0---0 
(ad yim) f°, ij = 1,2, vanishes whenever it contains adj: at least twice. 

Taking the expansion of the operator exponential in (3.6) and using 
these facts, we get ! 


ý = LY) + f'(a) + f’ (x) +E TF, f e) 
+ LP (F?, FIEt) + O(e). (3.8) 
To obtain the flow of (3.5), we need to compose the flow of (3.8) with 
the flow (3.7). For any fixed T one can get Pr = Id in (3.7) by choosing 
v1(-), va(-) such that v1(T) = v2(T) = 0. 
1 The time-variant vector field abbreviated by O(c) in (3.8) is equal to 
ep(e ad, (4) f2) ad, (zy f2 fo + €? ad (4) f2 plead, aif. f°, 
where G(z) = z~!(e? — 1), p(z) = 272(e7 — 1 — 2). 
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From now on, we deal with a fixed T and the flow of Equation (3.8). 
n (3.8), we replace v;(t) with v;(t) = 21/2sin(t/e?)5;(t), where ü;(t), 

j = 1,2, are functions of bounded variation. The relaxation seminorms of 
the time-variant vector field e~1[f!, f0](x)21/2 sin(t/e?)v,(t) on the right- 
hand side of (3.8) are O(£) as € — +0. On the right-hand side of (3.8), we 
have 

[f° (7, fl) ()2 sin? (t/2°)0 (£)d2(¢) 

= [FL PT) a a(t) — LP A, FT) cos(2t/e7)o1 (t) 02 (t). 
The relaxation seminorms of the addend [f?, [f?, f°]](a) cos(2t/e?)ü1 (t)ü2(t) 
are O(e?) as € — +0. 

Hence the right-hand sides of (3.8) with controls 

v(t) = 2"? sin(t/e?)a,(t), 7 = 1,2, 
converge in the relaxation metric to the vector field 
f(y) + f(a) + F(x) bo + LP LD, PT) (4) G24) 


as € — 0. We can consider the product vı (t)&2(t) as a new control vı2 and 
invoke Proposition 3.8. 














4. Computation of Brackets in Finite and Infinite 
Dimensions. Controlling along “Principal Axes” 


In this section, we adjust the statement of Proposition 3.8 for studying the 
controllability of the systems (2.10) and (2.12). 

From the viewpoint of geometric control, the Galerkin approximation 
(2.12) of the Navier-Stokes / Euler equations is a special case of the control- 
affine system (3.1). Its state space is finite-dimensional and is generated by 
a finite number of eigenfunctions of the Laplace-Beltrami operator A or 
modes. The dynamics of this control system is determined by the quadratic 
drift vector field 

F9 = {A q°,q°} + vAg? 


and by controlled forcing X` f'(x)u;, where ft are constant (q°-independent) 
i=1 


controlled vector fields. i. 


We start by computing the particular Lie brackets involved in the 
formulation of Proposition 3.8. For two constant vector fields f! and f? we 
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have 
F fol =I (ff, Aw} + {w, Af} vA, i=1,2, 
LÉ foll = PAZ, ATY + ATP, 
U L fol] = {F AT 
This computation is finite-dimensional, but the same holds if one con- 


siders constant vector fields acting in an infinite-dimensional Hilbert space. 
Taking the “drift” vector field of (2.10) in infinite dimension, 


f? = {AT q,q} + vAq, 
we obtain the following assertion. 
Lemma 4.1. For two constant vector fields f! and f? 
LP A= {FA w}+{w, AT f}+vAf, i=1,2, 
LT, LP, PT = 2{F, AT, (4.1) 
B, P) =P PI = {ATP + LP A PPE. 
Let us clarify what is needed for the assumptions of Proposition 3.10 


to hold. As long as f! and f? are constant and hence commuting, all what 
we need is the following: 


LP, CF, FT = ff, ATP} = 0. (4.2) 
Regarding the Euler equation for an ideal fluid 
Ow 1 
OL = {A wW, w} = 0, 


formula (4.2) means that f! corresponds to its steady motion. In particular, 
the eigenfunctions of the Laplace-Beltrami operator A correspond to steady 
motions and satisfy (4.2). These eigenfunctions will be used as controlled 
directions. 


The eigenfunctions of the Laplacian are analogous to the principal 
axes of a (multi-dimensional) rigid body. 


By Proposition 3.10, for two constant controlled vector fields f!, f?, 
one of which corresponds to a steady motion, we can extend our control sys- 
tem by the new controlled vector field [f1, [f?, f°]] which is again constant. 


Our method consists of iterating this procedure. The algebraic/geo- 
metric difficulties arising in this way consist of scrutinizing newly obtained 
controlled directions in order to pick among them the ones which satisfy 
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(4.2). This will be illustrated in the following sections dealing with partic- 
ular 2D domains. 


Another (analytic) difficulty arises when we pass from the finite-di- 
mensional approximations to the controlled partial differential equation. For 
the latter the above sketch of the proof of Proposition 3.10 is not valid (for 
example, one cannot speak about flows). We have to reprove the statement 
of the proposition in each particular situation. The main idea will be still 
based on using fast oscillating control and relaxation metric. The analytic 
difficulties are in proving the continuity of forcing/trajectory mapping with 
respect to such a metric. We will provide a brief comment later on; the 
details can be found in [6, 7, 21, 22]. 


5. Controllability and Accessibility of Galerkin 
Approximations of Navier-Stokes / Euler 
Equations on T? 


We survey results on the accessibility and controllability of Galerkin ap- 
proximations of the 2D Navier-Stokes / Euler equations on T?. 


5.1. Accessibility of Galerkin approximations. 


The result of the computation (4.1) in the periodic case is easy to visualize 
when the constant controlled vector fields corresponding to the eigenfunc- 
tions of Laplacian A on T? are written as complex exponentials. 

For two different complex eigenfunctions f! = et? and f? = ett? of 
the Laplacian A on T?, x € R?, k,l € Z?, the Poisson bracket in (4.1) is 
equal to 

B (an ar) = (k A £)(|k|~? _ [eer (5.1) 
i.e., it again corresponds to an eigenfunction of A provided that |k] # |¢|, 
kA£ #0. The conclusion is that for two given pairs of complex exponentials 
etk® and e+” taken as controlled vector fields one can add to them the 
controlled vector fields e(+**9-*, 




















Iterating the computation of the Lie—Poisson brackets (4.1) and ob- 
taining new directions, we obtain a (finite or infinite) set of functions which 


contains e+***, eti"? and is invariant under the bilinear operation B(:, :). 














Therefore, in the case of T?, starting with the controlled vector fields 
corresponding to the eigenfunctions e’*'*, k € Kt C Z?, of the Laplacian, 
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the whole computation of Lie extensions “can be modeled” on the integer 
lattice Z? of “mode indices” k. 

Actually, one has to operate with real-valued eigenfunctions of the 
Laplacian on T?, i.e., functions of the form cos(k : x),sin(k: x). Also, in 
this case, a computation of the iterated Lie-Poisson brackets (4.1) can be 
modelled on Z? and the addition formulas are similar to those of the complex 
case. 


Proposition 5.1 (bracket generating property). 1f 
k| # le, [kA =1, (5.2) 


then the following assertions hold: 





AR 
T 
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(i) an invariant with respect to B set of functions, containing e* 
and e+**, contains all the eigenfunctions e**, m € Z? \ 0, 





(ii) an invariant with respect to B set of real functions, containing 
cos(k - x), sin(k - x), cos(€- x), sin(¢- x), contains all the eigenfunctions 
cos(m : x), sin(m-x), m € Z? \ 0. 


The bracket generating property for a Galerkin approximation of the 
2D Navier-Stokes equations with periodic boundary conditions was estab- 
lished by E and Mathingly [13]. The following result from [13] is an imme- 
diate consequence of Proposition 5.1 and Theorem 3.3. 


Corollary 5.2 (accessibility by means of four controls). For any set 
M C Z? there exists a larger set M! D M such that the Galerkin M'- 
approximation controlled by the forcing 


cos(k - x)up(t) + sin(k - x) wy (t) + cos(£ - x)ve(t) + sin(@-a)we(t), (5.3) 
with k and £ satisfying (5.2) is strongly accessible. 


Here, four controls vz(t), w(t), ve(t), we(t) are used for providing 
strong accessibility, but actually it can be achieved by a smaller number of 
controls. 


EXAMPLE (accessibility by means of two controls). Consider the forc- 

ing 
gu(t) + gult), g = cos(k- x) + cos(£- x), g =sin(k- x) — sin(l - x). (5.4) 
The controlled forcing (5.3) involves four independent controls, each one of 
which appears in just one of Equations (2.11). The controlled forcing (5.4) 


involves two controls v and wv, each of which appears in a pair of equations 
in (2.11). 
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Assume that |k| 4 ||, k AL #0. We compute the bilinear form (4.1): 
B(g, g) = (~T? + |k|~*) {cos(k - x), cos(£ - x)} 
Up to a scalar multiplier, B(g, g) is equal to 
(—|é|~? + |k|~?) sin(k - x) sin(é - x) 
= (kA £)(—|e|~? + |k|~?)(cos((k — 2) - x) — cos((k + 2) - x)). 
Similarly, up to a scalar multiplier, B(g, g) is equal to 
(k A £)(—|€|~? + |k|-*)(cos((k — £) - x) + cos((k + £) : x)). 


The span of B(g, g) and B(g, g) coincides with the span of g°! = cos((k—£)-x) 
and g?! = cos((k + £)- x). The direction g°1 = sin((k — £) - x) is obtained 
from the computation of B(g, g). Choosing k = (1,1) and £ = (1,0), we get 
m = k + l= (2,1) and n = k — £ = (0,1). 

Computing new directions 8(g°!, g) and B(g°', g), we note that, by the 
equality |n| = |¢|, they coincide with B(g°},sin(k - x)) and B(g°!, cos(k : x)) 
respectively, and their span coincides with the span of g!? = sin((k+n)-x)) 
and g/° = sin((k — n) - x)) = sin(£ - x)). Similarly, the span of B(g°!,g) 
and B(g°!, g) coincides with the span of gl? = cos((k + n) : x)) and g? = 
cos((k —n)-x) = cos(l- x). Then g—g!° = cos(k- x) and g — g"? = sin(k- x). 
These two functions, together with g°! and g°!, form a quadruple satisfying 
the assumptions of Corollary 5.2. Hence our system is accessible by means 
of 2 controls. 


Remark 5.1. It is plausible that the strong accessibility of Galerkin 
approximations can be achieved by a single control. 


5.2. Controllability of Galerkin approximations. 


In general, the bracket generating property is not sufficient for controllabil- 
itly. One has to select Lie brackets, which form a Lie extension; meanwhile, 
in the previous example, {g, A~'g} and {g, A~+g} a priori do not corre- 
spond to a Lie extension. 

Even in the finite-dimensional case, a stronger result of Proposition 3.10 
is required for proving the controllability property for Galerkin approxima- 
tions. This was done in [4, 25] in the 2D and 3D cases. 


Theorem 5.3. Let k, satisfy (5.2). For any subset M C Z? there 
exists a larger set M’ such that the Galerkin M'-approximation controlled 
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by the forcing 
cos(k - x)up(t) + sin(k - æ)uwx(t) + cos(£ - x)ue(t) + sin(£ - x)we(t), 


is globally controllable. 


The proof of this controllability result consists of the iterated applica- 
tion of the Lie extension described in Proposition 3.10. At each step, we ex- 
tend the system by new controlled vector fields corresponding, in accordance 
with (4.1) and (5.1), to f"* = cos((m +4) - x) and f+ = sin((m+£)-z). 
At the end of the iterated procedure, we arrive at a system with an extended 
set of controls, one for each observed mode. It is evident that this system 
must be controllable. 














An important case, where the controllability of Galerkin approxima- 
tions is implied by the bracket generating property, regards the 2D Euler 
equations for an incompressible ideal fluid (v = 0). Indeed, in this case, the 
drift (zero control) dynamics is Hamiltonian and it evolves on a compact 
energy level. By the Liouville and Poincaré theorems, the Poisson-stable 
points of this dynamics are dense and one can apply the Lobry-Bonnard 
theorem [2, 18] to establish the following assertion. 


Theorem 5.4. For v = 0 the Galerkin approximation of the 2D Euler 
equations controlled is globally controllable by means of the forcing (5.4). 


In the case of an ideal fluid, the controllability of Galerkin approxi- 
mations of the 2D Euler system can be achieved by scalar control. 


6. Steady State Controlled Directions. 
Abstract Controllability Result for 
Navier-Stokes Equations 


We cannot apply Proposition 3.10 to the infinite-dimensional case directly. 
However, the main idea of adding new controlled directions is still valid 
for the Navier-Stokes equations. Now we want to formulate an abstract 
controllability criterion based on the Lie extensions and computation of 
Lemma 4.1. This criterion will be employed in the following sections for 
establishing the controllability of the Navier-Stokes equations on various 
2D domains. 


Theorem 6.1 (controllability of Navier-Stokes equations via satura- 
tion of controls). Let span{f!,...,f"} = S = D! be a finite-dimensional 
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space of controlled directions. Assume that f',...f" are steady motions of 

the Euler equation (4.2). For each pair of linear subspaces L! and L? we 

consider the span of the image B(L', L?) of the bilinear mapping (4.1). De- 

fine successively DIH! = DJ + span B(S/,D/), j =1,2,..., where SÍ C DI 

is the linear subspace spanned by steady motions. If JD! is dense in the 
j 

Sobolev space H?(M), then the Navier-Stokes equations are controllable in 


finite-dimensional projections and are L2-approximately controllable. 


If D! consists of steady motions, then D/*1 D Di + span B(D!, Di). 
Introduce another sequence of spaces 


DIT! = Di + span B(D!, Dİ). (6.1) 
It is evident that D} C Di and the density of UD in H?(M) guarantees 
j 


controllability. 

Let Dy, = {Aq!-, fs} + {A “fs,-} for fs € D', Dy, = B(f.,-). The 
iterated computations (6.1) correspond to iterated applications of the oper- 
ators D}, to ft,... f” and taking the linear span. 


Corollary 6.2. Let F be the minimal common invariant linear sub- 
space of the operators Dy,,..., Df, which contains f1,..., fr. If F is every- 
where dense in L2(M), then the system is L2-approximately controllable and 
is solidly controllable in finite-dimensional projections. 


7. Navier-Stokes and Euler Equations on T? 


In this section, we formulate results regarding the controllability in finite- 
dimensional projections and the Ly -approximate controllability on T?. 
Namely, we describe sets of controlled directions which satisfy a criterion 
provided by Theorem 6.1. 


We take the basis of complex eigenfunctions (e™'®) of the Lapla- 
cian on T? and introduce the Fourier expansion of the vorticity w(t, x) = 
>> qe (t)e*® and the control v(t,x) = >> vg(t)e**. Here, k € Z?. If w 
k = 1 
and f are real-valued, we have g, = eu Ün = V-n. We assume that 
vo = 0 and qo = 0. 

Using (5.1), we write the infinite system of ordinary differential equa- 
tions (2.11) as follows: 
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dk = Do o (man) (lm? = |r|? aman — [Page +êk(#). (7-1) 
m+n=k,|m|<|n| 
The controls dy are nonvanishing only in the equations for the variables 
qr indexed by the symmetric set K! C Z? \ {0}. For k ¢ K! the dynamics 
is as follows: 


dk = 5 (mAn)(|m|~? — |n|~?)gman — |k qr k Z K. (7.2) 


m+n=k,|m|<|n| 


There is a symmetric set of those observed modes X° > Kt, which 
we want to steer to some preassigned values. In the only interesting case, 
where K! is a proper subset of K°, the equations indexed by k € K°\X! are 
of the form (7.2). They do not contain controls and have to be controlled 
via state variables. 

We give a hint of how this can be done; it is an infinite-dimensional 
version of Proposition 3.10 for the Navier-Stokes equations on T?. 

Let r,s E€ K',rAs#£0,|r| < |s|,k=r+s g Kt. The equations for qr 
and qs contain controls à. and Ÿ,, while the equation for qg does not. 

Take Lipschitz functions w,(t), us(t), u,(0) = v,(0) = 0), and sub- 
stitute ¢—1v,(t) + 0, and ev,(t) + ©, for ôr, s into the right-hand sides of 
Equations (7.1) for the variables qr, qs. We obtain 

dr = 5 (m^ n)(\m|-? — |n|? gman — |r| qr + Etir (t) + Gp, 


m+n=r,|m|<|n| 


ds = XO o (manm? = |n|-?)aman — [87s + eùs (t) + 0. 
m+n=s,|m|<|n| 
Introduce q = qr — €~1v,(t) and g* = qs — €vs(t). Assuming v,(T) = 
vs(T) = 0, we conclude q(T’) = g} (T), 4, (T) = 95 (T). 
We write the infinite system of ordinary differential equations (7.1), 
(7.2) via g* and q* in place of q, and qs. The right-hand side of the equation 
for qk = qr+s contains the addend 


(r A srl? — |s|-?) (ar + e~*ur(t)) (a5 + €vs(t)) 
and we see that the controls v, and vs enter this equation via the product 
u,(t)us(t). The same vr, vs enter this and all other equations linearly. 
Substitute v;(t), j = r,s, by u;(t) = 21? sin(t/e?)v;(t) with 0; (t) 
having bounded variations. Then the right-hand side of the equation for qk 
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will gain the product 2sin?(t/e2)5,(#)ü,(t) = (1—2cos(2t/e2))5,(4)5,(t). If 
€ — +0, this product tends to ü,(t)ü,(t) in the relaxation metric. In all 
other equations, v, (t) and v,(t) enter linearly and are multiplied by the fast 
oscillating functions 21/2 sin(t/e?). Hence the corresponding terms tend to 
0 in relaxation metric. 

Therefore, one can pass (as € — 0) to a limit system which now 
contains the “new” control Urs = Ur(t)Us(t) in the equation for qk = qr+s- 
(This control corresponds to the control v12 from Proposition 3.10.) 

A difficult analytic part is a justification of this passage to the limit. 
It is accomplished in [6, 7] for T? and in [21, 22] for a rectangular and 
other kinds of regular 2D domains. We refer the interested reader to these 
publications. 


Note that the new controlled direction corresponds to the complex 
exponential which is an eigenfunction of the Laplacian on T?. Hence we 
can model the Lie extensions and formulate the controllability results in 
terms of indices k € Z? of controlled modes. 


Define iteratively a sequence of sets KJ C Z? as follows: 
fe ee 
Ki = KI" | J{m+n|m,n € KT N Im F In| Am An F 0}. 
Definition 7.1. A finite set K+ C Z? \ {0} of forcing modes is satu- 
rating if U KÍ = Z? \ {0}, where K’ are defined by (7.3). 
j=1 


j= 


(7.3) 


Theorem 7.2 (controllability in finite-dimensional projection). Let 
K! be a saturating set of controlled forcing modes, and let L be any finite- 
dimensional subspace of H?(T?). Then for any T > 0 the Navier-Stokes / 
Euler equations on T? is time-T solidly controllable in finite-dimensional 
projections and is time-T Lə-approrimately controllable. 


As we see, the saturating property is crucial for controllability. In [7], 
the following characterization of this property was established. 


Theorem 7.3. For a symmetric finite set K! = {m!,...,m°} C Z? 
the following properties are equivalent: 

(i) KŁ is saturating, 

(ii) the greatest common divisor of the numbers dij = m’ A m,i, j € 


{1,...,s} is equal to 1, and there exist m“, m? € K! that are not collinear 
and have different lengths. 
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Corollary 7.4. The set K+ = {(1,0),(—1,0),(1,1),(—1,—-1)} c 7? 
is saturating. The solid controllability in any finite-dimensional projection 
and L2-approximately controllability can be achieved by forcing four modes. 


8. Controllability of 2D Navier—Stokes 
Equations on Rectangular Domain 


The study of the controllability in finite-dimensional projections and the Lo- 
approximate controllability on a rectangular domain has been accomplished 
by Rodrigues [21, 22]. The main idea is similar to that in the periodic case, 
but computations are more intricate. The reason is twofold: (i) the algebraic 
properties of the bilinear operation calculated for the eigenfunctions of the 
Laplacian are more complex and (ii) one needs to care about boundary 
conditions. 


For a velocity field u on a rectangular R with sides of length a, b, 
a # b, we assume that the Lions boundary conditions hold. In terms of the 
vorticity w, they can be written as (2.9). 


The (vorticity) eigenfunctions y* of the Laplacian are 
gf = sin (rm) sin (Ska) , (k= (kı, ke) € Z?. (8.1) 
a 


To find an extending controlled direction, one needs to pick two eigen- 
functions f! = y*, f? = ot, k,l € Z, and to proceed with the computation 
(4.1). The result is a linear combination of at most four eigenfunctions gê. 


Then again one can follow Lie extensions on the two-dimensional lat- 
tice Z? of Fourier exponents k = (k1,k2). If the controlled modes are 
indexed by k € K! = {(k1,ko)|1 < ki, ko < 3,k # (3,3)}, then one can 
verify that after m Lie extensions the set of extended controlled directions 
will contain all the modes (k1, k2), k1,k2 < m + 3, with the exception of 
(m +3,m +3). 

This leads to the following controllability result. 


Theorem 8.1 (controllability on rectangular domain). Let 8 con- 
trolled directions correspond to the functions (8.1) with k € {(ki,k2)|1 < 
kı, ko < 3,k Æ (3,3)}. Then the Navier-Stokes equations defined on the 
rectangular domain with the Lions boundary condition are controllable in 
finite-dimensional projections and are L2-approximately controllable. 
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9. Controllability on Generic Riemannian 
Surface Diffeomorphic to Disc 


In this section, we consider the Navier-Stokes equations under the boundary 
conditions (2.9) on a Riemannian surface M. We manage to prove that for 
a generic surface (the exact meaning of genericity will be specified below) 
diffeomorphic to a disc one can choose 3 controlled directions corresponding 
to the eigenfunctions (modes) of the Laplacian on M, which provides the 
controllability in finite-dimensional projections. 


In what follows, we assume that M has C'°°-smooth boundary and is 
endowed with a Riemannian metric. 


The diffeomorphism ® : M + D induces the C'°°-smooth metric on 
the disc D and we speak about various Riemannian metrics on the fixed 
disc D instead of Riemannian surfaces. A generic Riemannian surface cor- 
responds to a generic smooth Riemannian metric on D, meaning a metric in 
a residual subset of the topological space of C% metrics. A subset is resid- 
ual if it contains the intersection of countably many open dense subsets of 
the topological space. 


For controlled “directions” we take the modes or eigenfunctions fs of 
the Laplace-Beltrami operator A corresponding to each metric: AT! f, = 
A7! fs, s =1,...,l. To apply the abstract controllability criterion (see Corol- 
lary 6.2), it suffices to verify that functions of the form D}, 0---0 Dy, fi, 
m > 0; j € {1,...,1}, where Dr, = {A7!-, fs} + {A7'fs,-}, span a dense 
subset of H?(M). 


Theorem 9.1. For a generic Riemannian surface M diffeomorphic 
to a disc there exist 3 eigenfunctions (modes) fi, f2, fs of the Laplace- 
Beltrami operator A on M such that the Navier-Stokes / Euler equation on 
M is controllable in finite-dimensional projections by means of a controlled 
forcing applied to these modes. 


SKETCH OF THE PROOF. As was shown [7], it suffices to establish the 
controllability in projection on any finite-dimensional coordinate subspace 
L spanned by a finite number of eigenfunctions of the Laplace—Beltrami 
operator. By Corollary 6.2, we need to verify that some determininat Det 
calculated via the (iterated) Poisson bracket of fı, f2, and f3 does not 
vanish. 


Assume for a moment that for some smooth metric 49 on D the deter- 
minant Det¢ does not vanish. Consider an analytic metric approximating 
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Lo (note that analytic metrics are dense in the space of smooth metrics) for 
which Dets is nonvanishing and denote it by jo again. 


Then taking any analytic Riemannian metric w1 on D, we construct 
a linear homotopy u+ between uo and u1: 


Lt|q(&, £) = (1 — t)pMola(€, £) + tualg(€, £), O0<t< 1. 


Recall that the “values” of the Riemannian metrics at each point q € M 
are positive definite quadratic forms which form a convex cone. 


The t-dependence of the Laplacians A(t) corresponding to the metrics 
Lt is analytic. 


We want to trace the evolution of a finite number of the eigenvalues 
A$, j € J (J is a finite set), and the corresponding eigenfunctions of A(t) 
with ¢ varying in [0,1]. This allows us to study the restriction of A(t) onto 
a finite-dimensional space (see [19, Ch. 7]). 


By the classical result of perturbation theory (see [19, Chs. 2, 7]), the 
eigenvalues rN of an analytic family t +> A; of linear operators are analytic 
with respect to t beyond a finite number of exceptional points in [0,1]. 
Any moment t at which the eigenvalues Nis j € J, are pairwise distinct 
is nonexceptional. Singularities of the function t + Af may occur when A% 
become multiple. The eigenvectors and corresponding eigenprojections may 
have poles at exceptional points. 


The picture is much more regular for normal operators, in particular, 
for the Laplacians which are selfadjoint. In this case, the eigenvalues and 
eigenfunctions are analytic functions of t everywhere on [0,1] ([19, Ch.2, 
Theorem 1.10]). The dependence of the derivatives of eigenfunctions on 
t € [0,1] is also analytic. Hence the determinant Det, is an analytic function 
of t. If it does not vanish at the point t = 0, it may vanish only at finitely 
many points t € [0,1]. 

Take u; corresponding to all nonexceptional t € [0, 1] for which Det is 
nonvanishing. Among nonexceptional t there exist ts which are arbitrarily 
close to 1. The metrics u+, are arbitrarily close to u1 in the C°-metrics; for 
the corresponding A(t,) the eigenvalues of interest are distinct and Detz is 
nonvanishing. The dependence of the eigenfunctions and their derivatives 
on the metric u is continuous in the C-metric in a neighborhood of puz,. 
Hence Det, is nonzero for all u from small C°°-neighborhoods of these 14... 
Taking the union of these neighborhoods, we get an open set whose closure 
contains 1. Repeating the homotopy argument for each analytic metric 
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Hı on D, we get an open dense in C® set of metrics for which Dets is 
nonvanishing. 


One unsettled problem still remains: To find a metric 9 on D for 
which the determinant Det; is nonvanishing. 


This problem is by no means minor. To construct such a metric, 
we use the result mentioned in Remark 10.1 and obtained by Rodrigues 
[24] who established the controllability of Navier-Stokes / Euler equations 
on the half-sphere s with the Navier boundary conditions (in particular, 
the Lions boundary conditions). The metric on SŽ is inherited from the 
embracing Euclidean space R3. 


The degenerate control is applied to three modes, spherical harmonics 
which are eigenfunctions of the Laplacian on s2. It is proved that this 
system is controllable in any finite-dimensional projection. 


Mapping s2 onto D analytically, we obtain the corresponding metric 
Ho and Laplacian on D for which the determinant Det, is nonvanishing. 


Remark 9.1. The construction of the residual set of Riemannian 
metrics can be transferred (almost) without alterations to the torus T? for 
which we studied the controllability of the Navier-Stokes / Euler equations 
in Section 7. The conclusion claims that there exists a residual set of smooth 
Riemannian metrics on T? such that the assumptions of Corollary 6.2 are 
verified and therefore the Navier-Stokes equations is controllable in finite- 
dimensional projections by forcing four modes on T? endowed with any of 
these metrics. 


A pertinent question would be whether the result of Theorem 9.1 holds 
for a generic subdomain Q with smooth boundary in R? diffeomorphic to 
a disc and endowed with the Euclidean metric. The corresponding diffeo- 
morphism Q + D sends the Euclidean metric on Q to the metric (9.1) on 
D which possesses the zero curvature. An approximating analytic metric u 
admits the conformal form [12, Vol.1, § 11-13]) 


u = e122) (dx? + dx). (9.1) 
Note that the curvature of (9.1) is equal to 
Oa. Pa 
K = (1/2)e- tue) (3 + SS). 
(2e Da * One 
Therefore, the plane metrics are distinguished by the condition 
cu 3? 

b SO) (9.2) 


2 2 
Oxi Ons 
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On the contrary, if D possesses a Riemannian metric u of the form 
(9.1) satisfying (9.2), then D can be isometrically and analytically mapped 
onto a 2D domain Q with Euclidean metric. 


We can define the corresponding homotopy between 
do = e122) (dx? + dz?), py = eM (%1-*2) (dr? + de?) 


as follows: 


Ut = eto (21,22) ttar (21,22) (qg? + dr), 


and then advance as in the previous proof. 


The only problem would be to construct a plane domain Q with an- 
alytic boundary and an Euclidean metric for which the controllability in 
finite-dimensional projection holds. 


À good candidate could be an analytically perturbed (smoothened) 
rectangular Re, € > 0. The controllability on the rectangular R was estab- 
lished in Section 8. We are confident that controllability also holds for Re 
with small £ > 0, but there are still some technical problems to be settled 
in the proof. 


10. Navier-Stokes / Euler Equations on Sphere S? 


The controlled vector fields we employ in the case of S? correspond to eigen- 
functions of the corresponding spherical Laplacian or the so-called spherical 
harmonics. We start with a brief description of them. 


10.1. Spherical harmonics. 


In this subsection, we introduce some notions and results regarding spherical 
harmonics; our source was mainly the book [9, Chs.10, 11] by Arnold. 


Consider the sphere S? equipped with the Riemannian metric inherited 
from R and area 2-form ø. The latter defines the symplectic structure 
on S?. 

The eigenfunctions of the spherical Laplacian are described by the 
following classical result. Recall that a function g is homogeneous of degree 
son R” \ 0 if g(xx) = x“g(x) for each x > 0. A function g is harmonic 
in R” \ 0 if Ag = 0, where A is the Euclidean Laplacian. As is known, a 
harmonic homogeneous function of degree s > 0 is extendable by continuity 
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(g(0) = 0) to a harmonic function on R”. This harmonic function is smooth 
and therefore must be a homogeneous polynomial of integer degree s > 0. 


Theorem 10.1 ([9]). Constants are eigenfunctions of the spherical 
Laplacian (of degree 0). If a (smooth) harmonic function defined on R” \ 0 
is homogeneous of degree s > 0, then its restriction onto the sphere is the 
eigenfunction of the spherical Laplacian A corresponding to the eigenvalue 
—s(s+n—2). Vice versa, every eigenfunction of À is a restriction onto S” 
of a homogeneous harmonic polynomial. 


Another famous result is the Maxwell theorem [9] which holds in R°. 
It states that if p(x) = (x? + «3 + 22)—1/? is the fundamental solution of 
the Laplace equation in R3, then any spherical harmonic a on S? can be 
represented as the iterated directional derivative of p: a = lı 0--+- o lnp, 
where l1,...,ln € R and {l1,...,ln} is uniquely determined by a. 

Our controlled directions will correspond to spherical harmonics on 
S?, which are the restrictions to S? of homogeneous functions on R°. In 
particular, we invoke the so-called zonal spherical harmonics which are the 
iterated directional derivatives of p with respect to a fixed direction l. 


Let a,b be smooth (not necessarily homogeneous) functions on R°. 
The Poisson bracket of their restrictions to S? can be computed as follows: 


{als2,b|s2}(x) = (a, Vea, V zb}, (10.1) 


where (x,7,¢) stands for the “mixed product” in RÌ, calculated as the 
determinant of the 3 x 3-matrix with columns x, 7, and ¢. From now on, 
we omit the symbol of restriction |$2 in the notation of the Poisson bracket. 


The linear functions ({,x) are, of course, spherical harmonics. We 
denote by l the Hamiltonian field on S? associated with Hamiltonian (I, £), 
x € S?. Obviously, i generates a rotation of the sphere around the l-axis. 
According to the aforesaid, la = (a,l, Va) is the Poisson bracket of the 
functions (l, £} and a restricted to S?. 

The group of rotations acts (by the change of variables) on the space 
of homogeneous harmonic polynomials of fixed degree n. As is known, this 
action is irreducible for any n (see [9] for a sketch of the proof). In other 
words, the following result holds. 


Proposition 10.2. For a given homogeneous harmonic polynomial b 
of a nonzero degree n the space span{l, o ---olpb : k > 0} coincides with 
the space of all homogeneous harmonic polynomials of degree n. 
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10.2. Poisson bracket of spherical harmonics 
and controllability. 


Calculating the Lie extensions according to formula (4.1), we obtain the 
iterated Poisson bracket of spherical harmonic polynomials, which, in gen- 
eral, need not to be harmonic. The following lemma shows that there is a 
way of finding some harmonic polynomials among the Poisson brackets. 


Lemma 10.3. For each n > 2 there exists a harmonic homogeneous 
polynomial q of degree 2 and a harmonic homogeneous polynomial p of degree 
n > 2 such that their Poisson bracket is again harmonic (and homogeneous 
of degree n + 1) polynomial. 


PROOF. Consider the so-called quadratic zonal harmonic function q = 
2 


ae Being restricted to the sphere S?, this function coincides with the 
T3 


Legendre polynomial q(x3) = 3x3 — 1. 

We consider homogeneous harmonic polynomials in variables x1, x2. 
In the polar coordinates, they are represented as r™ cos my or, alternatively, 
Re(xı +ix2)”,m = 1,2,.... We pick the nth degree polynomial p(#1, £2) = 
Re(a1 + ia)”. 

According to (10.1), the Poisson bracket of q, p is equal to 


zı O pa ay O- Pr 
{q p} = (z, Vq, Vp) =| z2 0 # | =6r3| 0 Ph 
T3 6x3 0 T3 1 0 


By (10.1), the determinant, which multiplies 6x3 on the right-hand 
side of the formula, coincides with {x3,p(x1,x2)} = &3p(#1, £2), where e3 = 
(0,0,1) is the standard basis vector of R. Hence, by Proposition 10.2, 
the value of this determinant is a harmonic polynomial of degree n. It is 
equal to p(x1, £2) = —a1p!,, + t2p!,, and therefore does not depend on #3. 
Then {q,p} = —6x3p(x1, £2). Since both —6a3 and p are harmonic, we get 
A{q, p} = 2V(—623) - Vp = —120p/0x3 = 0. 


Theorem 10.4. Consider the Navier-Stokes / Euler equations on the 
sphere S*. Let (constant) controlled vector fields correspond to independent 
linear spherical harmonics l!, 17, l3, one quadratic harmonic q, and one 
cubic harmonic c. Then this set of controlled vector fields is saturating and 
the Navier-Stokes / Euler equations are controllable in finite-dimensional 
projections. 
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ProoF. It suffices to verify the assumption of Corollary 6.2. Without 
lack of generality, we may think that q = q is the second degree zonal 
harmonic from Lemma 10.3. Indeed, otherwise we may transform q into q 
by taking the iterated Poisson bracket with the linear harmonics l1, 12, 13. 


In fact, taking the iterated Poisson bracket of q and c respectively with 
l1, 12, 18, we obtain all quadratic and cubic harmonics. Thus, we manage 
to obtain all the harmonics of degrees < 3. 


We proceed by induction on the degree of harmonics. Assume that all 
harmonics of degree < n are already obtained by taking the iterated Poisson 
brackets of {11,12,1%,q,s}. Pick the harmonic polynomial p constructed in 
Lemma 10.3. The Poisson bracket of p with q is a homogeneous harmonic 
polynomial p of degree n+ 1. Taking the iterated Poisson brackets of p with 
l1, 17, I’, we obtain all polynomials of degree n + 1. 














Remark 10.1. Following the lines of the previous proof, Rodrigues 
[24] established the controllability of the Navier-Stokes / Euler equations 
on the half-sphere S?. One can force three modes, spherical harmonics 
on s2 in order to guarantee the controllability in any finite-dimensional 
projection. The details will appear elsewhere. 


Remark 10.2. Arguing in a similar way as in the previous section, 
one can conclude that there exists a residual set of Riemannian metrics 
on S? such that the assumptions of Corollary 6.2 are verified and, conse- 
quently, the Navier-Stokes equations are controllable in finite-dimensional 
projections by forcing five modes on S? endowed with any of these metrics. 
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Analyticity of Periodic Solutions 
of the 2D Boussinesq System 


Maxim Arnold 


Institute of the Earthquake Prediction Theory RAS 
Moscow, Russia 


The Cauchy problem for the 2D Boussinesq system with periodic boundary con- 
ditions is studied. The global existence and uniqueness of a solution with initial 
data (uo), 9(0)) € (a) is established, where (a) is the space of functions the 


kth Fourier coefficients of which decay at infinity as a > 2. It is proved that 


1 
La 
the solution becomes analytic at any positive time. Bibliography: 10 titles. 


1. Introduction. The viscous 2D Boussinesq system describing dynamics 
of a homogeneous fluid with temperature transfer has the form 


au t) = vAu(x,t) — Vp(a,t) + €0(z, t), (BS1) 
Zalet) = uAb (x,t), (BS2) 
div u(x,t) = 0, (BS3) 


where x = (21,22) € R?, t € Ry is time, & = (0,1), u(x,t) = (ui, u2) : 
R? x R} + R? is a 2-dimensional velocity vector, O(x,t) : R? x R} + 
R is temperature, positive integers v and u are viscosity and diffusivity 
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coefficients respectively, and the scalar function p(a,t) denotes pressure. 
On the left-hand side of (BS1), (BS2), we use the notation 


d 
D oO o 
= — (x,t) —. 
re rs 
jal 
By a solution of the Cauchy problem for (BS1)—(BS3) with initial conditions 


u(x, 0) = uo) (£), (x, 0) = (0) (x), 


div U0) (x) = 0 (1) 


we mean functions u(x,t), O(a, t), p(x, t) satisfying (BS1)-(BS3) and (1). 

Recent results about the existence and uniqueness of solutions of 
(BS1)-(BS3) were obtained in [7, 2] and were based on the methods devel- 
oped in [3, 4, 5]. 

The system (BS1)-(BS3) is similar to the 2D Navier-Stokes system, 
and many methods developed for the Navier-Stokes equations can be ap- 
plied to the Boussinesq system. 

In this paper, we prove the analyticity of solutions to (BS1)-(BS3). 
We use the methods of [8], where the global existence and uniqueness of a 
solution were established for the 2D Navier-Stokes system. Note that the 
arguments in [8] are similar to those in [6], but are more geometrical. 

In [9, 10], and [1], there was introduced the space ®(a) of functions 
f(x) the Fourier transform of which can be written in the form 


F f(k) = Sup leck) =h<o 


The norm in (a) is defined by the formula || f||_ = h = sup |k|°|F f(k)|. 
k 


In [8], the global existence and uniqueness theorems were proved for 
the Cauchy problem for the 2D Navier-Stokes system with periodic bound- 
ary conditions and initial conditions in the space (a). The analyticity of 
the solution was also established. These results were extended to the con- 
tinuous case in [1]. In [9, 10], similar local in time results were obtained in 
3D statement. 


2. Formulation of the results. Consider the system (BS1)-(BS3) for 
6(x,t) and w(x,t) = curl u(x,t). Since u(x,t) € R?, w(x,t) has only one 


nonzero component w = 222 Ti system (BS1)-(BS3) takes the 
Ox, Oxo 
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form 
Ô Ô 
gt) + (u, V'u(x,t) = vAw(x,t) + a 
DO.) + (u, iO. = mA GE À), (2) 


div u(x,t) =0, w(a,t)=V x u(x,t). 


We expand w(x,t) and 6(a,t) into the Fourier series: 


w(a,t) = XO wa(te**), (x,t) = Y theta, (He. 


keZ? kEZ2 


Since w(x,t) and 0(x,t) are real-valued functions and wp = i(kyul?) — 
kau?) and kyu? + kouf” = 0, for wg(t) and 84(t) we get 








L 
wilt) = vik Pwt) + D = lili E 
1EZ2 
OO = HD + D EP Ons), (3) 


LEZ? 
w_z(t) = wk(t), 0_kx(t) = Ox(t), 


where J+ = (l2,—l1) and wk, Ôk, Uk = (uP u) denote the kth Fourier 
coefficient of w, 8, and u respectively. Assume that 09(t) = wo(t) = 0. We 
consider the system (3) instead of (2). 

It is natural to regard the 2D Boussinesq system as the 2D Navier- 
Stokes system with (x,t) as an external forcing. The only difference is the 
dependence of 0(x,t) on w(x,t). 

From the results of Mattingly and Sinai [8] it follows that for initial 
data from (a), a > 1, and analytic external force the solution of 2D 
Navier-Stokes system becomes analytic at any positive moment of time. 
Thus, it suffices to show that 6(a,t) becomes analytic, i.e., its Fourier co- 
efficients decay exponentially with |k|. Then the results of Mattingly and 
Sinai can be used. 


Introduce the notation 


O(t) = 0C Hl = DIRE, WE = lwe tl = DU OP. 


keZ2 keZ2 
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Lemma 1 (termo-convection bound). O(t) is nonincreasing. 
Lemma 1 implies the following assertion. 


Lemma 2 (enstrophy estimate). For any ©o = ||6(0)||72 and Wo = 
Il woyllZ2 


W(t) < max (wo, 20) 


Hereinafter, we assume that a > 2. Consider the initial conditions 
wo), M0) E€ Pla), wola =C, bola = 8. (4) 
Since a > 2, we have [w(o)||r2 < œ and ||6(0)||z2_ < œ. Using Lemmas 


1 and 2, we derive a priori estimates for the solution of (3) with initial 
conditions (4). 


Theorem 1. For any initial data (4) there exists a constant B’ that 
depends only on B, a, Oo and Wo and is independent of t such that for all 
t > 0 the solution O(t) of (3) satisfies the estimate ||@(t)|la < B’. 


Note that B’ is independent of C. Theorem 1 and [8, Theorem 1] imply 
the following assertion. 


Theorem 2. Under the assumptions of Theorem 1, there exists a 
constant C' depending only on the initial conditions such that ||w(t)|la < C 
for allt > 0. 


Two theorems below provide the analyticity of the solution. 


Theorem 3. If the initial conditions (4) satisfy the estimates 


Bı Cy 
Ol < Fae, wel) j OM 
for all k € Z?, where B1, C1, and B are constants, then there exist constants 
Bi and Ci such that for allt > 0 


ou on Blk as ola 2 
Theorem 4. If the initial data satisfy the assumptions of Theorem 


1, then for any to > O there exist constants B, C: 6, > 0, and dg > 0 
independent of k and such that for allt > 0 and k € Z? 


B L 
O, < =e Ok Jan, (t)| < er SOA, 
Labs [kje 


where ô(t) = ôı for t < to and ô(t) = d2 for t > to 
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Theorems 3 and 4 assert that if there exists a solution of (3) with initial 
conditions (4), then it becomes analytic at any positive moment of time. 
Namely, Theorem 4 implies that the solution becomes analytic and then 
it remains analytic since Theorem 3 holds. Below we give an independent 
proof of the local in time existence of a solution to the system (3). 

Theorem 5 (local existence). Suppose that wo) and bo) belong to 


(a), a > 2, wola, and ||%o)\la <N. Then there ee eee N and 
T > 0 such that, on [0,T], there exists a solution (wx(t), 0, (t)) of (3) such 
that |Jw(t)lla < Ñ and |\6(t)Ila < Ñ. 


3. Proof of the main results. Our arguments are based on the following 
technical estimate. Let h and g be scalar functions of 2-dimensional variable. 


Proposition 1. Suppose that h € (a), |A, = H, and g € L?, 
llgllzz2 = G. Then there exists a constant H = H(a) such that for any 
kez? 


ye DE Io he il < HHG|k|?-“. 


lEZ2 


Note that ||f||z2 < œ for any function f € ®(a). 


PROOF OF LEMMA 1. Note that O(t) is a positive real-valued function. 


d 
Thus, it suffices to show that ge® is nonpositive. By the Plancherel 


theorem and (3), we can write for Lot): 


d do d 
Me (FORO + a 


= —2u X HP 


keZ? kEZ? 1EZ2 
Note that 6_,(t) = 0,(t) and w_x(t) = W(t). Then for every term of the 


last sum there exists a term 


ki 14 = 
l = loratua), ETES: 


for which the kernel gives 


(t)O,—1(t)O,(t). 








ery. Gey 


IL? ju? 
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The factor ur(t)0x_1(t)0r (t) takes the form ur(t)0_x(t)0x_1(t). Hence 
(k', 1+) (k, 1+) 
|? |1? 
Thus, the last sum vanishes and we have 


720 = Qu Ñ IH 16.(t)/? < -240(6). 


kEZ? 


WI (t) 0p) =} (t)0p (t) + 





WI (t)O,—1 (t)O (t) = 0. 








The proof is complete. 











PROOF OF LEMMA 2. By the Plancherel theorem, for “wit we have 








gv => S(O? = 3 (a a S t). 


Using (3), we find 





d 2 2 (k, 1+) — 
Wi) = -2x Y [ki?lwe(t)? +2 E TE wy(t) mr (t)we1(t) 
keZ? keZ? LEZ? 
+21 D k10,7,(t). 
kEZ? 


The second term on the right-hand side vanishes by the same arguments 
as in the previous proof. To estimate the third term, we use the Cauchy— 
Schwarz inequality 


D kOe (tHe) < | D (EP, | D> Iklelw t). 
kez? kez? keZ? 


By Lemma 1, the first term on the right-hand side is not greater than Qo. 


Hence 
Lwa <2, [E HO (Bo - 2/5 Ikeu) 
kez? keEZ2 
<2 [Y Ikllwr (t) (VO -vV wa). (5) 
keZ? 


d 
By (5), W(t) > a implies g” < 0, which completes the proof. 
v 
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PROOF OF PROPOSITION 1. We divide the summation domain into three 
parts and derive estimates for each part separately. 


1 1 2 
1. |l] < zll In this case, |k — {| > z Fl- Hence | f,—1| < a Then 








k,H)| _ |k k,l+ -a 
EA D [Eol < rain > uh 


k k 
list <t 


/ 


By the Cauchy—Schwarz inequality, 


< Bı ynkl, 





where Bı can be found from the inequality 


l 


<t 


1 
Collecting the above estimates, we conclude that for |ł| < glk 





(k, 1+) 1-a 
D |F lials- < mia 8G Bs VTA. 


k 
mg El 





1 ho 
2. air < || < 2|k|. We can estimate i TP 


| by 2 and use again the 
Cauchy—Schwarz inequality: 












> 


El <1 <2)h| 


|gi\? frail 


i 
> bee all fi <2 5 


LL< I <21#| Kl <j) <2|k| 








1 
<2GH | X —<26HBlk ?, 


k-i 
|k—I]<3|k| 


where Bə is the constant in the estimate 


1 OF 
>, ppe ~ < B3\k|?- ? 


HI<31k| 
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3. |I| > 2|k|. In this region, |k — l| > |I| —|k| > || — $|1| = $|l|. Hence 


(k, 1+ 
D [uit <a E we 


HIZ21k| || >2|h| 











1 
[2424 


< HG|k|2° 
1] >2|k| 


< 2°HGBs|k|'~*, 


where B3 is the constant in the estimate 


1 Site 
ay 22 < BEI. 
[2] 22] | 


Collecting the estimates, we find 


ki ay 
` | UE gel < G\k|" (BV Tr + 2H Bo + 2° HBs) 
lEZ2 





In |k] 


+2B + 2° Bs) 
Jk] 


< Hgt- (2 


~ |Bil 
Thus, for H = 
us, for H 


assertion. 


+2|B2] + 2°|Bs3| the last inequality proves the required 














PROOF OF THEOREM 1. Denote by ay the set of functions whose 
P(a)-norms are bounded by a constant A: a = {f: |frl < A/|kl*}. By 
assumption, 6(0) € QQ). We fix a constant Kei; depending only on the 
initial conditions which will be defined later. 

By Lemma 1, for |k| < Kai we have 
sup |6x(¢)| < Vo, 
|k|<Kerit 


which implies 


sup AU DIT < V (CT oie 


[k|<Kerit 


We show that for any k € Z?, |k| > Ka, the vector field on the 
boundary 99) is directed inward. Then for B’ = max(B, VOoK£,.) the 
required assertion holds for any t > 0. 

Suppose that for some t > 0 (t) leaves QP. Let to = inf{t: O(t) ¢ 
QO}. Then for t = to and all k € Z? we have the inequality |0,(to)| < 
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B/|k|* which becomes equality for some k. Denote by ką a point in Z? such 
that the equality takes place at this point and |k,| < |k| at any other point 
k € Z, where equality holds. Then for ôx, . from (3) it follows that 


dôk. (t) ai 
dt DE 





= —ulk, |? Ok, (to) + eee 0p.-1(to)wr(to). (6) 


= lEZ2 


An obvious calculations shows that 











i pee. _ a . ui snot 
= —2y|k[204(t (t)Ox—1(t)O%(t) + Wi (t)Ox—1(t)Ox (t)) 
LEZ? 


-2p]kl? lOl]? + 28 (t) ue NE (Be (OI 


Thus, for |0;, (to)| we can write 


d 2-—a 
qlr o)l < < —plk.| B+ 5 i 


lLEZ2 





a TOI) (7) 


By Proposition 1, the last term on the right-hand side of (7) is less than 
or equal to |k, |2-*./WoBA1, where À; is a constant that is independent of 
k, and to and can depend only on a. Thus, 


d 1 
ggl (to)! < [hw |270 VWoBA1 uk PB = BK, 15° (Wo Ai — pela?) 
mis 





Setting Kait = , from the inequality |k.| > Keri: we immediately 


conclude that $]4,, a is negative and, consequently, |;, (to)| decreases. 
Recall the estimate [04 (t)||k|* < /©o(Kerit)® for |k| < Kerit. Setting 
/6 Oo WẸ A? VOA 


B' = max 
x(B, pee 














we complete the proof. 


PROOF OF THEOREM 2. We argue in a similar way as in the previous 
proof. We fix a constant Ki, which depends only on a and will be defined 
later. By Lemma 2, for any |k| < Kai we can write 


[wr (JAI < K&nlwe(t)| < Kai VWE) < KG Ae, (8) 
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where A> = max (wo, 22) and thus is a constant which depends only on 
the initial data. 
Now, we show that for some constant Korit the inequality |k| > Korit 
implies |wx(t)||k|* < C. By the assumption of the theorem, wç(0) € a’ 
Suppose that for some t > 0 w(t) leaves the QO. Denote by to the 
infimum of such t. Then for t = to we have the inequality 


which becomes equality for some k. Let k, be a point where equality takes 
place. Assume that k, has the minimal norm among points of such a type. 


By (3), for |w,(t)| we have 











an eee det _ p ge un ae dm (D 
= —2v|k|?|w,(t)|? + DE (we—1(t) wi (t)W: (t)) 
LEZ? 


+ Wy_1(t) Wy (t)wy(t)) + iki (Ox (t)WE(t) + On (ju (t)). 
Thus, 
a(t )| 





< kPa (+ So [A NE pOll BR CI. (9) 
LEZ? 

By Proposition 1, the second term on the right-hand side of (9) is not 
greater than |k|2~°C./WoAs3, where A3 is a constant depending only on a. 
The third term is bounded by |k|!~°B’ because of Theorem 1. Thus, for 
lux, (to)| we have 








oe < IR PC + [ka| 7°C V Wo As + [kB 
L WoA3 B’ 
D n _ 10 
[kx] ( kl [ki |C v) (10) 
WoAz B' 


If we define Kerit = Gat — Gyr then for |x| > Korit the right-hand 

v v 
side of the inequality (10) is negative and, consequently, |wx, (to)| decreases. 
The theorem is proved for C’ = max(C, Ao(Kerit)™). 














PROOF OF THEOREM 3. The required assertion is obtained by apply- 
ing Theorems 1 and 2 to the functions 6,(t) = e®!*!0,(t) and w,(t) = 
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elk w(t). From (3) we derive for 0 wy, (t) 


d 5 
_ B(|k|—|2| —|k—2 
gÀ = —p|k|?6,(t) + ae Ga ACTO 





1eZ2 
it = —v|k am. (t) + X (Fst) (a) iy a (teti + ik1,(t). 
a ce MP 


Since |k — l| + |l| > |k| and, consequently, e-PUIHIE ITR) < 1, we can 
replace the corresponding terms with 1 and obtain the estimates 


ag 
di 


do. g k, 1 
RO < RO D |S 
leZ? 


BOLS Ro E | SEP T POIL 


lEZ? 








iOlll + Ikl) 














Then we repeat the proof of Theorems 1 and 2 without any change. 


PROOF OF THEOREM 4. Let to > 0. Consider Ü(x,t) and Ô(x, t) with 
the Fourier coefficients Ô, (t) = e5'!#l0,(t) and wz (t) = e%*!*l w(t) respec- 
tively. The constant 6, > 0 will be defined later. 

We have ||x(0)||4 = C and ||6(0)\|, = B. It suffices to show that 
Ô(t) and w(t) remain bounded in ®(a) with some constants B and C for all 
t € [0, to]. 

Since the inequalities 


imply 


C _|k|lô1t > B —|k|ô1t 
|wx(to)] < ét, Êk (to)] < er late, 
EE Labs 


we can use Theorem 3 with the initial data w(to) and 6(to). Thus, if at to, 
we have 


lê(lto)lla <C,  ||(to)|la < B, 


then for all t > to the decay rate of the Fourier coefficients of the solution 
remains exponential with k. 
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By (3), we have 








6, (t 4 à 
DO L S ad (t) — ak PC 
k oa | Il) lke 
+ po ( TE ) otira (eet \l|—|k A 
lez? 
Delt 
mek = 61 |k |p (t) — v|k|? i(t) 





ee Pere 51t(\k|—l|—|k—Ul) ep À 
+ 5 w(t) dr 1(t)e"t + ik, O,(t) 


2 
LEZ? I 
From the inequality |k| < |I|+|k—I| it follows that eC FI-II-lk-U) < 1. 


A calculation, similar to that in the proof of Theorems 1 and 2, shows that 


d\ôx t À P k, it i : 
| a Me Sikl- lk PAO + D = lr (t) ||Ox—1(t)), 
leZ? 


dix. (t)| 
dt 





< u + [ôk (61) — vIk|? ôr (t)| (11) 


+ oie — 


We fix a constant K which will be = later. By R 1 and 2, for 





(tlr (t)| 


any t > 0 and k € Z? we have |w,(t)| < <ir and |0k(t)| < a Thus, for 
any t € [0, to] and |k| < K 
à By À Ci 
lkl a, Wel) < DE (12) 
Lis [| 


where By = B'eKüto, Ci = C'eKüto, 

As above, 6(0) € QE) and w(0) € QC). Assume that at some positive 
T € [0, to] the pair ((r),Ô(r)) reaches the boundary of QP) x AO. Then 
we can estimate the sums on the right-hand side of (11) using Proposition 1: 











dô, (t ; 
KOI Like + HE VOB A — pikle tr), 
t=T (13) 
diûr(t 
He SH VWC As + KB + GC) — HRP lr (r), 
t=T 





where Ay and As are constants depending on the initial conditions. 
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By (13), we can force the right-hand side of (11) to be negative on the 


boundary of aP x A for || > K by choosing K large enough, and thus 
for such |k| the vector field on the boundary is directed inward. 


Since for all other |k| we have (12), there exist constants B = max(B, B:) 
and C = max(C,C1) such that for any t € [0, to] the pair (0(4), &(t)) belongs 
to the region Q) x QA. 














PROOF OF THEOREM 5. Consider the classical iteration scheme. We 
write Equations (3) in the integral form and consider the sequences 


A(t) = 0,0), w(t) = we (0); (14) 





art) (4) = elko + few KOLLO 
0 leZ? 
wi" (t) = ew let (0) 
t 
Bary | ee 
+ f ee S E Lul ) (Jw! ") (s ) + ike Xs )) as. (15) 


0 leZ2 


It is easy to check that CNE) (t) = a (t) and w(t) = uw” (t). Hence 
Lemmas 1 and 2 can be applied to all the functions 6 (t) and w™® (t). We 
proceed by induction. We show that for initial data from ®(a) all {w” (t)} 
and 9”) (t)} are bounded in ®(a) uniformly with respect to n. Then we 
show that {w\” (t)} and {a (t)} are fundamental in the norm ||- ||. and, 


consequently, converge in ®(a). By (15), the corresponding limits provide 
a solution of (3). 


Uniform bound. Assume that for some n € N we have || (tlla < 
2N and ||w'")(t)||a < AW, where M is taken from the formulation of the 
theorem. By Proposition 1, 


zl 


leEZ? 





(s)11 (s)| < 2N Ag/Wolkl27-°, 








(sut) (s)| < AN Azry Wok? =*. 





lEZ2 
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Thus, for art Det t) and wh “ds Mt t) from (15), integrating with respect to s, 
we find 


OCDE] < 2N AV Wolk? + MIE, (16) 
[wt (t)| < AN Ar Molk TE + [OY | 4 NIk]. (17) 


By (16), for |k| > 442Wo we have 
0K (Ð < NaI“ 
By (17), for |k| > 16A2Wo we have 





wht? E] < AN RIA. 


Denote K = 4Wo max(A?,4A?). Then for k > K the inductive assumption 
is satisfied. 


For |k| < K Lemmas 1 and 2 imply 
aD (t) (t)| < /O jwt» (t)| < Wo. 
Setting N = max(4W, VOo K®, VWoK"), for all k we get 
IEP Ola SÄ < MK Ola <M 
uniformly with respect to n. 


Convergence. Consider the functions get t) = gin) (+) - gi”) (t) 
and ÿ (n+1) (4) = wt» (t) — wl” (t t). From (15) it follows that 


fen = fe 


0 1EZ3 





= (uf ™(s)ghs(8) +H” (80815 (8)) ds, 


t 


5 fe 
age = feel Cu oat 


0 1EZ3 
+H (sur) (8)) + agp (s ) ds. (18) 
Since, according to the first step of the proof, all o (t) and w™ (t) 


belong to ®(a), we see that g™ (t) and g(t) also belong to (a). Using 
Proposition 1 and integrating over s, we find 
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n n ~(n = 5 —|k|? 
ll? Ola < (Asl Ella VW + Aalld (Bla Vo) KTI- e7’), 
(19) 

lI lla < (Aol PONa NIET + kN Ola) (= e7’), 
(20) 
where Ag, Ag, and Ajg are constants independent of k, t, and n. For 
sufficiently large |k|t we can replace (1 — et) with 1 in the estimates 

(19) and (20). 

Since the power of |k| on the right-hand side of these inequalities 


remains negative, for each given € € (0,1) there exists K+ such that for 
|k| > Ke we get 


IPPO < elTe max(||9™ Ola ld Ella), 


Jae POL < [ele max(|lg™ Ola lI Hla): 


For |k| < Ke there exists Te = with some positive (const) such 


E 
(const) K2 


that for any |k| < Ke and t € [0, Te] we can estimate (1—e7lkl’t) by —— 
(const) 
Then (19) and (20) imply that for sufficiently large (const) and t € [0, Tz] 


we have 
lg"? lla < lkl max(lg (lla, 1190 Olla) 


(21) 
lEHO Ella < Elk" max(||g (lla IG (lla) 





Note that T- depends only on the constants in the inequalities (19), (20) 
and, consequently, depends only on the initial conditions. By (21), 


Ig Ola < e” max(||9 Ola NO lla), 


9 Olla < E” max(||g Ola [19 la). 





Thus, {0()(4)} and {w'™(t)} are Cauchy sequences in (a). 
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This work continues our studies of nonlinear evolution of a system of wavepackets. 
We study a wave propagation governed by a nonlinear system of hyperbolic PDE’s 
with constant coefficients with the initial data being a multi-wavepacket. By def- 
inition, a general wavepacket has a well-defined principal wave vector, and, as we 
proved in previous works, the nonlinear dynamics preserves systems of wavepack- 
ets and their principal wave vectors. Here we study the nonlinear evolution of 
a special class of wavepackets, namely particle-like wavepackets. A particle-like 
wavepacket is of a dual nature: on one hand, it is a wave with a well-defined 
principal wave vector, on the other hand, it is a particle in the sense that it 
can be assigned a well-defined position in the space. We prove that under the 
nonlinear evolution a generic multi-particle wavepacket remains to be a multi- 
particle wavepacket with high accuracy, and every constituting single particle- 
like wavepacket not only preserves its principal wave number but also it has a 
well-defined space position evolving with a constant velocity which is its group 
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velocity. Remarkably the described properties hold though the involved single 
particle-like wavepackets undergo nonlinear interactions and multiple collisions in 
the space. We also prove that if principal wavevectors of multi-particle wavepacket 
are generic, the result of nonlinear interactions between different wavepackets is 
small and the approximate linear superposition principle holds uniformly with 
respect to the initial spatial positions of wavepackets. Bibliography: 41 titles. 


1. Introduction 


The principal object of our studies here is a general nonlinear evolutionary 
system which describes wave propagation in homogeneous media governed 
by hyperbolic PDE’s in R4, d = 1,2,3,..., is the space dimension, of the 
form 


OU = -21(-iV)U+F(U), Uno he), FERS (1) 


where (i) U = U(r,r), r € Rd, U € C? is a 2J-dimensional vector; 
(ii) L(—iV) is a linear selfadjoint differential (pseudodifferential) operator 
with constant coefficients with the symbol L(k), which is a Hermitian 2J x 
2J matrix; (iii) F is a general polynomial nonlinearity; (iv) o > 0 is a 
small parameter. The properties of the linear part are described in terms of 
dispersion relations w, (k) (eigenvalues of the matrix L(k)). The form of the 
equation suggests that the processes described by it involve two time scales. 
Since the nonlinearity F(U) is of order one, nonlinear effects occur at times 
T of order one, whereas the natural time scale of linear effects, governed 
by the operator L with the coefficient 1/0, is of order o. Consequently, 
the small parameter g measures the ratio of the slow (nonlinear effects) 
time scale and the fast (linear effects) time scale. A typical example of an 
equation of the form (1.1) is the nonlinear Schrödinger equation (NLS) or a 
system of NLS’s. Many more examples including a general nonlinear wave 
equation and the Maxwell equations in periodic media truncated to a finite 
number of bands are considered in [7, 8]. 


As in our previous works [7, 8], we consider here the nonlinear evolu- 
tionary system (1.1) with the initial data h(r) being the sum of wavepackets. 
The special focus of this paper is particle-like localized wavepackets which can 
be viewed as quasiparticles. Recall that a general wavepacket is defined as 
such a function h(r) that its Fourier transform h(k) is localized in a £- 
neighborhood of a single wavevector ką, called principal wavevector, where 
b is a small parameter. The simplest example of a wavepacket is a function 
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of the form 
k —k, 
p 


where g,(k.) is an eigenvector of the matrix L(k,) and h(k) is a scalar 
Schwarz function (i.e., it is an infinitely smooth and rapidly decaying one). 
Note that for h (3,k) of the form (1.2) we have its inverse Fourier transform 


h(8;r) = h(B(r — r,)) E gn (k.), r ERY (1.3) 





h(8;k) = B-4e“™-h( <= gn (k.), ke RY, (1.2) 





Evidently, h(3,r) described by the above formula is a plane wave 
ek-"g,(k.) modulated by a slowly varying amplitude A(B(r —r.)) obtained 
from h(z) by a spatial shift along the vector r, with a subsequent dilation 
with a large factor 1/8. Clearly, the resulting amplitude has a typical spatial 
extension proportional to 87t} and the spatial shift produces a noticeable 
effect if |r.| > 871. The spatial form of the wavepacket (1.3) naturally 
allows us to interpret r, € Rf as its position and, consequently, to consider 
the wavepacket as a particle-like one with the position rą € R?. But how 
one can define a position for a general wavepacket? Note that not every 
wavepacket is a particle-like one. For example, let, as before, the function 
h(x) be a scalar Schwarz function, and let us consider a slightly more general 
than (1.3) function 


h(@;r) = [AEE — rua) + R(B(r— rsa) gn (k), FER, (14) 


where r,1 and r,2 are two arbitrary, independent vector variables. The wave 
h(6,r) defined by (1.4) is a wavepacket with the wave number k, for any 
choice of vectors ry; and r,2, but it is not a particle-like wavepacket since it 
does not have a single position r,, but rather it is a sum of two particle-like 
wavepackets with two positions r,1 and r,2. 





Our way to introduce a general particle-like wavepacket h(5,k., 
r,0;r) with a position r,o is by treating it as a single element of a family 
of wavepackets h(3,k,.,r.;r) with r, € R? being another independent pa- 
rameter. In fact, we define the entire family of wavepackets h(5,k,,r,;r), 
rą € RŸ, subject to certain conditions allowing us to interpret any fixed 
rą € Rf as the position of h(3,k.,r.;r). Since we would like of course 
a wavepacket to maintain under the nonlinear evolution its particle-like 
property, it is clear that its definition must be sufficiently flexible to ac- 
commodate the wavepacket evolutionary variations. In light of the above 
discussion, the definition of the particle-like wavepacket with a transparent 
interpretation of its particle properties turns into the key element of the 
entire construction. It turns out that there is a precise description of a 
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particle-like wavepacket, which is rather simple and physically transparent 
and such a description is provided in Definition 2.2 below, see also Remarks 
2.4, 2.5. The concept of the position is applicable to very general functions, 
it does not require a parametrization of the whole family of solutions, which 
was used, for example, in [25, 20, 21]. 

As in our previous works, we are interested in nonlinear evolution not 
only a single particle-like wavepacket h(3,k.,r.;r), but a system {h((, kx, 
T41; r)} of particle-like wavepackets which we call multi-particle wavepacket. 
Under certain natural conditions of genericity on k,;, we prove here that un- 
der the nonlinear evolution: (i) the multi-particle wavepacket remains to be 
a multi-particle wavepacket; (ii) the principal wavevectors ką; remain con- 
stant; (ii) the spatial position rą, of the corresponding wavepacket evolves 
with the constant velocity which is exactly its group velocity SVun(ku). 
The evolution of positions of wavepackets becomes the most simple in the 
case, where at 7 = 0 we have ry; = ates i.e., the case, where spatial posi- 
tions are bounded in the same spatial scale in which their group velocities 
are bounded. In this case, the evolution of the positions is described by the 
formula 


1 
ri(T) = SE + TV wn, (ku)], T > 0. (1.5) 


The rectilinear motion of positions of particle-like wavepackets is a direct 
consequence of the spatial homogeneity of the master system (1.1). If 
the system were not spatially homogeneous, the motion of the positions 
of particle-like wavepackets would not be uniform, but we do not study that 
problem in this paper. In the rescaled coordinates y = or, the trajectory 
of every particle is a fixed, uniquely defined straight line defined uniquely 
if 0/8 — 0 as 0,8 — 0. Notice that under the above-mentioned generic- 
ity condition, the uniform and independent motion (1.5) of the positions of 
all involved particle-like wavepackets {h(6, k41, r41; r)} persists though they 
can collide in the space. In the latter case, they simply pass through each 
other without significant nonlinear interactions, and the nonlinear evolu- 
tion with high accuracy is reduced just to a nonlinear evolution of shapes 
of the particle-like wavepackets. In the case, where the set of the principal 
wavevectors {k,,} satisfy certain resonance conditions, some components of 
the original multi-particle wavepacket can evolve into a more complex struc- 
ture which can be only partly localized in the space and, for instance, can 
be needle- or pancake-like. We do not study in detail those more complex 
structures here. 
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Now let us discuss in more detail the superposition principle intro- 
duced and studied for general multi-wavepackets in [8] in the particular 
case, where initially all r,; = 0. Here we consider multi-particle wavepack- 
ets with arbitrary r.; and develop a new argument based on the analysis 
of an averaged wavepacket interaction system introduced in [7]. Assume 
that the initial data h for the evolution equation (1.1) is the sum of a finite 
number of wavepackets (particle-like wavepackets) hı, L= 1,..., N, i.e., 


h=h,+...+hy, (1.6) 


where the monochromaticity of every wavepacket h; is characterized by 
another small parameter 6. The well-known superposition principle is a 
fundamental property of every linear evolutionary system, stating that the 
solution U corresponding to the initial data h as in (1.6) equals 


U = U, +... + Uy forh=h,+...+hy, (1:7) 


where U, is the solution to the same linear problem with the initial data hy. 


Evidently, the standard superposition principle cannot hold exactly as 
a general principle for a nonlinear system, and, at the first glance, there is 
no expectation for it to hold even approximately. We show though that, in 
fact, the superposition principle does hold with high accuracy for general 
dispersion nonlinear wave systems such as (1.1) provided that the initial 
data are a sum of generic particle-like wavepackets, and this constitutes 
one of the subjects of this paper. Namely, the superposition principle for 
nonlinear wave systems states that the solution U corresponding to the 
multi-particle wavepacket initial data h as in (1.6) satisfies 


U = U +... + Un +D for h = hı +... + hy, where D is small. 


A more detailed statement of the superposition principle for nonlinear evolu- 
tion of wavepackets is as follows. We study the nonlinear evolution equation 
(1.1) on a finite time interval 


OST ST, where 7, > 0 is a fixed number (1.8) 


which may depend on the L® norm of the initial data h but, importantly, 
Tą does not depend on o. We consider classes of initial data such that wave 
evolution governed by (1.1) is significantly nonlinear on time interval [0, Ts] 
and the effect of the nonlinearity F(U) does not vanish as @ — 0. We 
assume that 5, 0 satisfy 


0<B<1,0<o<1, 6?/o< C with some Ci > 0. (1.9) 
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The above condition of boundedness on the dispersion parameter [2/0 en- 
sures that the dispersion effects are not dominant and they do not suppress 
nonlinear effects, see [7, 8] for a discussion. 


Let us introduce the solution operator S(h)(7) : h — U(r) relating 
the initial data h of the nonlinear evolution equation (1.1) to its solution 
U(t). Suppose that the initial state is a system of particle-like wavepack- 
ets or multi-particle wavepacket, namely h = >> h; with hy, L = 1,...,N, 
being “generic” wavepackets. Then for all times 0 < 7 < 7, the following 
superposition principle holds: 


TS 





N 
S( Sov) (7) = 3 S()(r) + DO), (1.10) 
t= l=1 
IDe = sup ID(Le < Cs Ja for any small ô> 0. (1.11) 


Obviously, the right-hand side of (1.11) may be small only if o < C12. 
There are examples (see [7]) in which D(r) is not small for ọ = C16. In 
what follows, we refer to a linear combination of particle-like wavepackets 
as a multi-particle wavepacket, and to single particle-like wavepackets which 
constitutes the multi-particle wavepacket as component particle wavepack- 
ets. 


Very often in theoretical studies of equations of the form (1.1) or ones 
reducible to it, a functional dependence between o and 5 is imposed, re- 
sulting in a single small parameter. The most common scaling is o = 8°. 
The nonlinear evolution of wavepackets for a variety of equations which can 
be reduced to the form (1.1) was studied in numerous physical and mathe- 
matical papers, mostly by asymptotic expansions of solutions with respect 
to a single small parameter similar to 3, see [10, 12, 16, 18, 22, 24, 26, 
32, 34, 36, 37| and references therein. Often the asymptotic expansions 
are based on a specific ansatz prescribing a certain form to the solution. 
In our studies here we do not use asymptotic expansions with respect to a 
small parameter and do not prescribe a specific form to the solution, but 
we impose conditions on the initial data requiring it to be a wavepacket or 
a linear combination of wavepackets. Since we want to establish a general 
property of a wide class of systems, we apply a general enough dynami- 
cal approach. There is a number of general approaches developed for the 
studies of high-dimensional and infinite-dimensional nonlinear evolutionary 
systems of hyperbolic type, see [9, 11, 17, 19, 23, 29, 33, 36, 38, 40, 41] 
and references therein. The approach we develop here is based on the intro- 
duction of a wavepacket interaction system. We show in [8] and here that 
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solutions to this system are in a close relation to solutions of the original 
system. 


The superposition principle implies, in particular, that in the process 
of nonlinear evolution every single wavepacket propagates almost indepen- 
dently of other wavepackets (even though they may “collide” in physical 
space for a certain period of time) and the exact solution equals the sum 
of particular single wavepacket solutions with high precision. In particular, 
the dynamics of a solution with multi-wavepacket initial data is reduced 
to dynamics of separate solutions with single wavepacket data. Note that 
the nonlinear evolution of a single wavepacket solution for many problems 
is studied in detail, namely it is well approximated by its own nonlinear 
Schrödinger equation (NLS), see [16, 22, 26, 27, 36, 37, 38, 7] and ref- 
erences therein. 

Let us give now an elementary physical argument justifying the super- 
position principle which goes as follows. If there would be no nonlinearity, 
the system would be linear and, consequently, the superposition principle 
would hold exactly. Hence any deviation from it is due to the nonlinear 
interactions between wavepackets, and one has to estimate their impact. 
Suppose that initially at time 7 = 0 the spatial extension s of every involved 
wavepacket is characterized by the parameter 37! as in (1.3). Assume also 
(and it is quite an assumption) that the involved wavepackets evolving non- 
linearly maintain somehow their wavepacket identities, including the group 
velocities and the spatial extensions. Then, consequently, the spatial ex- 
tension of every involved wavepacket is proportional to G~! and its group 
velocity w is proportional to 9~ +. The difference Av between any two dif- 
ferent group velocities is also proportional to o~'. Then the time when 
two different wavepackets overlap in the space is proportional to s/|Av| and 
hence to @/@. Since the nonlinear term is of order one, the magnitude of 
the impact of the nonlinearity during this time interval should be roughly 
proportional to 0/B, which results in the same order of the magnitude of 
D in (1.10)-(1.11). Observe that this estimate is in agreement with our 
rigorous estimate of the magnitude of D in (1.11) if we set there ô = 0. 


The rigorous proof of the superposition principle presented here is not 
directly based on the above argument since it already implicitly relies on the 
principle. Though some components of the physical argument can be found 
in our rigorous proof. For example, we prove that the involved wavepackets 
maintain under the nonlinear evolution constant values of their wavevectors 
with well defined group velocities (the wavepacket preservation). Theorem 
6.12 allows us to estimate spatial extensions of particle-like wavepackets 
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under the nonlinear evolution. The proof of the superposition principle for 
general wavepackets provided in [8] is based on general algebraic-functional 
considerations and on the theory of analytic operator expansions in Banach 
spaces. Here we develop an alternative approach with a proof based on 
properties of the wavepacket interaction systems introduced in [7]. 


To provide a flexibility in formulating more specific statements re- 
lated to the spatial localization of wavepackets, we introduce a few types of 
wavepackets: 


e asingle particle-like wavepacket w which is characterized by the follow- 
ing properties: (a) its modal decomposition involves only wavevectors 
from -vicinity of a single wavevector k,, where 3 > 0 is a small para- 
meter; (b) it is spatially localized in all directions and can be assigned 
its position r,; 

e a multi-particle wavepacket which is a system {w;} of particle-like 
wavepackets with the corresponding sets of wavevectors {k,;} and po- 
sitions {ru}; 

e a spatially localized multi-wavepacket which is a system {w;} with w 
being either a particle-like wavepacket or a general wavepacket. 


We would like to note that a more detailed analysis, which is left for 
another paper, indicates that, under certain resonance conditions, nonlin- 
ear interactions of particle-like wavepackets may produce a spatially localized 
wavepacket w characterized by the following properties: (i) its modal decom- 
position involves only wavevectors from a /-vicinity of a single wavevector 
k., where 3 > 0 is a small parameter; (ii) it is only partly spatially localized 
in some, not necessarily all directions, and, for instance, it can be needle- 
or pancake-like. 


We also would like to point out that the particular form (1.1) of the 
dependence on the small parameter o is chosen so that appreciable nonlinear 
effects occur at times of order one. In fact, many important classes of prob- 
lems involving small parameters can be readily reduced to the framework 
of (1.1) by a simple rescaling. It can be seen from the following examples. 
The first example is a system with a small nonlinearity 


Ov = —iLv + o0f(v), vhs =h, O< a <1, (1.12) 
where the initial data is bounded uniformly in a. Such problems are reduced 


to (1.1) by the time rescaling 7 = ta. Note that here o =a and the finite 
time interval 0 < T < Ta corresponds to the long time interval 0 < t < T../a. 
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The second example is a system with small initial data considered on 
long time intervals. The system itself has no small parameters, but the 
initial data are small, namely 


Ov = —iLv + fo(v), vl-0 = aoh, 0 < ag <1, where (1.13) 
fo(v) =E (v) +H" (v) +, 


where ao is a small parameter and f(")(v) is a homogeneous polynomial 
of degree m > 2. After rescaling v = ao V we obtain the following equation 
with a small nonlinearity: 


OV = LV + of 1 [£0 (V) + apf tY(V) +...], Vio =h, (114) 


which is of the form (1.12) with a = agt. Introducing the slow time 





variable T = ia we get from the above an equation of the form (1.1), 
namely 
0V =- = IV a [e (V) + aof ®t (V) Aga ae Vlo = bh; (115) 
0 


where the nonlinearity does not vanish as ag — 0. In this case, 9 = on 


and the finite time interval 0 < T < Tą corresponds to the long time interval 
0O<t<7,/ag" 7" with small ao <1. 
The third example is related to a high-frequency carrier wave in the 
initial data. To be concrete, we consider the nonlinear Schrôdinger equation 
0,U —i02U + ialU|?U, 


. . 1.16 
Us hı(M Brje"? + ho(M Br)eiMkr2® + c.c., ( ) 


where c.c. stands for the complex conjugate of the prior term and M > 1 
is a large parameter. Equation (1.16) can be readily recast into the form 
(1.1) by the change of variables y = Mr yielding 


1 
-U = arc + ialU/?U, 


U| -o = hi (br) + ho(Gr)ei**?" + c.c., (1.17) 
h e. <1 
where 0 = 775 


Summarizing the above analysis, we list below important ingredients 
of our approach. 


e The wave nonlinear evolution is analyzed based on the modal decom- 
position with respect to the linear part of the system. The significance 
of the modal decomposition to the nonlinear analysis is based on the 
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following properties: (i) the wave modal amplitudes do not evolve un- 
der the linear evolution; (ii) the same amplitudes evolve slowly under 
the nonlinear evolution; (iii) modal decomposition is instrumental to 
the wavepacket definition including its spatial extension and the group 
velocity. 


Components of multi-particle wavepacket are characterized by their 
wavevectors k,;, band numbers nı, and spatial positions r,;. The 
nonlinear evolution preserves ką; and ny, whereas the spatial positions 
evolve uniformly with the velocities SVun (kx). 


The problem involves two small parameters 8 and @ respectively in 
the initial data and coefficients of the master equation (1.1). These 
parameters scale respectively (i) the range of wavevectors involved in 
its modal composition, with 87t} scaling its spatial extension, and (ii) 
o scaling the ratio of the slow and the fast time scales. We make no 
assumption on the functional dependence between ( and o, which are 
essentially independent and are subject only to inequalities. 


The nonlinear evolution is studied for a finite time T which may de- 
pend on, say, the amplitude of the initial excitation, and, importantly, 
Tą is long enough to observe appreciable nonlinear phenomena which 
are not vanishingly small. The superposition principle can be extended 
to longer time intervals up to blow-up time or even infinity if relevant 
uniform in 5 and o estimates of solutions in appropriate norms are 
available. 


In the chosen slow time scale there are two fast wave processes with 
typical time scale of order o which can be attributed to the linear oper- 
ator L: (i) fast time oscillations resulting in time averaging and conse- 
quent suppression of many nonlinear interactions; (ii) fast wavepacket 
propagation with large group velocities resulting in effective weaken- 
ing of nonlinear interactions which are not time-averaged because of 
resonances. It is these two processes provide mechanisms leading to 
the superposition principle. 


The rest of the paper is organized as follows. In the following Subsec- 


tion 2.1, we introduce definitions of wavepackets, multi-wavepackets, and 
particle wavepackets. In Subsection 2.1, we also formulate and briefly dis- 
cuss some important results of [7] which are used in this paper, and, in Sub- 
section 2.2, we formulate new results. In Section 3, we formulate conditions 
imposed on the linear and the nonlinear parts of the evolution equation (1.1) 
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and also introduce relevant concepts describing resonance interactions inside 
wavepackets. In Section 4, we introduce an integral form of the basic evolu- 
tion equation and study basic properties of involved operators. In Section 
5, we introduce a wavepacket interaction system describing the dynamics of 
wavepackets. In Section 6, we first define an averaged wavepacket interac- 
tion system which plays a fundamental role in the analysis of the dynamics 
of multi-wavepackets and then prove that solutions to this system approxi- 
mate solutions to the original equation with high accuracy. We also discuss 
there properties of averaged nonlinearities, in particular, for universally and 
conditionally universal invariant wavepackets, and prove the fundamental 
theorems on preservation of multi-particle wavepackets, namely Theorems 
6.13 and 2.10. In Section 7, we prove the superposition principle using an 
approximate decoupling of the averaged wavepacket interaction system. In 
the last subsection of Section 7, we prove some generalizations to the cases 
involving nongeneric resonance interactions such as the second harmonic 
and third harmonic generations. 


2. Statement of Results 


This section consists of two subsections. In the first one, we introduce basic 
concepts and terminology and formulate relevant results from [7] which are 
used latter on, and in the second one, we formulate new results of this paper. 


2.1. Wavepackets and their basic properties. 


Since both linear operator L(—iV) and nonlinearity F(U) are translation 
invariant, it is natural and convenient to recast the evolution equation (1.1) 
by applying to it the Fourier transform with respect to the space variables 
r, namely 


0 Ü(k) = ~L(w)O(k) + FCO), Oo] |= hls), 21) 
where U(k) is the Fourier transform of U(r), i.e., 


U(k) = | U(r)e"* * dr, U(r) 
I 


= (2m) f Oaet dr, where r,k € R‘, (2.2) 
Rd 
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and F is the Fourier form of the nonlinear operator F(U) involving con- 
volutions, see (3.9) for details. Equation (2.1) is written in terms of the 
Fourier modes, and we call it the modal form of the original equation (1.1). 
The most of our studies are conducted first for the modal form (2.1) of the 
evolution equation and carried over then to the original equation (1.1). 


The nonlinear evolution equations (1.1), (2.1) are commonly inter- 
preted as describing wave propagation in a nonlinear medium. We assume 
that the linear part L(k) is a 2J x 2J Hermitian matrix with eigenvalues 
Wn,c(k) and eigenvectors g,,¢(k) satisfying 


L(k)gn,¢(k) = wn,¢(k)gn,c(k), € = 4 
wn (k) > 0, wn,-(k) <0, n=1,..., J, 





(2.3) 


where wn ¢(k) are real-valued, continuous for all nonsingular k functions 
and vectors gn,¢(k) € C?7 have unit length in the standard Euclidean norm. 
The functions w, «(k), n =1,..., J, are called dispersion relations between 
the frequency w and the wavevector k with n being the band number. We 
assume that the eigenvalues are naturally ordered by 


wy4(k) >... > w1,+(k) > 0 > w1,-(k) >... > wz_(k) (2.4) 


and for almost every k (with respect to the standard Lebesgue measure) 
the eigenvalues are distinct and, consequently, the above inequalities be- 
come strict. Importantly, we also assume the following diagonal symmetry 
condition: 





Wn,—¢(—k) = —wn (k), C= +, n=1,...,J, (2.5) 


which is naturally presented in many physical problems (see also Remark 
3.3 below) and is a fundamental condition imposed on the matrix L(k). 
Very often we use the abbreviation 


Wn, +(k) = wn(k). (2.6) 
In particular, we obtain from (2.5) 
Wn,—(k) = —-wn(—k), wn,c(k) = Gwn (Ck), ¢ = +. (2.7) 


In addition to that, in many examples we also have 





Sn,c(K) = g;,-c(—k), where z* is complex conjugate to z. (2.8) 


We also use rather often the orthogonal projection Ip, ¢(k) in C?7 onto the 
complex line defined by the eigenvector gn ,¢(k), namely 


Ih,c(k)û(k) = ŭn c(kK)gn,c(k) = ti (k), n=1,...,J, C=. (2.9) 
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As it is indicated by the title of this paper, we study the nonlinear 
problem (1.1) for initial data h in the form of a properly defined particle- 
like wavepackets or, more generally, a sum of such wavepackets to which we 
refer as multi-particle wavepacket. The simplest example of a wavepacket w 
is provided by the following formula: 


w(@;r) = 6, (blr = r) gn i (ky), PER’, (2.10) 


where k, € R? is a wavepacket principal wavevector, n is a band number, 
and 8 > 0 is a small parameter. We refer to the pair (n, ką) in (2.10) as a 
wavepacket nk-pair and rą as a wavepacket position. Observe that the space 
extension of the wavepacket w(8;r) is proportional to 871 and it is large 
for small 3. Notice also that, as 8 — 0, the wavepacket w(8;r) as in (2.10) 
tends, up to a constant factor, to the elementary eigenmode eik* Te, ¢(k,) of 
the operator L(—iV) with the corresponding eigenvalue w,,,¢(k,). We refer 
to wavepackets of the simple form (2.10) as simple wavepackets to underline 
the very special way the parameter p enters its representation. The function 
er), which we call wavepacket envelope, describes its shape, and it can be 
any scalar complex-valued regular enough function, for example, a function 
from Schwarz space. Importantly, as G — 0, the L® norm of a wavepacket 
(2.10) remains constant. Hence nonlinear effects in (1.1) remain strong. 


Evolution of wavepackets in problems which can be reduced to the 
form (1.1) was studied for a variety of equations in numerous physical and 
mathematical papers, mostly by asymptotic expansions with respect to a 
single small parameter similar to 8, see [10, 12, 16, 18, 22, 24, 26, 32, 
34, 36, 37] and references therein. We are interested in general properties 
of evolutionary systems of the form (1.1) with wavepacket initial data which 
hold for a wide class of nonlinearities and all values of the space dimensions 
d and the number 2J of the system components. Our approach is not 
based on asymptotic expansions, but involves two small parameters 3 and 
o with mild constraints (1.9) on their relative smallness. The constraints 
can be expressed in the form of either certain inequalities or equalities, and 
a possible simple form of such a constraint can be the power law 


B = Co”, where C > 0 and x > 0 are arbitrary constants. (2.11) 


Of course, general features of wavepacket evolution are independent of par- 
ticular values of the constant C. In addition to that, some fundamental 
properties such as wavepacket preservation are also totally independent of 
the particular choice of the values of x in (2.11), whereas other properties 
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are independent of x as it varies in certain intervals. For instance, disper- 
sion effects are dominant for x < 1/2, whereas the wavepacket superposition 
principle of [7] holds for x < 1. 

To eliminate unbounded (as 0 — 0) linear term in (2.1) by replacing 
it with a highly oscillatory factor, we introduce the slow variable û(k, T) by 
the formula 

U(k, r) = e77 LH i(k, 7) (2.12) 


and get the following equation for à(k, 7): 
ð û = ce" P(e Ma), ûl = f, (2.13) 


which, in turn, can be transformed by time integration into the integral 


form 
N 


û=F(û) +h, F(a) = fe TLT 
0 





T badr (2.14) 


with an explicitly defined nonlinear polynomial integral operator F = F (o). 
This operator is bounded uniformly with respect to o in the Banach space 
E = C([0, Tx], L+). This space has functions Ÿ(k, 7), 0 < T < Tx, as elements 
and has the norm 


IV, 7) [le = |? (k, r)lo(o,r.1,11) = oe fit k, 7)| dk, (2.15) 


STAT 
where L! is the Lebesgue space of functions Ÿ(k) with the standard norm 
Ol = f (#00) ak (2.16) 
Rd 
Sometimes, we use more general weighted spaces L° with the norm 
Sie = Ja + |k|)*|(k)|dk, a > 0. (2.17) 
Ra 


The space C([0,7.], Ll4) with the norm 


|*(k, 7) lz, = sup fo + |k|)"|¥(k, 7) |dk (2.18) 
O<TK Tx 
is denoted by Fa, and, obviously, Eo = E. 


A rather elementary existence and uniqueness theorem (Theorem 4.8) 
implies that if h € Ll®, then for a small and, importantly, independent of 
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o constant Tą > 0 this equation has a unique solution 

û(r) = G(F(o),h)(r), T € [0,7.], à € C*(10,7.], 2), (2.19) 
where G denotes the solution operator for Equation (2.14). If û(k,7) is a 
solution to Equation (2.14), we call the function U(r,7) defined by (2.12), 
(2.2) an F-solution to Equation (1.1). We denote by L! the space of func- 
tions V(r) such that their Fourier transform W(k) belongs to L! and define 
Vlg. = IVIr:. Since 

[Vil zeo < Or) I ViIlL:s and Ĉĉ! c Le, (2.20) 

F-solutions to (1.1) belong to C1([0, 7], 1) € C1(0, 7], L®). 


We would like to define wavepackets in a form which explicitly allows 
them to be real valued. This is accomplished based on the symmetry (2.5) of 
the dispersion relations, which allows us to introduce a doublet wavepacket 


w(Br) = 4 (Blr — rx) Bn (Ks) 

+ (je Un (kx). (2.21) 

Such a wavepacket is real if ®_(r), gn,_(—k.) are complex conjugate re- 
spectively to ®4 (r), gn,+(k.), i.e., if 

D_(r) = 4 (0), Bay (Ke) = gn- (Ki). (2.22) 

Usually, considering wavepackets with nk-pair (n,k,), we mean doublet 

ones as in (2.21), but sometimes we use the term wavepacket also for an 

elementary one as defined by (2.10). Note that the latter use is consistent 


with the former one since it is possible to take one of two terms in (2.21) to 
be zero. 





Below we give a precise definition of a wavepacket. To identify char- 
acteristic properties of a wavepacket suitable for our needs, let us look at 
the Fourier transform W(;k) of an elementary wavepacket w(8; r) defined 
by (2.10), i.e., 


W(B:k) = 57e kr (8 T(k-k,))gn.e(ki). (2.23) 


We call such W(3;k) a wavepacket too, and assume that it possesses the 
following properties: (i) its L! norm is bounded (in fact, constant) uniformly 
in 8 — 0; (ii) for every € > 0 the value W(B;k) — 0 for every k outside a 
B1€-neighborhood of k,, and the convergence is faster than any power of 
b if ® is a Schwarz function. To explicitly interpret the last property, we 
introduce a cutoff function Y(n) which is infinitely smooth and such that 


Y(n) 20, Y(n) = 1 for |n| < 1/2, Y(n) = 0 for |n| > 1, (2.24) 
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and its shifted/rescaled modification 
DB —,k,;k) = VBC) (k —k,)). (2.25) 


If an elementary wavepacket w(8;r) is defined by (2.23) with ®(r) being a 
Schwarz function, then 


IG — YG", kB) < Cz,58°, 0 < B<1, (2.26) 


and the inequality holds for arbitrarily small € > 0 and arbitrarily large 
s > 0. Based on the above discussion, we give the following definition of a 
wavepacket which is a minor variation of [8, Definiton 8]. 


Definition 2.1 (single-band wavepacket). Let € be a fixed number, 
0 <e< 1. For a given band number n € {1,...,J} and a principal 
wavevector k, € R? a function h(@;k) is called a wavepacket with nk- 
pair (n,k,) and the degree of regularity s > 0 if for small 8 < Ho with 
some ĝo > 0 it satisfies the following conditions: (i) h(@;k) is Ll-bounded 
uniformly in ĝ, i.e., 


\|h(G;-)|lz1 < C, 0 < B < bo for some C > 0; (2.27) 


(ii) h(G;k) is composed essentially of two functions he (8;k), ¢ =+, which 
take values in the nth band eigenspace of L(k) and are localized near ¢k., 
namely 











h(3;k) = f- (8; k) + hy (8; k) + Dr, 0 < B < Bo, (2.28) 
where the components h,(3;k) satisfy the condition 
fie (8;k) = ¥(B'~*/2, Ck; k)n,c(k) hag (8;k), ¢ = 4, (2.29) 


where W(-, k., 31~©) is defined by (2.25) and D, is small, namely it satisfies 
the inequality 


|Dallz1 < C’B°, 0 < B < Bo, for some C” > 0. (2.30) 


The inverse Fourier transform h(3;r) of a wavepacket h(a; k) is also called 
a wavepacket. 


Evidently, if a wavepacket has the degree of regularity s, it also has 
a smaller degree of regularity s’ < s with the same €. Observe that the 
degree of regularity s is related to the smoothness of ®¢(r) as in (2.10) so 
that the higher is the smoothness, the higher s/e can be taken. Namely, if 
Êe € L\%, then one can take in (2.30) any s < ae according to the following 
inequality: 


J \(1 — W(B%n)) Be (n)ldn < 8% |] Bel] ze < CE. (2.31) 
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For example, if we define he similarly to (2.29) and (2.23) by the 
formula 


he(8;k) = VS I (k -= k,))B-*&c(B-"(k — k) (kg, (2-32) 
where be (k) is a scalar Schwarz function and g is a vector, then, according 
to (2.31), the estimate (2.30) holds and hç(f;k) is a wavepacket with 
arbitrarily large degree of regularity s for any given € such that 0 < e < 1. 

Now let us define a particle-like wavepacket following to the ideas 
indicated in the Introduction. 


Now let us define a particle-like wavepacket following to the ideas 
indicated in the Introduction. 


Definition 2.2 (single-band particle-like wavepacket). We call a func- 
tion (BG; k) = (B, r.;k), rx € Rd, a particle-like wavepacket with the posi- 
tion rx, nk-pair (n,k,) and the degree of regularity s > 0 if (i) for every r« 
it is a wavepacket with the degree of regularity s in the sense of the above 
Definition 2.1 with constants C, C” independent of rą € R4; (ii) he in (2.28) 
satisfy the inequalities 





J ile h0, rai K))]dk CB, C=, r, ERI, (2.33) 
Rd 
where C1 > 0 is an independent of 5 and rą constant, € is the same as 
in Definition 2.1. The inverse Fourier transform h(8;r) of a wavepacket 
h(3; k) is also called a particle-like wavepacket with the position rą. We 
also introduce the quantity 


a(r, here) = || Vi(e***he(B, ra; k))Ilz: (2.34) 
which we refer to as the position detection function for the wavepacket 
h(6, rx; k). 

Note that the left-hand side of (2.33) coincides with a(r., hç(r.)). 


Remark 2.3. If (BG; k)= (6, r,; k) is a particle-like wavepacket with 
a position rą, then, applying the inverse Fourier transform to he(6,r,:k) 
and Vih¢(@, r.;k) as in (2.2), we obtain a function h(g, r+; r) which satisfies 


|r —rillhe(8,r;r)| < (27) ~“a(rs, he) (2.35) 
implying that |he(8;r)| < a(r.,he)|r — r.|~!. This inequality is useful 
for large |r — r.|, whereas for bounded |r — r,| (2.27) implies the simpler 


inequality E 
[he (8, rx; r)| < (2)~*|[hl|za < C. (2.36) 
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The inequalities (2.35) and (2.33) suggest that the quantity a(r., h¢(r.)) 
can be interpreted as a size of the particle-like wavepacket he (8, r,;k). 


Evidently a particle-like wavepacket is a wave and not a point. Hence 
the above definition of its position has a degree of uncertainty, allowing, for 
example, to replace rą by rą +a with a fixed vector a (but not allowing 
unbounded values of a). The above definition of a particle-like wavepacket 
position was crafted to meet the following requirements: (i) a system of 
particle-like wavepackets remains to be such a system under the nonlin- 
ear evolution; (ii) it is possible (in an appropriate scale) to describe the 
trajectories traced out by the positions of a system of particle-wavepackets. 


Remark 2.4. Typical dependence of the inverse Fourier transform 
h(G,r.;r) of a wavepacket h(@,r.;k) on r, is provided by spatial shifts by 
r, as in (2.21), namely 


h(B,ra;r) = &(G(r — r.) Og 
with a constant g. For such a function h and for any r’, € R? 
a(r’,,h(r.)) = ||Vi(87 h(S, rs; k))|Iz1 
= ||Vic(B~4e*"e** (k))|[ 2: [lg] 


: 1 ` 
= jiel J ie, = rÊ) + Ve (Kak 


Hence, taking for simplicity ||g|| = 1, we obtain 
à i oe 
Ir. — r4 |ll@llz + gl Yele > a(r,, h(r.)) 
$ 1 x 
> |e} rl Plz. — giv Plz. (2.37) 


For small |r, —r..| < 3 we see that the position detection function a(r, h) is 
of order O(B71), which is in the agreement with (2.33). For large [r!.—r,| > 
3 the a(r’, h) is approximately proportional to |r’, — r,|. Therefore, if we 
know a(r, h(r.)) as a function of r’, we can recover the value of r, with 
the accuracy of order O(37~'~*) with arbitrary small e. Namely, let us take 
arbitrary small € > 0 and some C > 0 and consider the set 


B(B) = {r : a(r!,h(r,)) < CBS) c RI, (2.38) 
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which should provide an approximate location of r,. According to (2.37), 
r, lies in this set for small 8. If ri lies in this set, then 


= ~ A 1 rn 
CES > a(r, h(rs)) > [les = rllla — gaz 


and |r, —r,| < C1871° + C287!. Hence the diameter of the B(B) is 
of order O(37!~£). Observe, taking into account Remark 2.3, that the 
accuracy of the wavepacket location obviously cannot be better than its 
size a(r,, he(r«)) ~ Bt. The above analysis suggests that the function 
h(G,r.;r) can be viewed as pseudoshifts of the function h(6,0;r) by vec- 
tors rą € R? in the sense that the regular spatial shift by rą is combined 
with a variation of the shape of h(3,0;r) which is limited by the funda- 
mental condition (2.33). In other words, according Definition 2.2, as a 
wavepacket moves from 0 to rą by the corresponding spatial shift, it is 
allowed to change its shape subject to the fundamental condition (2.33). 
The later is instrumental for capturing nonlinear evolution of particle-like 
wavepackets governed by an equation of the form (1.1). 


Remark 2.5. The set B(5) defined by (2.38) gives an approximate 
location of the support of the function h(3,r.;k) not only in the spe- 
cial case considered in Remark 2.4, but also when h((@,r.;r) is a general 
particle-like wavepacket. One can apply with obvious modifications the 
above argument for e'**h(3,r.;k) in place of (k) using (2.33). Here we 
give an alternative argument based on (2.35). Notice that the condition 
a(r,o, h(r.)) < CB71-€ can be obviously satisfied not only by rọ = rx. 
But one can show that the diameter of the set of such ro is estimated by 
O(B71 €). Indeed, assume that a given function h(3,r) does not vanish at 
a given point ro, i.e., [h(B,ro)| > co > 0 for all 8 < So. The fulfillment 
of (2.33) for the function h(8,r) with two different values of r,, namely 
rą =r, andr, = r” implies that 


a(r h) SCD TE, of! h) < COTE 
and, according to (2.35), for allr 
jr — ry |[h(8, r)| < (27) C8, |r — rf ||h(3,r)| < (27) C28 TT. 
Hence 
(27) AC VE 


? 


2 -aQ —l-e 
( x L ; [ro =F] < 


Co Co 


[ro —r!| < 


and 
r! — r| < GO TE, 
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Note that if we rescale variables r and rą as in Example 2.13, namely 
or = y and or, = y, with ọ = 67, the diameter of the set B(B) in the 
y-coordinates is of order 617€ < 1, and hence this set gives a good ap- 
proximation for the location of the particle-like wavepacket as 8 — 0. It is 
important to notice that our method to locate the support of wavepackets is 
applicable to very general wavepackets and does not use their specific form. 
This flexibility allows us to prove that particle-like wavepackets and their 
positions are well defined during nonlinear dynamics of generic equations 
with rather general initial data which form infinite-dimensional function 
spaces. Another approaches to describe dynamics of waves are applied to 
situations, where solutions under considerations can be parametrized by a 
finite number of parameters and the dynamics of parameters describes the 
dynamics of the solutions. See for example [25], [20], [21], where dynamics 
of centers of solutions is described. 


Remark 2.6. Note that for a single wavepacket initial data h(8, r — 
r’.) one can make a change of variables to a moving frame (x,7), namely 
(r, T) = (x + vT, T), where v = 1Vw(k,) is the group velocity; this change 
of variables makes the group velocity zero. Often it is possible to prove that 
dynamics preserves functions which decay at infinity, namely if the initial 
data h(8,x) decays at the spatial infinity, then the solution U(8, x, 7) also 
decays at infinity (though the corresponding proofs can be rather technical). 
This property can be reformulated in rescaled y variables as follows: if ini- 
tial data are localized about zero, then the solution is localized about zero 
as well. Then, using the fact that the equation has constant coefficients, 
we observe that the solution U(8, y — y!,T) corresponding to h(6,y — y!) 
is localized about y! provided that h(G,y) was localized about the ori- 
gin. Note that, in this paper, we consider the much more complicated case 
of multiple wavepackets. Even in the simplest case of the initial multi- 
wavepacket which involves only two components, namely the wavepacket 
h(6,r) = h(B,r — rl) + h2(6,r — r) with two principal wave vectors 
ky. Æ kox, it is evident that one cannot use the above considerations based 
on the change of variables and the translational invariance. Using other 
arguments developed in this paper, we prove that systems of particle-like 
wavepackets remain localized in the process of the nonlinear evolution. 


Note that similarly to (1.2) and (1.4) a function of the form 


k-k, 
p 





B74 (enikrar + g—ikr.2) [i ( )] en(ki), 


Particle-Like Wavepackets 73 


defined for any pair of r,1 and r.2, where h is a Schwarz function and all 
constants in Definition 2.1 are independent of r,1,r,2 € R‘, is not a single 
particle-like wavepacket since it does not have a single wavepacket position 
r,, but rather it is a sum of two particle-like wavepackets with two positions 
rı and ry. 


We want to emphasize once more that a particle-like wavepacket is de- 
fined as the family h(3, r,; k) with r, being an independent variable running 
the entire space RI, see, for example, (1.2), (1.3), and (2.21). In particular, 
we can choose a dependence of r, on 8 and g. An interesting type of such 
a dependence is r, = r°/o, where @ satisfies (2.11) as we discuss below in 


Example 2.13. 


Our special interest is in the waves that are finite sums of wavepackets 
which we refer to as multi-wavepackets. 


Definition 2.7 (multi-wavepacket). Let S be a set of nk-pairs: 


g= {npka lat... VICES fl.) eR, 


(2.39) 
(ru, kx) À (nv, k,r) for l x K 
and let N = |S| be their number. Let Ks be a set consisting of all dif- 
ferent wavevectors k,; involved in S with |Ks| < N being the number of 
its elements. Ks is called a wavepacket k-spectrum and, without loss of 
generality, we assume the indexing of elements (nı, k«ı) in S to be such 
that 


Ks = {kai =1,...,|Ks|}, ie, l =i for 1 <i < |Ksl. (2.40) 


A function h(@) = h(6:k) is called a multi-wavepacket with nk-spectrum S 
if it is a finite sum of wavepackets, namely 


N 
h(G;k) = X` hi(G;k), 0 < 8 < Bo for some fo > 0, (2.41) 
l=1 


where h;, l = 1,...,N, is a wavepacket with nk-pair (kx, nı) € S as in 
Definition 2.1. If all the wavepackets h; (6; k) = hy (8, T41; k) are particle-like 
ones with respective positions r,y, then the multi-wavepacket is called multi- 
particle wavepacket and we refer to (r:1,...,r,n) as its position vector. 
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Note that if h(@;k) is a wavepacket, then (8; k) + O(6°) is also a 
wavepacket with the same nk-spectrum, and the same is true for multi- 
wavepackets. Hence we can introduce multi-wavepackets equivalence rela- 


6 ” 


tion “œ” of the degree s by 


hy (6; k) ~ ho(;k) if [Ih (8; k) — he(G;k) ||. < CB 


(2.42) 
for some constant C > 0. 


Note that the condition (2.33) does not impose restrictions on the term Dp 
in (2.28). Therefore, this equivalence can be applied to particle wavepackets. 


Let us turn now to the abstract nonlinear problem (2.14), where (i) 
F = F(o) depends on ọ and (ii) the initial data h = h(@) is a multi- 
wavepacket depending on 8. We would like to state our first theorem on 
multi-wavepacket preservation under the evolution (2.14) as 8, @ — 0, which 
holds provided its nk-spectrum S$ satisfies a natural condition called reso- 
nance invariance. This condition is intimately related to the so-called phase 
and frequency matching conditions for stronger nonlinear interactions, and 
its concise formulation is as follows. We define for given dispersion rela- 
tions {w,(k)} and any finite set S C {1,...,J} x R another finite set 
R(S) C {1,..., J} x R4, where R is a certain algebraic operation described 
in Definition 3.8 below. It turns out that for any S always S C R(S), but 
if R(S) = S we call S resonance invariant. The condition of resonance 
invariance is instrumental for the multi-wavepacket preservation, and there 
are examples showing that if it fails, i.e., R(S) Æ S, the wavepacket preser- 
vation does not hold. Importantly, the resonance invariance R(S) = S$ 
allows resonances inside the multi-wavepacket, that includes, in particular, 
resonances associated with the second and third harmonic generations, res- 
onant four-wave interaction, etc. In this paper, we use basic results on 
wavepacket preservation obtained in [7], and we formulate theorems from 
[7] we need here. Since we use constructions from [7], for completeness we 
provide also their proofs in the following subsections. The following two 
theorems are proved in [7]. 


Theorem 2.8 (multi-wavepacket preservation). Suppose that the non- 
linear evolution is governed by (2.14) and the initial data h = h(B;k) is a 
multi-wavepacket with nk-spectrum S and the regularity degree s. Assume 
that S tis resonance invariant in the sense of Definition 3.8 below. Let p(/3) 
be any function satisfying 


0 < p(B) < CB? for some constant C > 0, (2.43) 
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and let us set o = p(B). Then the solution à(r, 3) = G(F(p(B)),h(B))(r) 
to (2.14) for any T € [0, T4] is a multi-wavepacket with nk-spectrum S and 
the regularity degree s, i.e., 


N 
k) = > ai(7, 8;k), 
D ! (2.44) 


where à is a wavepacket with nk-pair (ny, ks.) € S. 


The time interval length 7, > 0 depends only on the L'-norms of hy(3;k) 
and N. The presentation (2.44) is unique up to the equivalence (2.42) of 
degree s. 


The above statement can be interpreted as follows. Modes in nk- 
spectrum S are always resonance coupled with modes in R(S) through the 
nonlinear interactions, but if R(S) = S, then (i) all resonance interactions 
occur inside S and (ii) only small vicinity of S is involved in nonlinear 
interactions leading to the multi-wavepacket preservation. 


The statement of Theorems 2.8 directly follows from the following 
general theorem proved in [7]. 


Theorem 2.9 (multi-wavepacket approximation). Let the initial data 
h in the integral equation (2.14) be a multi-wavepacket h(3;k) with nk- 
spectrum S as in (2.39), regularity degree s, and parameter € > 0 as in 
Definition 2.1. Assume that S is resonance invariant in the sense of Defi- 
nition 3.8 below. Let the cutoff function Y(B1£,k,;k) and the eigenvector 
projectors In, +(k) be defined by (2.25) and (2.9) respectively. For a solution 
G of (2.14) we set 


fu (9; 7,k) =| et (CB, un (|A (87, k), 








{ (2.45) 
l=1,...,N. 
Then every such à(B;T,k) is a wavepacket and 
N 
sup a:n — aro], < Cre + C28", (2.46) 
O<T<Tx 





l=1 
where the constants C, C1 do not depend on €, s, p, and B and the constant 
C2 does not depend on p and p. 


We would like to point out also that Theorem 2.8 allows us to take val- 
ues à(7.) as new wavepacket initial data for (1.1) and extend the wavepacket 
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invariance of a solution to the next time interval 7; < T < T41. This ob- 
servation allows us to extend the wavepacket invariance to larger values 
of T (up to blow-up time or infinity) if some additional information about 
solutions with wavepacket initial data is available, see [7]. 


Note that the wavepacket form of solutions can be used to obtain 
long-time estimates of solutions. Namely, very often the behavior of every 
single wavepacket is well approximated by its own nonlinear Schrödinger 
equation (NLS), see [15, 30, 16, 22, 26, 27, 34, 36, 37, 38] and references 
therein, see also Section 6. Many features of the dynamics governed by 
NLS-type equations are well understood, see [13, 14, 31, 35, 39, 40] and 
references therein. These results can be used to obtain long-time estimates 
for every single wavepacket (as, for example, in [27]) and, with the help of 
the superposition principle, for the multi-wavepacket solution. 


2.2. Formulation of new results on particle wavepackets. 


In this paper, we prove the following refinement of Theorem 2.8 for the case 
of multi-particle wavepackets. 


Theorem 2.10 (multi-particle wavepacket preservation). Assume that 
the conditions of Theorem 2.9 hold and, in addition to that, the initial 
data h = h(3;k) is a multi-particle wavepacket of degree s with positions 


Yui,---;%xn and the multi-particle wavepacket is universally resonance in- 
variant in the sense of Definition 3.8. Assume also that 
p(B) < CB*, so > 0. (2.47) 


Then the solution à(B;T) = G(F(p(3)), h(8))(T) to (2.14) for any T € [0, Ta] 
is a multi-particle wavepacket with the same nk-spectrum S and the same 
positions r:1,...,r«N. Namely, (2.46) holds, where ty, is a wavepacket with 
nk-pair (ru,ku) € S defined by (2.45), the constants C,C1,C2 do not 
depend on ru, and every y is equivalent in the sense of the equivalence 
(2.42) of degree sı = min(s, so) to a particle wavepacket with the position 
Tyl: 


Remark 2.11. Note that in the statement of the above theorem the 
positions r,1,...,r,N Of wavepackets which compose the solution û(8; 7, k) 
of (2.13) and (2.14) do not depend on 7 and, hence, do not move. Note 
also that the solution U(3;7,k) of the original equation (2.1), related to 
a(3;7,k) by the change of variables (2.12), is composed of wavepackets 
U;(B;T7,r) corresponding to uj(G;7,r), have their positions moving with 
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respective constant velocities Vrw(k.;) (see for details Remark 4.1, see also 
the following corollary). 


Using Proposition 4.2, we obtain from Theorem 2.10 the following 
corollary. 


Corollary 2.12. Let the conditions of Theorem 2.10 hold, and let 
U(G;7,k) be defined by (2.12) in terms of G(3;7,k). Let 
2 


1 
— < C, with some C, 0< 8X5, 0<o< 
Q 


| (2.48) 


NI = 


Then ÙÜ(B:7,k) is for every T € [0, T+] a particle multi-wavepacket in the 
sense of Definition 2.2 with the same nk-spectrum S, regularity degree sı, 
and T-dependent positions ru + 5 Vrun (ka). 


In the following example, we consider the case, where spatial positions 
of wavepackets have a specific dependence on parameter 0, namely rą = 
0 
r,/0- 


Example 2.13 (wavepacket trajectories and collisions). Let us rescale 
the coordinates in the physical space as follows: 


or = y (2.49) 


with the consequent rescaling of the wavevector variable (dual with re- 
spect to Fourier transform) k = on. It follows then that under the evo- 
lution (1.1) the group velocity of a wavepacket with a wavevector k, in 
the new coordinates y becomes V;w(k,) and, evidently, is of order one. If 
we set the positions r = r°,/o with fixed r°,, then, according to (2.35), 
the wavepackets |h(8;r)| in y-variables have characteristic spatial scale 
y —r°, ~ ga(r.1,h) ~ 937! which is small if @/ is small. The positions of 
particle-like wavepackets (quasiparticles) Uly/ 0,T) are initially located at 
yı = r°, and propagate with the group velocities V;,w(ks:). Their trajecto- 
ries are straight lines in the space R? described by 


y = TVaw(ku) +r, OS T< Ts, 


(compare with (1.5)). The trajectories may intersect, indicating “collisions” 
of quasiparticles. Our results (Theorem 2.10) show that if a multi-particle 
wavepacket initially was universally resonance invariant, then the involved 
particle-like wavepackets preserve their identity in spite of collisions and the 
fact that the nonlinear interactions with other wavepackets (quasiparticles) 
are not small; in fact, they are of order one. Note that r}, can be chosen 
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arbitrarily implying that up to N(N — 1) collisions can occur on the time 
interval [0, 7+] on which we study the system evolution. 


To formulate the approximate superposition principle for multi-particle 
wavepackets, we introduce now the solution operator G mapping the initial 
data h into the solution U = G(h) of the modal evolution equation (2.14). 
This operator is defined for |[h|| < R according to the existence and unique- 
ness Theorem 4.7. The main result of this paper is the following statement. 


Theorem 2.14 (superposition principle). Suppose that the initial data 
h of (2.14) is a multi-particle wavepacket of the form 


N 
h= h;, N max |b| z: < R, 2.50 
Dh, N max il (2.50) 
satisfying Definition 2.7 and its nk-spectrum is universally resonance in- 
variant in the sense of Definition 3.8. Suppose also that the group velocities 
of wavepackets are different, namely 


Ven, (kan) x Vieni, (kaza) if ly Æ lo (2.51) 


and that (2.48) holds. Then the solution à = G(h) to the evolution equation 
(2.14) satisfies the following approximate superposition principle: 


Np Np 
(SÛR) = 09th) +B, (2.52) 
l=1 1=1 
with a small remainder D(r) such that 


= Q 
su D(r)|r1 < C-——|In 6, 2.53 
KeA ID(r)llz: < eiel bl (2.53) 
where (i) € is the same as in Definition 2.1 and can be arbitrary small; (ii) 
Tx does not depend on B, o, ru, and £; (iii) Ce does not depend on B, o, 
and positions Vy. 


A particular case of the above theorem in which there was no depen- 
dence on r,; was proved in [8] by a different method based on the theory of 
analytic operators in Banach spaces. The condition (2.51) can be relaxed 
if the initial positions of involved particle-like wavepackets are far apart, 
and the corresponding results are formulated in the theorem below and in 
Example 2.13. 


Theorem 2.15 (superposition principle). Suppose that the initial 
data h of (2.14) is a multi-particle wavepacket of the form (2.50) with a 
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universally resonance invariant nk-spectrum in the sense of Definition 3.8 
and (2.48) holds. Suppose also that either the group velocities of wavepackets 
are different, namely (2.51) holds, or the positions ry satisfy the inequality 


Q 
20w28 (2.54) 
if Veni, (kxn) = Veni, (ksi), l £ lo, 


where the constant Cu 2 is the same as in (3.2). Then the solution à = 


A 


G(h) to the evolution equation (2.14) satisfies the approximate superposition 
principle (2.52), (2.53). 


Tel Eei — Pala |} < 


We prove in this paper further generalizations of the particle-like 
wavepacket preservation and the superposition principle to the cases, where 
the nk-spectrum of a multi-wavepacket is not universal resonance invari- 
ant such as the cases of multi-wavepackets involving the second and third 
harmonic generation. In particular, we prove Theorem 7.5 showing that 
many (but, may be, not all) components of involved wavepackets remain 
spatially localized. Another Theorem 7.7 extends the superposition prin- 
ciple to the case, where resonance interactions between components of a 
multi-wavepackets can occur. 


3. Conditions and Definitions 


In this section, we formulate and discuss all definitions and conditions under 
which we study the nonlinear evolutionary system (1.1) through its modal, 
Fourier form (2.1). Most of the conditions and definitions are naturally 
formulated for the modal form (2.1), and this is one of the reasons we use 
it as the basic one. 


3.1. Linear part. 


The basic properties of the linear part L(k) of the system (2.1), which is 
a 2J x 2J Hermitian matrix with eigenvalues w,¢(k), has been already 
discussed in the Introduction. To account for all needed properties of L(k), 
we define the singular set of points k. 


Definition 3.1 (band-crossing points). We call ko a band-crossing 
point for L(k) if wn+1,¢ (ko) = wn,c(ko) for some n,¢ or L(k) is not contin- 
uous at ko or if wi, + (ko) = 0. The set of such points is denoted by ope. 





80 Anatoli Babin and Alexander Figotin 


In the next condition, we collect all constraints imposed on the linear 
operator L(k). 


Condition 3.2 (linear part). The linear part L(k) of the system (2.1) 
is a 2J x 2J Hermitian matrix with eigenvalues wn c(k) and corresponding 
eigenvectors &n,c(k) satisfying for k ¢ ope the basic relations (2.3)-(2.5). In 
addition to that, we assume: 


(i) the set of band-crossing points oy. is a closed, nowhere dense set in 
R? and has zero Lebesgue measure; 


(ii) the entries of the Hermitian matrix L(k) are infinitely differentiable 
in k for all k € ope that readily implies via the spectral theory, [28], 
infinite differentiability of all eigenvalues w,(k) in k for all k É ope; 


(iii) L(k) satisfies the polynomial bound 
IL(k)| < C(++ |k|?), k € Rt, for some C > 0 and p > 0. (3.1) 


Note that since w, c(k) are smooth if k ¢ opc, the following relations 
hold for any (n,k)-spectrum S: 











max [Vin c | < Cua, 
|k+k,.|<70, [=1,..., N, 
5 (3.2) 
max |Vkwn, e| < Cua, 
[ktk Smo, [=1,...,N, 
where C,,1 and C,,,2 are positive constants and 
1 ; ere 
7 = 5 min, min(dist{+k.1, opc}, 1). (3.3) 


Remark 3.3 (dispersion relations symmetry). The symmetry con- 
dition (2.5) on the dispersion relations naturally arise in many physical 
problems, for example, the Maxwell equations in periodic media, see [1]- 
[3], [5], or when L(k) originates from a Hamiltonian. We would like to 
stress that this symmetry conditions are not imposed to simplify studies, 
but rather to take into account fundamental symmetries of physical media. 
The symmetry causes resonant nonlinear interactions, which create non- 
trivial effects. Interestingly, many problems without symmetries can be put 
into the framework with the symmetry by a certain extension, [7]. 


Remark 3.4 (band-crossing points). Band-crossing points are dis- 
cussed in more detail in [1, Section 5.4], [2, Sections 4.1, 4.2]. In particular, 
generically the set op. of band-crossing point is a manifold of dimension 
d—2. Notice also that there is a natural ambiguity in the definition of 
a normalized eigenvector gn ¿(k) of L(k) which is defined up to a complex 
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number € with [£| = 1. This ambiguity may not allow an eigenvector gn,¢(k) 
which can be a locally smooth function in k to be a uniquely defined con- 
tinuous function in k globally for all k ¢ op. because of a possibility of 
branching. But, importantly, the orthogonal projector II,,¢(k) on gn,c(k) 
as defined by (2.9) is uniquely defined and, consequently, infinitely differen- 
tiable in k via the spectral theory, [28], for all k € ope. Since we consider 
U(k) as an element of the space Lt and op¢ is of zero Lebesgue measure, 
considering k ¢ ope is sufficient for us. 


We introduce for vectors à € C?7 their expansion with respect to the 
orthonormal basis{ gp, jus 


LE taal )8n,¢(k) 


n=1¢= 
J 


= DD GK), ûne(k) = Tn,¢(k)a(k) (3.4) 


n=1¢=+ 





and we refer to it as the modal decomposition of &(k) and to tin,¢(k) as the 
modal coefficients of i(k). PERR 


> >, Ni (3.5) 


n=1¢= 





where Jay is tie 2J x 2J identity matrix. 


Notice that we can define the action of the operator L(—iV,) on any Schwarz 
function Y(r) by the formula 


L(-iV,)¥(k) = L(k)Ÿ(k), (3.6) 


where, in view of the polynomial bound (3.1), the order of L does not exceed 
p. In a special case, where all the entries of L(k) are polynomials, (3.6) turns 
into the action of the differential operator with constant coefficients. 


3.2. Nonlinear part. 


The nonlinear term À in (2.1) is assumed to be a general functional poly- 
nomial of the form 


FO) = SO FeO”), 
mEMp (3.7) 
where F(™ is an m-homogeneous polylinear operator, 
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Mr = {m1,..., Mp} C {2,3,...} is a finite set, 


and mp = max{m : m E Mr}. (98) 


The integer mp in (3.8) is called the degree of the functional polynomial Ê. 
For instance, if Mr = {2} or Mr = {3}, the polynomial F is respectively 
homogeneous quadratic or cubic. Every m-linear operator F(") in (3.7) is 
assumed to be of the form of a convolution 


FO (G,,...,Um)(k, 7) 


_ Í X (k, BCT (ke)... Ôm (k™ (k, B)) 40-94k, (3.9) 
Dm 
dk’... dk(—1) 


: — (m—1)d 4(m—1)dz, nn E + 
where Dm = R ,d k Oro D 


kK (k,k) =k—k’—...-—k™-), k= (kK',...,k™). (3.10) 


indicating that the nonlinear operator F°™(U,,..., Um) is translation in- 
variant (it may be local or nonlocal). The quantities y in (3.9) are called 
susceptibilities. For numerous examples of nonlinearities of the form sim- 
ilar to (3.7), (3.9) see [1]-[7] and references therein. In what follows, the 
nonlinear term Ê in (2.1) will satisfy the following conditions. 


Condition 3.5 (nonlinearity). The nonlinearity F(U) is assumed to 
be of the form (3.7)-(3.9). The susceptibility x) (k,k’,...,k°™) is infin- 
itely differentiable for allk and k?) which are not band-crossing points, and 
is bounded, namely for some constant Cy 


[xX] = (27) sup E E ask 
k,k’,... km) ERd\ope 
< Cy, mE Mr, (3.11) 


where the norm |v“) (k, k)| of the m-linear tensor x™® : (C27)™ — (C?7)™ 
for fixed k,k is defined by 


x (k, k)| = sup [x (k, k)(x1,...,%m)], 
[x3|<1 (3.12) 
where |x| is the Euclidean norm. 
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Since x k’,...,k°™) are smooth if k ¢ ope, the following rela- 
tion holds: ` 


max VX (k, k',...,k™)] < C (3.13) 


|ktk,)|<7o0, /=1,...,N 





if ku É Ope, To is defined by (3.3), gradient is with respect to k. The case, 
where x‘) (k,k) depend on small g or, more generally, on 9%, q > 0, can 
be treated similarly, see [7]. 


3.3. Resonance invariant nk-spectrum. 


In this section, being given the dispersion relations w,,(k) > 0,n € {1,..., J}, 
we consider resonance properties of nk-spectra S and the corresponding k- 
spectra Ks as defined in Definition 2.7, i.e., 


S ={(m, kw), L=1,..., N} C E = {1,..., J} x RÍ, 


(3.14) 
Ks = {kx,, l= lou lial p 


We precede the formal description of the resonance invariance (see Defin- 
ition 3.8) with the following guiding physical picture. Initially, at r = 0, 
the wave is a multi-wavepacket composed of modes from a small vicinity of 
the nk-spectrum S. As the wave evolves according to (2.1) the polynomial 
nonlinearity inevitably involves a larger set of modes [S]out 2 S, but not 
all modes in [S]out are “equal” in developing significant amplitudes. The 
qualitative picture is that whenever certain interaction phase function (see 
(4.23) below) is not zero, the fast time oscillations weaken effective nonlin- 
ear mode interaction, and the energy transfer from the original modes in S 
to relevant modes from [Slout, keeping their magnitudes vanishingly small 
as 0,0 — 0. There is a smaller set of modes [ST which can interact with 


out 
modes from S rather effectively and develop significant amplitudes. Now, 
if [ST C S, then S is called resonance invariant. (3.15) 


In simpler situations, the resonance invariance conditions turns into the 
well-known in nonlinear optics phase and frequency matching conditions. 
For instance, if S contains (no, k.7,) and the dispersion relations allow for 
the second harmonic generation in another band nı so that 2wno(Kx10) = 
Wn, (2k.1)), then for S to be resonance invariant it must contain (n1,2ku,) 
too. 


Let us turn now to the rigorous constructions. First we introduce 
the necessary notation. Let m > 2 be an integer, l = (h,...,lm), lj € 
{1,...,.N} be an integer vector from {1,..., N} and € = (¢M,...,¢(™), 
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¢() € {41,-1} be a binary vector from {+1,—1}". Note that a pair 
l) naturally labels a sample string of the length m composed of elements 
5) ,ru,,ku,) from the set {+1,—-1} x S. Let us introduce the sets 


A={(¢,l):1e€ {1,...,N}, Ce {41,-1}}, (3.16) 
A™ ={X=(A1,...,Am), AV EA, f =1,...,m}. 


Se 


(¢, 
(¢¢ 


There is a natural one-to-one correspondence between A™ and {—1,1}7 x 
{1,...,N}™, and we write, exploiting this correspondence, 


= (Cb) ---,(C%, Im) = (GO), Fe {-1,1}", 


z 5 (3.17) 
te {1,...,N}™ for À € A”. 
Let us introduce the linear combination 
Ym(X) = #m(C, Ü) = YM with CO) € {+1,-1}, (3.18) 


and let [S]x,out be the set of all its values as ky, € Ks, Xe A™, namely 


S] Kout = U U {m(X (3.19) 


MEMr enm 


We call [S]x out output k-spectrum of Ks and assume that 


[Slicout [| ave = 2. (3.20) 
We also define the output nk-spectrum of S by 
[Sous = {(n, k) € {1,..., J} x R? : n € {1,..., J}, kE [S]x ou}. (3:21) 
We introduce the following functions: 
sed =e k (3.22) 
k, = E ed. where ky, € Ks, 


(6,1, X) Kans ka) = Gin (Ka) + R1, (X) (Fe), (3.23) 


where ¢ = +1, m € Mr as in (3.7). We introduce these functions to apply 
later to phase functions (4.23). 





Now we introduce the resonance equation 


Mon Cand), = 0, Te {1,..., NP, CE {—1,1¥”, (G24) 
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denoting by P(S) the set of its solutions (m,¢,n, A). Such a solution is 
called S-internal if 


(n, C%m(X)) € S,i.e., n = ne, CHm(A) = kso, lo € {1,..., N}, (3.25) 
and we denote the corresponding lo = I (Ap: We also denote by Pint (S') C 
P(S) the set of all S-internal solutions to (3.24). 


Now we consider the simplest solutions to (3.24) which play an impor- 
tant role. Keeping in mind that the string l can contain several copies of a 
single value l, we can recast the sum in (3.22) as follows: 


Or m(A) = Mym(C,0) = D bei (ker), 


1=1 
> ( if MO 42, 
where 6; = 4 jei-1(1) 7 (3.26) 
0 if H0) =9, 


TH = {j € {1,...,m} :) =L}, V=(h,...,lm), 1<I<N. 


Definition 3.6 (universal solutions). We call a solution (m, Ç, n, À) € 
P(S) of (3.24) universal if it has the following properties: (i) only a single 
coefficient out of all 6; in (3.26) is nonzero, namely for some Z we have 
Om = £1 and 6; = 0 for l ¥ Ip; (ii) n=nz, and Ç = dy. 





We denote the set of universal solutions to (3.24) by Puniv(S). A 
justification for calling such a solution universal comes from the fact that if 
a solution is a universal solution for one k, it is a solution for any other 
ką. Note that a universal solution is an S-internal solution with I(A) = Ip 
implying 

Paniv(S) C Pint (S). (3.27) 
Indeed, observe that for 6; as in (3.26) 


Hla Sto, = X Oka; = D (3.28) 
j=l 
implying %m(\) = Ô1oKx19 and Cam (À X) = 07 kxty = kg. Then Equation 
(3.24) is obviously satisfied and (n, C%m(A)) = (nn, ker) € S. 
Example 3.7 (universal solutions). Suppose there is just a single 


band, i.e., J = 1, a symmetric dispersion relation w1(—k) = wı(k), a 
cubic nonlinearity F with Mr = {3}. We take the nk-spectrum S = 
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{(1,k.), (1, —k.)}, ie, N = 2 and ky, = k,,k.g = —k,. This example 
is typical for two counterpropagating waves. Then 
3 
1,3(A) (Ra) = D 6M a1, (Kats) = (61 + 52)01 (Ke) 
j=l 


and 


X) = 5 Oka = 01k, + 02ks2 = (1 = 02)k. 
j=1 


where we use the notation os a The universal solution set has the form 
Paniv(S) = {(3,¢,1,X) : X € c&C = +}, where A, consists of vectors 
(A1, 2, A3) of the form ((+ D, ss 1), (+, 1)), ((+, 1), (~; 1), (+, 2)), (C+, 2), 
(—,2),(+,1)), (4, 2), (—, 2), (+,2)), and vectors obtained from the listed 
ones by permutations of vae À, )2,)3. The solutions from Pint (9) 
have to satisfy |ô1 — ô2| = 1 and |01 + 62| = 1, which is possible only if 
6152 = 0. Since € = 6; +62, we have Cam (A) = (62—62)ky and Cxm(X) = ker 
if [51] = 1 or Cm (X) = kya if [60] = 1. Hence P(S) = Paniv(S) in this 
case. Note that if we set S1 = {(1,k..)}, So = {(1, —k.)}, then S = S,USb, 
but Pint(S) is larger than Pt(S1) U Pint(S2). This can be interpreted as 
follows. When only modes from 5; are excited, the modes from S remain 
nonexcited. But when both Sı and S2 are excited, there is a resonance 
effect of Sı onto S2, represented, for example, by À = ((+, 1), (~, 1), (+, 2)), 
which involves the mode C3tm(X) = kyo. 





>I 








Now we are ready to define resonance invariant spectra. First, we 
introduce a subset [ST of [Sout by the formula 


out 


[SIE = { (7, kes) € [Sout : Kez = CO sem (X), M € Mr, 


where (m,(¢,n, À) is a solution of (3.24)} i (3.29) 
calling it resonant output spectrum of S, and then we define 
the resonance selection operation R(S) = S U [SKR . (3.30) 


Definition 3.8 (resonance invariant nk-spectrum). The nk-spectrum 
S is called resonance invariant if R(S) = S or, equivalently, [SF C S. The 
nk-spectrum S$ is called universally resonance invariant if R(S) = S and 


Paniy(S) = Pit (S). 


Obviously, an nk-spectrum S$ is resonance invariant if and only if all 
solutions of (3.24) are internal, i.e., Pint(S) = P(S). 
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It is worth noticing that even when an nk-spectrum is not resonance 
invariant, often it can be easily extended to a resonance invariant one. 
Namely, if R/(S) Nope = Ø for all j, then the set 


R®(S) = (J RIS) C 5 = U1... J} xR! 


is resonance invariant. In addition to that, R° (S) is always at most count- 
able. Usually it is finite, i.e., R® (S) = R? (S) for a finite p, see examples 
below; also R®(S) = S for generic Ks. 


Example 3.9 (resonance invariant nk-spectra for quadratic non- 
linearity). Suppose there is a single band, i.e., J = 1, with a symmet- 
ric dispersion relation, and a quadratic nonlinearity F, i.e., Mr = {2}. 
Let us assume that k, Æ 0, k,,2k,,0 are not band-crossing points and 
look at two examples. First, suppose that 2w1(k.) # w1(2k;) (no sec- 
ond harmonic generation) and w1(0) 4 0. Let the nk-spectrum be the 
set Sı = {(1,k.)}. Then Sı is resonance invariant. Indeed, Ks, = {k.}, 
[Si] k out = (0, 2kx, —2kx}, [Si] ou, = {(1, 9), (1, 2k.), (1, -2k.)} and an el- 
ementary examination shows that [Si], = Ø C Sı implying R(S1) = Sı. 
For the second example let us assume w1(0) 4 0 and 2w4(k,.) = wi(2k,), 
i.e., the second harmonic generation is present. Here [Si = {(1,2k,)} 
and R(S1) = {(1,k.), (1, 2k.)} implying R(S1) Æ Sı and hence Sı is not 
resonance invariant. Suppose now that 4k,,3k, ¢ op. and wy (0) Æ 0, 
w1(4k,.) 2 2w1(2k;), w1(3k,) Æ w1(k,) + w1(2k,.), and let us set So = 
{(1, kx), (1, 2k,)}. An elementary examination shows that S2 is resonance 
invariant. Note that S2 can be obtained by iterating the resonance selec- 
tion operator, namely S2 = R(R(S1)). Note also that Paniv( S2) Æ Pint (S2). 
Notice that w1(0) = 0 is a special case since k = 0 is a band-crossing point, 
and it requires a special treatment. 


out 


Example 3.10 (resonance invariant nk-spectra for cubic nonlinear- 
ity). Let us consider the one-band case with a symmetric dispersion relation 
and a cubic nonlinearity that is Mr = {3}. First we take Sı = {(1,k,)} 
and assume that k., 3k, are not band-crossing points, implying [S1] x out = 

a 3 P 
{k., —k., 3k,., -3k,}. We have Q13 (A) (Kx) = D Cu (ky) = iwi l(k.) 


j=1 


and 2,(A) = 61k., where we use the notation (3.26), 6, takes the val- 
ues 1,—1,3,—3. If 3wı(k+) Æ w1(3k.), then (3.24) has a solution only if 
151] = 1 and 0; = ¢. Hence Cxm(À) = k, and every solution is internal. 


Hence [5;]), = @ and R(S1) = S1. Now consider the case associated with 
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the third harmonic generation, namely 3w1(k;) = w1(3k,) and assume that 
w1(3k,.) + 2w1(k;) Æ w1(5k,.), 3w1(3k,) Æ wi1(9k,), 2w1(3k.) + wi(k,) À 
w1(7k,.), 2w1(3k:) — wi(k,) Æ w1(5k.). An elementary examination shows 
that the set S4 = {(1,3k..), (1,k.), (1, —k.)(1, —3k,.)} satisfies R(S4) = S4. 
Consequently, a multi-wavepacket having S4 as its resonance invariant nk- 
spectrum involves the third harmonic generation and, according to Theorem 
2.8, it is preserved under nonlinear evolution. 


The above examples indicate that, in simple cases, the conditions on 
k, which can make S noninvariant with respect to R have a form of several 
algebraic equations, Hence for almost all k, such spectra S are resonance 
invariant. The examples also show that if we fix S and dispersion relations, 
then we can include S in a larger spectrum S’ = R?(S') using repeated 
application of the operation R to S, and often the resulting extended nk- 
spectrum S’ is resonance invariant. We show in the following section that 
an nk-spectrum S with generic Kg is universally resonance invariant. 


Note that the concept of a resonance invariant nk-spectrum gives a 
mathematical description of such fundamental concepts of nonlinear optics 
as phase matching, frequency matching, four wave interaction in cubic me- 
dia, and three wave interaction in quadratic media. If a multi-wavepacket 
has a resonance invariant spectrum, all these phenomena may take place in 
the internal dynamics of the multi-wavepacket, but do not lead to resonant 
interactions with continuum of all remaining modes. 


3.4. Genericity of the nk-spectrum invariance condition. 


In simpler situations, where the number of bands J and wavepackets N are 
not too large, the resonance invariance of an nk- spectrum can be easily 
verified as above in Examples 3.9, 3.10, but what one can say if J or N 
are large, or if the dispersion relations are not explicitly given? We show 
below that, in properly defined nondegenerate cases, a small variation of 
Kg makes S universally resonance invariant, i.e., the resonance invariance 
is a generic phenomenon. 


Assume that the dispersion relations w,(k) > 0, n € {1,...,J} are 
given. Observe then that Qm(¢,n,A) = Qm(¢, n, A) (Ke1,.--, Ksjxs|) defined 
by (3.23) is a continuous function of k,; ¢ Ope for every m, G, n, À 


Definition 3.11 (w-degenerate dispersion relations). We call disper- 
sion relations w,(k), n = 1,...,J, w-degenerate if there exists such a point 
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k, € R4\ opec that for all k in a neighborhood of k, at least one of the follow- 
ing four conditions holds: (i) the relations are linearly dependent, namely 


J 
X Chwn(k) = co, where all C, are integers, one of which is nonzero, and 
n=0 


the co is a constant; (ii) at least one of w,(k) is a linear function; (iii) 
at least one of w,(k) satisfies the equation Cw,(k) = w,(Ck) with some 
n and integer C # +1; (iv) at least one of w,(k) satisfies the equation 
wn(k) = ww (—k), where n’ £ n. 





Note that the fulfillment of any of four conditions in Definition 3.11 
makes impossible turning some non resonance invariant sets into resonance 
invariant ones by a variation of k,. For instance, if Mt» = {2} as in Example 
3.9 and 2w1(k) = w (2k) for all k in an open set G, then the set {(1,k,)} 
with k, € G cannot be made resonance invariant by a small variation of k,. 
Below we formulate two theorems which show that if dispersion relations 
are not w-degenerate, then a small variation of k,; turns non resonance 
invariant sets into resonance invariant; the proofs of the theorems are given 
in [7] 


Theorem 3.12. If Qn(¢, no, Akos, as kel) = 0 on a cylinder G 
in (R2\opc)!*s! which is a product of small balls Gi C (R{\ oc) then either 


(m,¢,n0,A) € Puniv(S) or dispersion relations w,(k) are w-degenerate as 
in Definition 3.11. 


Theorem 3.13 (genericity of resonance invariance). Assume that dis- 
persion relations w,(k) are continuous and not w-degenerate as in Defini- 
tion 3.11. Let Krins be a set of points (ky1,...,KsjK5|) such that there exists 
a universally resonance invariant nk-spectrum S for which its k-spectrum 
Kg = {ku1, bes ee a Then Kyiny is open and everywhere dense set in 
(RÉ \ obe) 51. 


4. Integrated Evolution Equation 


Using the variation of constants formula, we recast the modal evolution 
equation (2.1) into the following equivalent integral form: 


Û(k,7) = J e 7 LE BO) (k, 7) dr’ +e LO h(k), r>0. (4.1) 
0 
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A 


Then we factor U(k, 7) into the slow variable û(k, 7) and the fast oscillatory 
term as in (2.12), namely 


Û(k, 7) = @* ak, r), Ôn clk, 7) = ûn elk, r)e Z, (4.2) 


where û,c(k,7T) are the modal components of &i(k,7) as in (3.4). Notice 
that ûn c(k,T) in (4.2) may depend on g and (4.2) is just a change of 
variables and not an assumption. 


Remark 4.1. Note that if ti,,¢(k,7) is a wavepacket, it is localized 
near its principal wavevector k.. The expansion of ¢w,(k) near the prin- 
cipal wavevector ¢k, (we take ¢ = 1 for brevity) takes the form 


=) Veo ee) 5Viwlk.)(k ki +... 


To discuss the impact of the change of variables (4.2), we make the change 
of variables k — k, = € . The change of variables (4.2) 


Ôn, (k,7) = fin, (k, r)e7 200) 


= din,c(k, re en) Vrun(le)(kk.) o- 17 (3 Vkwn (Ke) (Kea)? +...) 
= ûn,+ (kx +6, The een) Vrv lk) RCE) (4.3) 


RO =e -cnte y= Va RÉ) 5 Viun (ke) (€)?+ … (44) 
has the first factor ee" tk) responsible for fast time oscillations of 
Un,c(k,7) and U,c(r,r). The second factor e 2 Vkwn(k)E is responsible 
for the spatial shifts of the inverse Fourier transform by +Vrw(k,). Since 
the shifts are time dependent, they cause the rectilinear movement of the 
wavepacket Un, «(r,7) with the group velocity 5 VKWn(Ks), the third factor 
is responsible for dispersion effects. Hence the change of variables (4.2) ef- 
fectively introduces the moving coordinate frame for U,,,¢(k,7) for every k 
and in this coordinate frame a,,¢(k,7) has zero group velocity and does 
not have high-frequency time oscillations. The following proposition shows 
that if ti,¢(k,7) is a wavepacket with a constant position, Un,4(k,7) is 
a particle wavepacket in the sense of Definition with position which moves 
with a constant velocity. 


Proposition 4.2. Let Gy(k,T) be for every 7 € [0,7] a particle 
wavepacket in the sense of Definition 2.2 with nk-pair (n,k.), regularity 
s, and position r, € R? which does not depend on r. Assume also that the 
constants Cy in (2.33) and C,C" in (2.27) and (2.30) do not depend on T. 
Let Üi(k,T) be defined in terms of &(k,T) by (4.2). Assume that (2.48) 
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holds. Then Ui(k, T) for every T € [0,7] is a particle wavepacket in the 
sense of Definition 2.2 with nk-pair (n,k.), regularity s, and T-dependent 
position r4 + ZVkwn(ks) € Rê. 


PROOF. The wavepacket û,(k,7) involves two components ûn,¢(k, 7T), 
¢ =+1 for which (2.29) holds 


fin, (k, 7) = U(G'~°/2, ks; k)Un,¢(k)tin,¢ (k, 7), (4.5) 





By (4.2), 
Ôn clk, T) = dine(k, Je #5"), 

According to Definition 2.1, the multiplication by a scalar bounded continu- 
ous function e~ ¢S“"") may only change the constant C’ in (2.30). There- 
fore, it transforms wavepackets into wavepackets. To check that Û;(k, T) is 
a particle-like wavepacket, we consider (2.33) with he (8, rx; k) replaced by 
tin,c(k, ren en (ke) and r, replaced by r,+ = Vrun(ks). We consider for 
brevity à, (k,T) = ûn, ¿ (k, T) with ¢ = 1, the case Ç = —1 is similar, 


[Vk (e ilr +3 ZV wn (kx) ka n(k, T)e ao) dk 


= fit ire+S Viwn (ks) ky n(k, re — Fun(k), ounlk«)) dk 


= rw inka, (k, re # PE) idk < Li + Ja, 


where Re. is defined by (4.4), 





h = J a a (Ik, r))|dk, 
Rd 

hb = fia n(k,T)) Vee #2) dk. 
Rd 


The integral I, is bounded uniformly in rą by C8"! since ü, c(k,7) 
satisfies (2.33). Note that 


dk 





h = I (EG, (k, r)) Vra ERE) 


Rd 


< ha nITIVLR UE — kd, 
© 
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Note that, according to (4.5) and (2.25), ûn e(k, T) #0 only if |k — k,| < 
261€, and for such k — k, we have the Taylor remainder estimate 


|VkR(k — kx)| < CRE. 
Therefore, Iz < C’31~*/o and 
h+k < Cao. 


Using (2.48), we conclude that this inequality implies (2.33) for Ô;(k, 7). 
Therefore, it is a particle-like wavepacket. 














From (4.1) and (4.2) we obtain the following integrated evolution equa- 
tion for à = û(k,7), T > 0: 


û(k,r) = F(a)(k,r) +h(k), F(@) = D FE" (kr), (4.6) 
mEM p 





F™(a™)(k, 7) = i e TEO R ((eTELON)(k, rdr, (47) 
0 


where Fn are defined by (3.7) and (3.9) in terms of the susceptibilities y”), 
and F(™ are bounded as in the following lemma. 


Recall that the spaces Ll® are defined by formula (2.17). Below we 
formulate basic properties of these spaces. Recall the Young inequality 


lâ x ĉia < âll Plz- (4.8) 


This inequality implies the boundedness of convolution in Li, namely the 
following lemma holds. 


Lemma 4.3. Let Hy, Hz € L'* be two scalar functions, a > 0. Let 
H3(k) = [fis — k’) Ho(k’)dk’. 
Rd 


Then 
|| #3 (k)||z1.¢ < || H1 (k)|| z1 ||Hi(k)|[z12. (4.9) 


PROOF. We have 


M: (1+ |k +k”|)* 
1+ |k|)°|H3(k)| < Sr 
( |k|)°*| 13 (k)| ce (1+ [k’)*(1 lke 


x / (1+ |k — k'l) JÂ (k — k’)|(1 + |k') Aa (k’) ak’ 


Rd 
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Obviously, 
1+1/k +k” (1 + |k’| + |k”)) 
+ KDE +R) ~ 74+ RDA ik") ~ 
Applying the Young inequality (4.8), we obtain 











[+ np [f0] ak 

Rd 

< f(r) [AiG] ake fa + fe") | fon") ae" 
Ré Rd 











Using (2.18), we obtain (4.9). 





Using Lemma 4.3, we derive the boundedness of integral operators 
F), 


Lemma 4.4 (boundedness of multilinear operators). Operator Fm) 
defined by (3.9), (4.7) is bounded from Ea = C([0,7.],L!"*) into 
C*([0,7,],£4°), a > 0, and 


FO GG ane, < Tellx TT lâle (4.10) 
j=l 

[8 F (r -m)ga < l [ale (4.11) 
j 





PROOF. Notice that since L(k) is Hermitian, 





exp { — iL(k)—} | =1. 
Using the inequality (4.9) together with (3.9), (4.7), we obtain 
|F (Gir... im) (-, TI p10 


<suph™O il f f f \a+ i yaa)... 
k,k Ra 0 Dn 


x la + [KO hûn (KO) (k, #)) dk’ ...dk™-Vdrıdk 


: 
< [OU f haatee n(n) Ize 
0 


< 7x âile «miles: 











proving (4.10). A similar estimate produces (4.11). 
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Equation (4.6) can be recast as the following abstract equation in a 
Banach space: 
û = F(û) +h, û, f € Ex, (4.12) 
and it readily follows from Lemma 4.4 that F(û) has the following proper- 
ties. 


Lemma 4.5. The operator F(a) defined by (4.6), (4.7) satisfies the 
Lipschitz condition 
IF (a1) — F(Ga)|[z. < Cr |â — dolls, (4.13) 


where Cr < CyC(R), C(R) depends only on mr and R, if ||| z,, lûllr < 
2R, with Cy as in (3.11). 


We also use the following form of the contraction principle. 


Lemma 4.6 (contraction principle). Consider the equation 
x= F(x) +h, x,h € B, (4.14) 
where B is a Banach space, F is an operator in B. Suppose that for some 
constants Ro > 0 and0 <q<1 
IR] < Ro, |F(x)|| < Ro if [x] < 2Ro, (4.15) 
IF) — F(x2)|] < qllx1 — x2ll af lx} |x2l] < 2Ro. (4.16) 


Then there exists a unique solution x to Equation (4.14) such that ||x|| < 
2Ro. Let ||hi||, ||ho|| < Ro. Then two corresponding solutions x1, X2 satisfy 


x, xl < 2Ro, ||x1 — x2|| < (1 — g)~*[]ha — həll. (4.17) 


Let x1,x2 be two solutions of correspondingly two equations of the form 
(4.14) with F1, hı and Fo, ho. Assume that e ) satisfies (4.15), (4.16) 
with a Lipschitz constantq < 1 and that ||F1(x)—F2(x)|| < ô for ||x|| < 2Ro. 
Then 

xı — x2ll < (1 — 9) "(6 + hi — həll). (4.18) 


Lemma 4.5 and the contraction principle as in Lemma 4.6 imply the 
following existence and uniqueness theorem. 


Theorem 4.7. Let ||hl|z, < R, and let 7, < 1/Cr, where Cr is a 
constant from Lemma 4.5. Then Equation (4.6) has a solution à € Ea = 
C((0, T+], L2) which satisfies Iâlles <S 2R, and such a solution is ae 
Hence the solution operator à = G(h) is defined on the ball \|h||z, < 


The following existence and uniqueness theorem is a consequence of 
Theorem 4.7. 
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Theorem 4.8. Let a > 0, (2.1) satisfy (3.11) and h € L'"“(Rd), 
Ihllzre < R. Then there exists a unique solution à to the modal evolution 
equation (2.1) in the function space C+([0, T4], Lt), |âlz, + ||O7allz, < 
R1(R). The number T, depends on R and Cy. 


Using (2.20) and applying the inverse Fourier transform, we readily 
obtain the existence of an F—solution of (1.1) in C1([0,r;], L° (R%)) from 
the existence of the solution of Equation (2.1) in C1({0,7,], L+). The ex- 
istence of F-solutions with [a] bounded spatial derivatives ([a] being an 
integer part of a) follows from the solvability in C+((0,7,], £4“). 

Let us recast now the system (4.6), (4.7) into modal components us- 
ing the projections II, ¢(k) as in (2.9). The first step to introduce modal 
susceptibilities Xe £ having one-dimensional range in C?7 and vanishing if 
one of its arguments 0; belongs a (2J — 1)-dimensional linear subspace 


T 


in C? (the jth null-space of Xi, a as follows. 


Definition 4.9 te es, Let 
E= (A, € {1,..., J}” x {-1,1}"” Se", (n,¢) €E, (4.19) 
and let x™ (k, k) [aii(k’),...,8m(k™)] be m-linear symmetric tensor 
(susceptibility) as in (3.9). 
We introduce elementary susceptibilities oer Ak, k) : (C27)™ C24 


as m-linear tensors defined for almost all k and k = (k’,...,k(™) by the 
following formula: 


xE Flu (k'), … ; mn (He) 
= XI) a cls K âa (Re) Ôm (He )] = Tg (He) x(k, À) 
x [Enc (Re) (Re), Tu com (KO (k, Bin (1 ))]. (4.20) 


Then using (3.5) and the elementary susceptibilities (4.20), we get 
x (k, &) ffi (k’), -.., Om (k™)] 
= OE xP Ak, Bla (k), in (KO). (4.21) 
ng Ë 
Consequently, the modal components F\” m aé 2 of the operators FU") in (4.7) 


are m-linear oscillatory integral operators defined in terms of the elementary 
susceptibilities (4.21) as follows. 
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Definition 4.10 (interaction phase). Using the notation from (3.9), 
we introduce for € = (ñ, Q) € "the operator 


WAN Ps DT. 
FF AA 1... Üm)(K,T) -J f ipn ¢ glk, k) os 


xa” ie) [a (k’, 71), 7 nee (k, k),71)] d(m-Ddfdn (4.22) 
with the interaction phase function ~ defined by 
Onc ek, k) = Pn e nelk À) 
= (wn (Ck) — Fun, CK’) =... — Can, (COPE), (4.23) 
KO) = k™ (k, k), 
where k0™ (k, k) is defined by (3.10). 


Using R in (4.22), we recast F0™ (u™) in the system (4.6)-(4.7) 
as follows: = 


P fay... fim] (k,7) = 55 oe la. tn] (ly) (4.24) 
nG È 


yielding the following system for the modal components ü, ¿(k,T) as in 
(2.9): 


iRdkn= D, NF wn ti ™)(k,7) + hy c(k), (n,¢)€ 5. (4.25) 


MEME E; £ezr 


5. Wavepacket Interaction System 


The wavepacket preservation property of the nonlinear evolutionary sys- 
tem in any of its forms (1.1), (2.1), (4.6), (4.12), (4.25) is not easy to 
see directly. It turns out though that dynamics of wavepackets is well de- 
scribed by a system in a larger space E?" based on the original equation 
(4.6) in the space E. We call it wavepacket interaction system, which is 
useful in three ways: (i) the wavepacket preservation is quite easy to see 
and verify; (ii) it can be used to prove the wavepacket preservation for 
the original nonlinear problem; (iii) it can be used to study more sub- 
tle properties of the original problem, such as the NLS approximation. 
We start with the system (4.6), where h(k) is a multi-wavepacket with 
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a given nk-spectrum S = {(ku,ru), 1 =1,...,N} as in (2.39) and a k- 
spectrum Kg = {k,;, i= 1,...,|Ks|} as in (2.40). Obviously, for any l 
(kani) = (ksn) with i < |Ks| and indexing i; = l for l < |Kg| 
according to (2.40). 

When constructing the wavepacket interaction system it is convenient 
to have relevant functions to be explicitly localized about the k-spectrum 
Kg of the initial data. We implement that by making up the following cutoff 
functions based on (2.24), (2.25): 


V; a(k) = Y (k, Oki, BTE) = (BTE Ok — Vk;)), 


(5.1) 
k,; € Ks, i=1,...,|Ks]|, Ua, 





with £ as in Definition 2.1 and @ > 0 small enough to satisfy 


bo ; 
B! < To, where To = mo(S) = us dist {k.i, Ope} - (5.2) 


In what follows, we use the notation from (3.16) and 
le LINE NET 
6 = (0.000) €{-1,1)"% X= (C) EA”, 
A= (nel LPC e111 (5.4) 
E= (AC) CB" k= (k’,...,k™) € R”, where 5” as in (4.19). 
Based on the above, we introduce now the wavepacket interaction system 


Kiol) = VC, bkin OF D> rw) 


(UO )EA 
+ V(-,Okei,)Tn,,0(-)h, (1,0) € A, (5.5) 
W = (Wir, Mi. WN 4, Wy) € EN, wiw € E, 


with W(-,vk,;), Il,» being as in (5.1), (2.9), F defined by (4.6), and the 
norm in E?% defined based on (2.15) by the formula 


Wllee~ = So wolle, E= C((0, r], £). (5.6) 
1,0 
We also use the following concise form of the wave interaction system (5.5): 
w=F,(w)+h,, where (5.7) 
hy 0040, hy Ya 10. 4,0 sh, oly her 





The following lemma is analogous to Lemmas 4.4 and 4.5. 
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Lemma 5.1. The polynomial operator Fy(w) is bounded in E?%, 
Fy(0) = 0, and satisfies Lipschitz condition 


\|Fu(wi) — Fa (wa)||z2n < CAlWi — Wall zn, (5.8) 


where C depends only on Cy as in (3.11), on the degree of F, and on 
[wiles + || Wall] z2x, and it does not depend on 5 and o. 


Proor. We consider any operator p” eu w) defined by (4.22) and 
prove its boundedness and the Lipschitz ete as in Lemma 4.4 using 
cet} < 1 and inequalities (2.24), (3.11). Note 
that the integration in Tı yields the factor Tą and consequent summation 
with respect to n,6,£ yields (5.8). 


the inequality | exp {ig 














Lemma 5.1, the contraction principle as in Lemma 4.6, and the esti- 
mate (4.11) for the time derivative yield the following statement. 


Theorem 5.2. Let ||hy||z2v < R. Then there exists r, > 0 and 
R1(R) such that Equation (5.5) has a solution w € E?% which satisfies 


Wigan + ||3-w|| z2x < Ri(R), (5.9) 
and such a solution is unique. 


Lemma 5.3. Every function Wi,c(k,7) corresponding to the solution 
of (5.7) from E?% is a wavepacket with nk-pair (kx, nı) with the degree 
of regularity which can be any s > 0. 

PROOF. Note that, according to (5.1) and (5.7), the function 
Wz19(k, T) = U(k, 0k,;,, 87), oF (k,T), |F]: <C, OST ST 


involves the factor Y; a(k) = Y (87079) (k — Jk,,)), where ¢ is as in Defini- 
tion 2.1. Hence 


In o wolk, T) =Oifn £ nı OT V À v, (5.10) 
W19(k,T) = U(k, Uk, 8°) Wi, 
bal ) Us vB) i T), (5.11) 
wolk, T) = 0 if |k — kul] > 8 
Since 
W(k, Oksi, 6’) U(k, Vken, 31 -*/2) = U(k, dk, 81€), (5.12) 


Definition 2.1 for W1 is satisfied with D, = 0 for any s > 0 and C’ = 0 in 
(2.30). 
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Now we would like to show that if h is a multi-wavepacket, then the 
function 


WkT)= So Mo(k,7) = D Wa(k,7) (5.13) 


(LY)EA AEA 


constructed from a solution of (5.7) is an approximate solution of Equation 
(4.12) (see the notation (3.16)). We follow here the lines of [7]. We introduce 


|Ks| 


(K) =1— I D Pk ke) ata y 1). (5.14) 


+ i=l =tk,,eKs 








Expanding the m-linear operator F(" (CSS Wi, i ) and using the nota- 
tion (3.16), (3.17), we get 


FO (So wo) ) = 5 FU (Ws), where (5:15) 
1,0 Yeam 

Wy = Wa, ans À = (1... Am) € AT. (5.16) 

The next statement shows that (5.13) defines an approximate solution to 


the integrated evolution equation (4.6). 


Theorem 5.4. Let h be a multi-wavepacket with resonance invariant 
nk-spectrum S and regularity degree s, let w be a solution of (5.7), and let 
w(k,7) be defined by (5.13). Let 


D(w) = Ww — F(w) —h. (5.17) 
Then there exists Bo > 0 such that 
|D(W) lz < Co+Cp*, f0<0<1, 8< fo. (5.18) 


PROOF. Let 
F-(w) = (1 = 3 Vano) FCW); 
G (5.19) 


h- = h — > Vi ol oh. 
1,9 
Summation of a with respect to 1,0 yields 
w= Y Va on oF) + YO Va on oh. 
Lo 1,9 
Hence from (5.5) and (5.17) we obtain 


D(W)=h — F-(w). (5.20) 
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Using (2.28) and (2.30), we consequently obtain 
|n,ohillza < CBS if ni A ni; 





[Va ohillz: < CES if kei, # ksi, (5.21) 
|b“ Le < C1. 
To show (5.18), it suffices to prove that 
IF (Ww) |e < C20. (5.22) 
Obviously, 
F (Ww) = (1 -5 Vi,,01n,,0) SOR Gar), (5.23) 
1,9 m 
Note that 
> Vi,0lno0= D, D, Y (5.24) 
= (n,k,)esS 


Using (3.5) and l T we Pe obtain 


>. So ou Uno + Woo = 1, (5.25) 


+ (n, ky )EX 


(1 = 5 Vi,,01Tn,,0) = Yo + 2 5 W(-, Vk )Hn, v (5.26) 
1,0 


+ (n,k.)ES\S 








with the set © defined in (3.14). Let us expand now F0) (Ww) using (5.15). 

According to (5.23) and (5.26), to prove (5.22) it suffices to prove that for 
every string À € A™ the following inequalities hold: 

[Tln F (W5)|| < C30 for (n,Ÿ) €A, (5.27) 

EC, kx) nw F™ (W5)|| < C30 if (n, k.) €D\S. (5.28) 


We use (5.10) and (5.11) to obtain the above estimates. According to 
(4.24), 


F0 [w > 2 =. . Wy, ] (ky 7). (5.29) 
Note that, according to on k Ai = (1, 0’), then 
Ñ); = In owa; if n = nı and V =p, (5.30) 
Let us introduce the notation 
AÜ = (nu...) E(A) = (AG, 0) for X= (1,0) € A. (5.31) 


Since 
Hn oln o =0 ifn £n ort £9, (5.32) 
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(5.30) implies 
Lu ape Wan] Ma (7, C) # E(A), and hence 








46, 
Fm) = ae yar «Wa, l(k, 7), re) 
where we used the notation is 17), (5.31). Note also that 
Ty oF” o= ifn Anor, (5.34) 
and hence we have nonzero HOTS only if 
E= El), n =n, 0=C. (5.35) 
By (4.22) 
(m) g = | p (m) 
FED | f exp fie, can DE a5 (6.8) 
0 Dm 
x [Wa, (k, T), Wan (kK (k, K), n)a Pikan. (5.36) 


Now we use (5.11) and notice that, according to the convolution identity in 
(3.9), 














[War (k, TL) eee ram (RP (k, k), 71)| = 0 
= 5 Viks > m8B!E (5.37) 
Hence the integral (5.36) is nonzero only if (k, k) belongs to the set 
Bg = { (k, 5) KO — Du] < 8175, i=1,...,m, 
| k- > viku,| < mai}. (5.38) 


We prove now that if (n, ksi) ¢ S, then for small 8 the following alternative 
holds: 


either U(-, Yki), oF) AN) =0 (5.39) 


or (5.35) holds and |p, . -(k,k)| > c > 0 for (k,k) € Bg. (5.40) 


n,6,6 


Since Yn ck, k) is smooth, in the notation (3.18) we get 
re k) — pur e ur: Ex)| < CB for (k, k) € Ba, 
> (5.41) 


Orres Umh K kk =X dk = Cam (ð, Ü), 
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Hence (5.40) holds if 


Pn ck x k.) # 0, (5.42) 


and, consequently, it suffices to prove that either (5.39) or (5.42) holds. 
Combining (5.38) with Y(k,Vk,;) = 0 for |k — Jk,;| > 81°, we find that 
Pio F (m) [wx] can be nonzero for small 8 only in a small neighborhood of 
a point Caml, D) € [S] out, and that is possible only if 

kys = CHm(0,1) = kui, kyi € Kg. (5.43) 
Let us show that the equality 


Pat ¢(Ken a) = 0 (5.44) 


is impossible for k,, as in (5.43) and n’ = n as in (5.34), keeping in mind 
that (n,k.;) ¢ S. From (3.23) and (4.23) it follows that Equation (5.44) 
has the form of the resonance equation (3.24). Since the nk-spectrum S is 
resonance invariant, in view of Definition 3.8 the resonance equation (5.44) 
may have a solution only if kx = k,;, à = i, n = m, with (m, ksu) E€ S. 
Since (n,k.;) £ S, that implies (5.44) does not have a solution. Hence (5.42) 
holds when (n, k,;) € S. Notice that (5.9) yields the following bounds 








E < Ña, ||O-W), le LC. (5.45 





) 
These bounds combined with Lemma 5.5, proved below, imply that if (5.42) 
holds, then (5.28) holds. Now let us turn to (5.27). According to ( 5.14) 
and (5.37), the term WV Iy,,9F(™ (Wx) can be nonzero only if Caml) = 
k,, ¢ Kg. Since the nk-spectrum S is resonance invariant we conclude as 
above that the inequality (5.42) holds in this case as well. The fact that the 
set of all (À) is finite, combined with the inequality (5.42), imply (5.40) 
for sufficiently small 8. Using Lemma 5.5, as above we derive (5.27). Hence 
all terms in the expansion (5.23) are either zero or satisfy (5.27) or (5.28) 
implying consequently (5.22) and (5.18). 














Here is the lemma used in the above proof. 
Lemma 5.5. Let assume that 
Box Ak, BW, (71), + Wry (RC (ke, K), 72)]] = 0 
for (k,k) € Ba and (5.46) 
IPnc ek k)| > ws > 0 for (k,k) ¢ Bg, where Bg as in (5.38). 
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Then 


m ~ 4o m A 
[EC Vki) Ie < [xO TT Ia lle 
* j 


me W W 5.47 
Le I J IA M |W), |lz- (5.47) 





JA 


PROOF. Notice that the oscillatory factor in (4.22) is equal to 


exp {ivtk, DE) = mo” exp {ivtk, Fe} 


Denoting Y, c g = P, Yio Uw, ne = à and integrating (4.22) by parts 


with respect to 7, we obtain 


E(k, dk) c FU" AWx)(k, 7) 
k 





x On, (Wa, (k’)... Wy, (KO (k, k) "PY 4kdr,, (5.48) 


where B is the set of k® for which (5.38) holds. The relations (3.11) and 
(2.24) imply ee (k, k)| < [x (|. Using then (5.46), the Leibnitz formula, 
(5.9) and (4.8), we obtain (5.47). 














The main result of this subsection is the next theorem which, com- 
bined with Lemma 5.3, implies the wavepacket preservation, namely that 
the solution G,,9(k,7) of (4.25) is a multi-wavepacket for all 7 € [0, T4]. 


Theorem 5.6. Assume that the conditions of Theorem 5.4 are ful- 
filled. Let ûn (k, T) for n = nı, let Wi,9(k,7T) be solutions to the respective 
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systems (4.25) and (5.5), and let W be defined by (5.13). Then for suffi- 
ciently small Bo > 0 


ro — In olle < Co + CB, 0< 8B < Bo, l=1,...,N. (5.49) 


PROOF. Note that ûn, = IIn,9G, where à is a solution of (4.6) and, 
according to Theorem 4.7, ||fi||~ < 2R. Comparing Equations (4.6) and 
(5.17), which are à = F(û) +h and Ww = F(w) + h + D(w), we find that 
Lemma 4.6 can be applied. Then we notice that, by Lemma 4.5, F has the 
Lipschitz constant Crt, for such à. Taking Crt, < 1 as in Theorem 4.7, 
we obtain (5.49) from (4.17). 














Notice that Theorem 2.9 is a direct corollary of Theorem 5.6 and 
Lemma 5.3. 


An analogous assertion is proved in [7] for parameter-dependent equa- 
tions of the form (2.1) with F(U) = F(U, o). 

The following theorem shows that any multi-wavepacket solution to 
(4.6) yields a solution to the wavepacket interaction system (5.5). 


Theorem 5.7. Let û(k,T) be a solution of (4.6). Assume that a(k, rT) 
and h(k) are multi-wavepackets with nk-spectrum S = {(nj, ka), L= 1,..., 
N} and regularity degree s. Let also Yi, o = Yi, be defined by (5.1). Then 
wi olk, T) = Vi olln,oû(k,T) is a solution to the system (5.5) with f(k) 
replaced by h’(k, T) satisfying 
E(k) — B’ (k, r)Ilz1 < CB*, 0 <T S T, (5.50) 
and, if Wiw are solutions of (5.5) with original f(k), then 


Riot, T) — Willa < CBF, OS TK T. (5.51) 


PROOF. Multiplying (4.6) by Y4 wlln, », we get 


wio _ WV, Uksi In 0 F (G)(k, T) + W(-, 0k.i, )Mn,,0h(k), (5 52) 
Wi = U(-, vki Mn, vÂ. i 


Since û(k,7) is a multi-wavepacket with regularity s, we have 


|aC-, 7) Pi T)|lz < Cep’, 
where w/( =o , Iki, )H(-,7). (5.53) 
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Let us recast (5.52) in the form 
Wy = U(-, Oki, Un oF (W')(k, 7) 
+ W(-, Vken In, olk) + h” (k, 7), (5.54) 
h" (k, 7) = [F(@) - F(W')|(k, 7). 
Denoting h(k) + h”(k,r) = h’(k,r), we observe that (5.54) has the form 


of (5.5) with h(k) replaced by h’(k,r). The inequality (5.50) follows then 
from (5.53) and (4.13). Using Lemma 4.6, we obtain (5.51). 














6. Reduction of Wavepacket Interaction System 
to an Averaged Interaction System 


Our goal in this section is to substitute the wavepacket interaction system 
(5.5) with a simpler averaged interaction system which describes the evolu- 
tion of wavepackets with the same accuracy, but has a simpler nonlinearity, 
and we follow here the approach developed in [7]. The reduction is a 
generalization of the classical averaging principle to the case of continuous 
spectrum, see [7] for a discussion and further simplification of the averaged 
interaction system. In the present paper, we do not need the further sim- 
plification to a minimal interaction system leading to a system of NLS-type 
equations which is done in [7]. 


6.1. Time averaged wavepacket interaction system. 


Here we modify the wavepacket interaction system (5.5), substituting its 
nonlinearity with another one obtained by the time averaging, and prove 
that this substitution produces a small error of order o. As the first step, we 
recast (5.5) in a slightly different form by using the expansions (5.15), (5.29) 
together with (5.33) and (5.34) and writing the nonlinearity in Equation 
(5.5) in the form 


W(-, Oksi Hn 0F (57) 


mEM Ff XEAM 


FO a (wlk, r) = FO) rx mal 7)| 


= a 2 
n1, 0, E) 46,76 j ) 


A=A(D, (n,¢)=(n1,9)? ( 
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with ag 28 in (4.22) and A({) as in (5.31), and we call i aca WR) 2 
ine ie ED evaluated at Wx. Consequently, the wavepacket 
interaction system (5. 5) can be written in the equivalent form 


ao = f 

Wi. p= 5 SU C, Okri) F 1,9 EX AA +) T Y(., Oksi \IIn,,0h, 
mMmEMr YeAm (6.3) 
l= lN, ve es 


ie monomial F 





The construction of the above-mentioned time averaged equation reduces 
to discarding certain terms in the original system (6.3). First we introduce 
the following sets of indices related to the resonance equation (3.24) and 
Qm defined by (3.23): 


7 = {3 = (1,0) € A” : Qu, n, X) = o}, (6.4) 


and then the sees i Fay by 


m) = 
Favn, (W => 7 e Phs a pm eee Wx), (6.5) 


MEMp en 


where ae DER) are defined in (6.2). 


Remark 6.1. Note that the nonlinearity Fy” Sa 


av.n, 9 (W) can be obtained 
from F), by an averaging formula using an averaging operator Ar acting 


on polynomial functions F : (C?)N — (C2)N as follows: 


P 
1 tips 
(ArF) = 7 fe Cest 


x Fjellet u p e u n Nuy 4,e PNtunx dt. (6.6) 


Using this averaging, we define for any polynomial nonlinearity G : (C?)N 
(C?)N the averaged polynomial 


Gav jc (0) = lim (ArG);, (a). (6.7) 


If the frequencies y; in (6.6) are generic, Gav jc (U) is always a univer- 
sal nonlinearity. Note that Fr n, w(W) defined by (6.5) can be obtained 
by formula (6.7), where Ar is defined by formula (6.6) with frequencies 
Pj = Wn, (Ksi; ) (it may be conditionally universal if the frequencies 4; are 
subjected to a condition of the form (6.22), see the following subsection for 
details, in particular for definitions of universal and conditionally universal 
nonlinearities). 
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Finally, we introduce the wave interaction system with time-averaged 
nonlinearity as follows: 





Vo = U(-, Oki, )Fav.n,0(7) + U(-, Ok, In, oh, 1=1,...N,0 = +. (6.8) 
Similarly to (5.7) we recast this system concisely as 
¥ = Favu(Ÿ) + hy. (6.9) 


The following lemma is analogous to Lemmas 5.1, 4.5. 


Lemma 6.2. The operator Fav w(V) is bounded for bounded ¥ € E?%, 
Fayy(0) = 0. The polynomial operator Favw(V) satisfies the Lipschitz 
condition 

\|Fav,w(¥1) — Fav a (V2) || gan < Cr V1 — Voll pen (6.10) 


where C depends only on Cy in (3.11), on the power of F and on ||¥1||g2 + 
IVollezv, and, in particular, it does not depend on B, o. 


From Lemma 6.2 and the contraction principle we obtain the following 
theorem similar to Theorem 5.2. 


Theorem 6.3. Let ||hy|| 2” < R. Then there exists Ry > 0 and 7, > 
0 such that Equation (6.9) has a solution ¥ € E?% satisfying ||¥|| gən < Ri, 
and such a solution is unique. 


The following theorem shows that the averaged interaction system 
introduced above provides a good approximation for the wave interaction 
system. 


Theorem 6.4. Let Ÿiw(k,T) be the solution of (6.8), and let 
WwW (k, T) be the solution of (5.5). Then for sufficiently small B %1,9(k, 7) 
is a wavepacket satisfying (5.10), (5.11) with W replaced by Ÿ. In addition 
to that, there exists Bo > 0 such that 
[Cro — Ville < Co; l=1,..:,N, P=; 
for0<o<1,0<8< Do. 





(6.11) 


PROOF. Formulas (5.10) and (5.11) for 1,9(k,7) follow from (6.8). We 
note that W is an approximate solution of (6.8), namely we have an estimate 
for Day(W) = W — Fay,w — hw which is similar to (5.17), (5.18): 


[Dav (W)|| = || — Faw — ll gan < Co f0<o<1,B< Bo. (6.12) 


The proof of (6.12) is similar to the proof of (5.22) with minor simplifications 
thanks to the absence of terms with Ya. Using (6.12), we apply Lemma 
4.6 and obtain (6.11). 
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6.1.1. Properties of averaged nonlinearities. In this section, we dis- 
cuss elementary properties of nonlinearities obtained by formula (6.5). A 
key property of such nonlinearities F}; ¢ is the following homogeneity-like 
property: 
Fy ¢(el? uy, ety, ite tae 4, e PNtun _) 

ee (6.13) 

= eles F) c(uis, danses Nas UN- ). 
The values of w;, à = 1,... N, for which this formula holds depend on the 
resonance properties of the set S which enters (6.5) through the index set 
Avo First, let us consider the simplest case, where p; are arbitrary. An 
example of such a nonlinearity is the function 


Fo ¢(ua, +, U1,—, U2,4, U2,—) = U1,+U1,-U2,+. 





We call a nonlinearity which is obtained by formula (6.5) with a universal 
resonance invariant set S a universal nonlinearity. 


Proposition 6.5. If Fj c is a universal nonlinearity, then (6.13) holds 
for arbitrary set of values pi, i = 1,..., N. 


PROOF. Note that the definition (6.5) of the averaged nonlinearity es- 
sentially is based on the selection of vectors À = ((¢,1'),...,(€™,lm)) € 
Af 9 as in (6.4), which is equivalent to the resonance equation (3.24) with 
n = nı, C =v. This equation has the form 


N 
—Cwn (kss) + X wilka) = 0 (6.14) 
i=l 
with 
N 
ka = —¢ $ Orkut, (6.15) 
l=1 


where 6; are the same as in (3.26). If X € An o and 
wy = (Wy, oe Wan) = (Wer ty aa Kem) ty, ) 
t'en, à imo a 
= (e iÇ Puo gae iÇ Pim em) Im) 


then, using (6.2) and the multi-linearity of FM), we get 


and 


SCO, =) > her, (6.16) 
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where ô; are the same as in (3.26). If we have a universal solution of (6.14), 
all coefficients at every w;(k..) cancel out (wn (Kx) also equals one of w;(k.1), 
namely wWy(Ks«) = Wn,,(Ksr)). Using the notation (3.26), we see that 
a universal solution is determined by the system of equations on binary 
indices 


i= St SOF hy ðn= Yo ec (6.17) 
jel-*(1) jel} (Io) 


Obviously, the above condition does not involve values of w, and hence if 
61,¢ correspond to a universal solution of (6.14), then we have the identity 


N 
= Igor >. Gr = 0, (6.18) 
1=1 











which holds for any (y1,...,¢n) € CN. 





Consider now the case, where the nk-spectrum S is resonance invari- 
ant, but may be not universal resonance invariant. Definition 3.8 of a reso- 
nance invariant nk-spectrum implies that the set P(S) of all the solutions of 
(3.24) coincides with the set P,(5) of internal solutions. Hence all solutions 
of (6.14), (6.15)) are internal, in particular k,. = karo, Wn(Kx«) = Wnr (Kxro) 
with some Ip. 


If we have a nonuniversal internal solution of (6.14), wy(k4) satisfy 
the following linear equation: 


N N 
Cons (Kato) + > dwr(ket) =0, Ckir +X dik = 0 (6.19) 
l=1 l=1 


where at least one of b; is nonzero. Note that if (6.19) is satisfied, we have 
additional (nonuniversal) solutions of (3.24) defined by 


y D =6, LÆ TIo, > CO = C+ sn. (6.20) 
jei) jel (Io) 
Now let us briefly discuss properties of Equations (6.20). The right-hand 
sides of the above system form a vector b= (b1,...,bn) with b; = 61,14 Io, 
and br, = Ç + ôr- Note that [= (l1,...,lm) is uniquely defined by its level 
sets 1~1(1). For every | the number 64; of positive ÇU) and the number 6_ 
of negative CU) with j € I-1(1) in (6.20) satisfy the equations 


541-601 = 6, bu +61 =|), (6.21) 


110 Anatoli Babin and Alexander Figotin 


where |J~1(1)| = c is the cardinality (number of elements) of i-1(1). Hence 
O41; 6_1 are uniquely defined by ô, I~ ‘(I )|. Hence the set of binary solutions 
C of (6. 20) with a given b and a given T= (l1,...,lm) is determined by sub- 
sets of I~ 1(1) with the _cardinality 641 elements. Hence every solution with 
a given banda given I can be obtained from one solution by permutations 
of indices j inside every level set [~!(1). If 6 is given and the cardinali- 


ties |=} (I)| = cı are given, we can obtain different l which satisfy (6.20) 
by choosing different decomposition of {1,...,m} into subsets with given 
cardinalities œ. For given b and € = (c1,...,cm) we obtain this way the set 


(may be empty for some b, Z) of all solutions of (6.20). Solutions with the 
same b and € we call equivalent. 


When for a given wavepacket there are several nonequivalent nonuni- 
versal solutions, the number of which is denoted by Ne, we obtain from 
(6.19) a system of equations with integer coefficients 


N 
S > b1,iw1 (Ket) srl (6.22) 


and solutions to (3.24) can be found from 
XO 6M = bii, for some i, 0<i< Ne, (6.23) 
jet (1) 
where to include universal solutions, we set b 0 = 0. 


Hence when a wavepacket is universally resonance invariant, we con- 
clude that all terms in (6.5) satisfy (6.17). Since (6.18) holds, we get (6.13) 
for arbitrary (41,...,çwn) € CN. If the wavepacket is conditionally univer- 
sal with conditions (6.23), then,using (6.16) and (6.23), we conclude that 
(6.18) and (6.13) hold if (yi,..., yn) satisfy the system of equations 


N 
DT =0, i= a No (6.24) 
l=1 


Now we wold like to describe a special class of solutions of averaged 
equations. The evolution equation with an averaged nonlinearity has the 
form 


= 
OU + = rose + Fy 4(U1,4, Ui,-, sn UN,+, Uyn,-), 


i . ; 
0, Uj,— = z (iV)U;,+ + FE, 4 Ui, =; diky UN,+, Un,-), (6 2) 


j=1,...,N, 
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where £(—iV) is a linear scalar differential operator with constant coeffi- 
cients. The characteristic property (6.13) implies that such a system admits 
special solutions of the form 





Uje(r,T) = e 97/8; e(r), (6.26) 
where Vj,¢(r) solve the time-independent nonlinear eigenvalue problem 
~ig; Vis = —iL;(-1V)Vj,4+0F 44, Vi, V4, VN,- ), 
ip; Vi, =iL;(iV)Vj, ++ oF, (Vi, +9 Vi, eee) VN +, Vn,-), (6.27) 
J= lis 


6.1.2. Examples of universal and conditionally universal nonlin- 
earities. Here we give a few examples of equations with averaged nonlin- 
earities. When the multi-wavepacket is universal resonance invariant, the 
averaged wave interaction system involves NLS-type equations. 


Example 6.6. The simplest example of (6.25) for one wavepacket 
(N = 1) and one spatial dimension (d = 1) is the nonlinear Schrodinger 
equation 


i i ; 
O,U4 4. = —~a202U 1,4 2 —aoU1,+ F a10rU1,+ m iqU1, -U +, 
= £ (6.28) 


i 


i 
-Uı,— = 520i. + poe + 010,04, + iqUi, +U? _. 


Note that, by setting y = x + a1T/o, we can make a, = 0. Obviously, the 
nonlinearity 


Fe(U) = -i¢qUi,-cU? e 

satisfies (6.13): 

> —içpı iCp1 2 _ iPr; 2 

iċqe Ui eles tU e)" = eSPtiGqUi elU). 
The eigenvalue problem in this case takes the form 

ip1Vı,+ = —ia202Vi,4 — iao V1, + + a102 Vi,+ — ioqVi,- Vi, (6.29) 
-iyı Vi, = ia202V;,_ + iaoV1,— + a102Vi,— + iogVi4V2_. | 
If a; = 0 and we consider real-valued Vj + = Vi,_, we obtain the equation 
(1 + ao) Vi, + = —a207Vi,4 — oqVi+ 

or, equivalently, 


+a a 
Lt, + Bavi + vè, =0. 
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If 
= <0, (6.30) 
the last equation takes the form 
BV 4 + eV + VP, = 0 
with the family of classical soliton solutions 


ee — 
cosh(b(x — 29)/c) 


Note that the norm of the Fourier transform ||V;,+||;1 = Cb, where C is an 


Vis = 21/2 


absolute constant. Hence to have Vis bounded in L! uniformly in small o 
according to (6.30), we should take y; = —ao — b? oq with bounded b. 


If the universal resonance invariant multi-wavepacket involves two 
wavepackets (N = 2) and the nonlinearity F is cubic, i.e., Mr = {3}, 
the semilinear system PDE with averaged nonlinearity has the form 

















OU2,4. = —iLe(iV)U 2,4 + U2,4+(Q2,1,+U1,+U1,- + Q2,2,4U2,4U2,_), 
Uz, — = tLe(—iV)U2,_ + U2,- (Q2,1,-U1,+U1,- + Q2,2,-U2,4U2,_), 
OU1,4 = —iLa(iV)Ui,+ + U1,+(Q1,1,+U1,+U1,- + Q1,1,4U2,4U2,-), 
OU, = iL, (-iV)U1,~ + U1, (Q11,-U1,4.U1,— + Q1,1,-U2,+U2,—). 














Obviously, (6.13) holds with arbitrary 41, yo. 


Now let us consider quadratic nonlinearities. In particular, let us 
concider the one-band symmetric case wn (k) = w1(k) = wı(—k), ie, J = 1, 
Mr = {2}, and m = 2. Suppose that there is a multi-wavepacket involving 
two wavepackets with wavevectors k,1,k,2, i.e., M = 2. The resonance 
equation (3.24) takes now the form 


—w1 (kan alr C'ku) F Ç'wi (Ket) F CMW (Katy) = 0, (6.31) 


where l1,l9 € {1,2}, ¢,¢’,¢” © {-1,1}. All possible cases, and there are 
exactly four of them, correspond to the four well-known effects in the 
nonlinear optics: (i) lı = l2, €’ = ¢” and ¢’ = —¢” correspond respectively 
to second harmonic generation and nonlinear optical rectification; (ii) l 4 
lg, 6 = Gand ¢’ = —C” correspond respectively to sum-frequency and 
difference-frequency interactions. 

Let us suppose now that k,1,k,2 4 0 and wi(k.1) 4 0, wi(k.2) Æ 0, 
where the last conditions exclude the optical rectification, and that ką; 4 0 
and k,;,2k,;,0, k,1 +k.2 are not band-crossing points. Consider first the 
case, where the wavepacket is universally resonance invariant. 
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Example 6.7. Suppose there is a single band, i.e., J = 1, witha 
symmetric dispersion relation, and a quadratic nonlinearity F, i.e., Mr = 
{2}. Let us pick two points k,1 and k,2 # +k, and assume that k,; 4 0 
and k,;,2k,;,0, +k,1 + k,2 are not band-crossing points. Assume also 
that (i) 2wy(k.si) A w1(2kx), i, j,l = 1,2, so there is no second harmonic 
generation; (ii) wi(k.1) + wi(k.2) A wi1(k:1 + k:2), (no sum/difference- 
frequency interactions); (iii) w1(0) A 0, w;(k:1) + wi(k.2) # 0. Let set 
the nk-spectrum be the set S1 = {(1, kx1), (1, kx2)}. Then Sı is resonance 
invariant. 


























In this case, (6.31) does not have solutions. Hence A% y = Ø and the 
averaged nonlinearity equals zero. 


Now let us consider the case, where the wavepacket is not universal 
resonance invariant, but conditionally universal resonance invariant. In the 
following example, the conditionally resonance invariant spectrum allows 
for the second harmonic generation in the averaged system. 


Example 6.8. Suppose there is a single band, i.e., J = 1, witha 
symmetric dispersion relation, and a quadratic nonlinearity F, i.e., Mr = 
{2}. Let us pick two points k,1 and k,2 such that k,2 = 2k,1 and assume 
that kx; Æ 0 and ki, 2k,;,0, +k,; + k,2 are not band-crossing points. 
Assume also that (i) 2w1(k:1) = w1(2k,1) (second harmonic generation); 
(ii) wiki) + wj(ky2) A wi(ker + k2), i, 7,1 = 1,2 (no sum-/difference- 
frequencies interaction); (iii) w1(0) # 0, w;(k:1) + wi(k.2) A 0. Let set 
the nk-spectrum be the set S = {(1,k.1), (1, k.2)}. Then S is resonance 
invariant. The condition (6.19) is takes here the form 























201 (Ky1) — w1 (k2) = 0, 2k41 — kso = 0, 
and the condition (6.24) turns into 
2w1(k:1) = w1(k.2) = 0. 


The wavepacket interaction system for such a multi-wavepacket has the form 











U2, 4 = —iL2(tV)U 2,4. + Q2,2,+U1,+U1,+, 
U2, — = iLe(—-iV)U2,- + Q2,2,-U1,-U1,—, 
OU14 = 11, (iV)U 1,4 + Q1,2,+U2,+U1,—, 
O01,— = iLı(—iV)U1,- + Q1,2,-U2,-U1,4. 
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6.2. Invariance of multi-particle wavepackets. 


The following lemma shows that particle wavepackets are preserved under 
action of certain types of nonlinearities with elementary susceptibilities as 
n (4.20). In the following section, we show, in particular, that universal 
nonlinearities are composed of such terms. 


Lemma 6.9. Let the components Wi,.c = W), of wy =W),.--W),, 
be particle-like wavepackets in the sense of Definition 2.2, and let 


(m) + j 
1 BF) (Wx) be as in (6.5). Assume that 


wu elk, 8) =0 if lk—Ckuil > 85, C= 4, 0=1,...,m. (6-32) 





Assume that the vector index X € x y is such a vector which has at least 
one component À; = (Cj, lj) such that 


Vwn, (kat) = Von, (ku,). (6.33) 
Then for any r, € R? 
—ir,k L= we 
| Viele WC ka, AF og (Ws) Ib 


= (5) 
<C | Vie wi, lle] [wule 
tAj 


l-e m 
+Or (0 + — ) TD lls cle. (6.34) 
Q jel 
where C does not depend on rą and small p, o 


PROOF. Note that 
rk =r,(k’ +... + k™). 
We have by (4.22) 


—ir,k (m) 
Pre (Wy n= f a ip p glk, k) z 
0 sf ,7]?4 


x Ve YY (k, Ever (K') we com (KO (k, k)) A" 4Rdry. (6.35) 


Without loss of generality, we assume that in (6.33) l; = lm (the general 
case is reduced to this one by a re-enumeration of variables of integration). 
By the Leibnitz formula, 


Vkl[Y Yerik rm) T 


ne IG 7) = hh +b 13, (6.36) 
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where 
a 


Ty =| 7 Vk exp {iv ck, pE = irsk} wyt) (k, Ejek 
| Q ; 


0 [-r,n]j(m-1)4 


—ir,k(™ m Sie E > 
x win, (ke)... eT w ecm (KO (k, k) 4dr, 


I= J J Y exp fip, glk, FT irk} 


0 [-r,m](m-1d 
x [V«(W(k, ku, B®) a 2 (k, k))]e —ir,k’ wa (k’)... eir k™ 
x wy, com (KO) (k, pae Dakdr, 


T3 = = j J exp {ivy elk, Be - irk boy”? (k, kek’ 


0 [-x,r](m- nd 
~ir,k(™ m LY)\\q(m— T 
X Wig (K) o.. Vie E wey eem (k™ (k, Ea- Edn. 
Since w;,¢ are bounded, we have 
w co (kM) || zp < [w co (KOP) <Ci, 1 =1,...,m. (6.37) 
Using (4.8) and (6.37), we get 


emir” 


m—1 


m —ir,k(™ 
Zs} < Mx? TT Iw, ae f ivre OOM we emledr. (6-38) 
14 Ka 
gal 


From (6.37), (2.25), (3.13) and the smoothness of Y (k, ky, 8317F) we get 
Hal < C287" TT wie lle- (6.39) 
j= 


Now let us estimate Jı. Using (4.23), we obtain 


T 


"=j 


0 [-x,r](m-nd 


T =>. 
X al — OV kwn (k) + 6° Vkwn, (KO (k, k))] 





exp fi cle a) 


x rae (k, k) wi, cr(k’) .. -wi com (KO (k, &))d™-Y4Edry. (6.40) 
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The difficulty in the estimation of the integral J; comes from the factor 71/0 
since o is small. Since (6.32) holds, it is sufficient to estimate J, if 


|k = CD kun, | < 81 for all j. (6.41) 


According to (3.18), since À € A” 4, we have 


ni? 
kn) (Kinis kx) = kinin . 
Hence, using (6.33) and (4.23), we obtain 


Vig e(Kan, ’ ka) = [-OV wn, (kan) + CMV wns, (ke) (Ken, > k,)))] =0. 
(6.42) 
Using (3.2), we conclude that, in a vicinity of k, defined by (6.41), we have 
t|[—OVicew(k) + CO Vrw(k™ (k, &))]] < 2(m + 1)Ou 28€. 
This vields the estimate 
|| < C388 /o. (6.43) 
Combining (6.43), (6.39) and (6.38), we obtain (6.48). 














We introduce a -dependent Banach space Et of differentiable func- 
tions of variable k by the formula 


were.) = 8+ Vk w) + lwl. (6.44) 


We use for 2N-component vectors with elements w;(k) € E? the following 
notation: 


W(k) = (w1(k),...,wn(k)), 
Fe = (terete), wilk) = (wi (k),wi(k)), (645) 
ef KW(k) = (e1k wy, (k), re se TN Kw 1. (k)), 


Similarly to (5.6) we introduce the space (E+)? (F,.) with the norm 


Ille) = So roller: (6.46) 
1,0 


The following proposition is obtained by comparing (6.44) and (2.33). 


Proposition 6.10. A multi-wavepacket w is a multi-particle one with 
positions Yx1,..-,Txn if and only if 


IWllær2v g, < C, 


where the constant C does not depend on B, 0 < B < 1/2, and Ñx. 
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In view of the above, we call E!(r,) and (E')? (#,) particle spaces. 
We also use the notation 


Wow, = (TC, kis * (2) kes neig gl, kaim © /2)Wrm)s 


(m) MN) __ g l—E (m) Dr 
Fa ) = LA ki, B se Pa 
Lemma 6.11. Let wW,v € (El)N(f,) and p 080 yx) be as in 


(6.5). Assume that the vector index X € Ay 9 is such a vector which has at 
least one component A; = (¢;,1;) with l; =l. Assume that (1.9) holds 
and Y(-,k,, B®) is defined in (2.25). Let ||W||(e1)2v(z,) < 2R. Then 


hae 


lee < Créer) (6.47) 


where C does not depend on B, 0 < B < 1/2, and on f,, ru and T, is 


defined by (6.45). If [Vive < 2R the following Lipschitz inequality 
holds: 


JF) D Eu Mlle.) < Cr — Elements.) (6.48) 


where C does not depend on B, 0 < B < 1/2, and on Px, ru. 


Proor. Note that Wow; and W2V; are wavepackets in the sense of 
Definition 2.2. To obtain (6.47), we apply the inequality (6.34) and use 
(1.9); for the part of ue El-norm without k-derivatives we use (4.10). Using 


me we observe that 


multilinearity of F™ o Se 


T a à) 


n1,0,A,V2 71,0,X, Ya 
m 

Z (m) 

= ) Fa orne WAY Nains Va): (6.49) 
j=l 


We can apply to every term the inequality (6.34). Multiplying (6.34) by 
BIT and using (1.9), we deduce (6.48). 














Now we consider a system similar to (6.8), 
Vie = Fav vami d (F) + U(-, Ukra In oh, 1=1,...N,8=+, (6.50) 


where Fay,w.n,,9 is defined by a formula similar to(6.5): 


Faaa = D FE Ferg = D Fg (6.51) 


MEM F XeAm 5 
l> 





118 Anatoli Babin and Alexander Figotin 


The system (6.50) can be written in the form similar to (6.9) 
+ = Foye, (¥) + hy. (6.52) 


Theorem 6.12 (solvability in particle spaces). Let the initial data 
h in the averaged wavepacket interaction system (6.52) be a multi-particle 
wavepacket h(G,k) with the nk-spectrum S as in (2.39), regularity degree s, 
and positions ru, L= 1,...,N. Let lEn G.) < R. Assume that S is 
universally resonance invariant in the sense of Definition 3.8. Then there 
exists T4 > 0 which does not depend on Yx, 3, and o such that if Ta < Tax, 
Equation (6.52) has a unique solution ¥ in (E!) (#,) such that 


Ille.) < 2R, (6.53) 


where R does not depend on 0,3, and Y4. This solution is a multi-particle 
wavepacket with positions ry. 


PROOF. Since S is universally resonance invariant, every vector index 
`e Af o has at least one component À; = (¢j,1;) with 1; = 1. Hence 
Lemma 6.11 is applicable and, according to (6.48), the operator Fav, w, 
defined by (6.51) is Lipschitz in the ball ||¥||(g1y2n(¢,) < 2R with a Lip- 
schitz constant C’r,, where C” does not depend on ọ, 3,, and f.. We choose 
Tax SO that C’7,, < 1/2 and use Lemma 4.6. According to this lemma, 
Equation (6.52) has a solution ¥ which satisfies (6.53). This solution is a 
multi-particle wavepacket according to Proposition 6.10. 














Theorem 6.13 (particle wavepacket approximation). Let the initial 
data À in the integral equation (2.14) with solution à(r, 8; k) be an multi- 
particle wavepacket (B, k) with the nk-spectrum S as in (2.39), regularity 
degree s, and positions ru |=1,...,N, and let the components of (3, k) 
satisfy the inequality lEn.) <S R. Let Ta < Tax. Assume that S is 
universally resonance invariant in the sense of Definition 3.8. We define 
(T, 6; k) by the formula 

N 
eT, Bik) =X X Sie bik), leon, (6.54) 


(= CSa 





where Viw(T, 8; k) is a solution of (6.8). Then every such i(k; T, 6) is a 
particle-like wavepacket with position r and 
sup ||û(7, 2; k) — (7, 2; k)||z: < Cio + C26", (6.55) 
O<TKTx 
where the constant Cı does not depend on o, s, and B and the constant C2 
does not depend on 0, (. 
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PROOF. Let ¥ € (EL!) (#,) be the solution of Equation (6.52) which 
exists by Theorem 6.12. It is a particle-like wavepacket. Note that 


Wy kan, 8 °/2)U¢ kan, 8) = Y(kun, 87°) 
and a solution of (6.52) has the form %,9(7,3;k) = W(-,k.,1~*)[...]. 


Consequently, for such solutions V2vy = Vx the nonlinearity F ny (v) 
ni, 0, A, Y2 
coincides with the equation Y (-, ks, prr RD (Vx) and Equation (6.50) 
NL, Ù, 


coincides with (6.8). Hence Ÿ is a solution of (6.8). The estimate (6.55) 
follows from the estimates (6.11) and (5.49). 














Now, we are able to prove Theorem 2.10. 


Corollary 6.14 (proof of Theorem 2.10). If the conditions of Theorem 
2.10 are satisfied, the statement of Theorem 2.10 holds. 





PROOF. Note that the functions W7 (k, 7) = Y; oln, wû(K,T), 0 = +, 
in Theorem 5.7 are two components of @)(7,(0;k) in (2.45). Hence (5.51) 
implies that 


lû- w+ — W,-|lz < C’B®, O< BK< Bo, (6.56) 


where 4 are solutions to (5.5). According to (6.11), if %,9(k,7) is the 
solution of (6.8), we have 


ro — wolle < Co, b= lN: Ù = +. (6.57) 





Hence 
lû — H+ — Ville < Co+C'B°, O< B< Bo. (6.58) 


This inequality implies (2.46). We have proved that 9 is a particle- 
like wavepacket as in Theorem 6.13. The estimate (6.58) implies that û; 
is equivalent to 0%; = 4 + Ÿi,_ in the sense of (2.42) of degree sı = 
min(s, so). 














7. Superposition Principle and Decoupling 
of the Wavepacket Interaction System 


In this section, we give the proof of the superposition principle of [8] which 
is based on the study of the wavepacket interaction system (6.8). We 
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show that when we omit cross-terms in the averaged wavepacket interac- 
tion system, the resulting error is estimated by [In |, i.e., compo- 
nent wavepackets evolve essentially independently and the time averaged 
wavepacket interaction system almost decouples. 


Let Favn, be defined by (6.5), and let a decoupled nonlinearity 
Foy .n,0,diag be defined by 
Fay n1,0,diag(W) = 5 Pe, a diag(W) 
mEM Pr 
= (m) = 
= g F9 EN X)» (7.1) 
RERO 
where the set of indices An is defined by the formula 
SAH) CA ysl, calc (7.2) 


Note that 77) 


nd diag 1 (7.1) depends only on w;,+ and w;,— 


FE) ae) = Fo tag (WE), Wi = (Wi, Wi,-). (7.3) 


The coupling between different variables v; in (6.8) is caused by nondi- 
agonal terms 


Fax ni, coupl W) = Fay,n,,0(W) — Fav nid ,diag(W). (7.4) 
Obviously, Equation (6.9) can be written in the form 
V = Fav,,diag(V) + Fav,v,coup(¥) + fy, (7.5) 
The system of decoupled equations has the form 
Vaiag = Fav ,wdiag(Vdiag) + hy (7.6) 
or, when written in components, 
Vanne 1e DE lS le M (7.7) 


We prove that the contribution of Fr œ coup in (7.5) is small. The proof is 
based on the following lemma. 


Lemma 7.1 (small coupling terms). Let no EG za z) be as in (6.5), 


let all the components wy, of Wy satisfy (6.32) and be wavepackets in the 
sense of Definition 2.1, and let (1.9) hold. Assume also that: (i) the vector 
index X has at least two components À; = (Gi, li) and Aj = (Gj, lj) with 
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li A lj; (ii) both wy, and wy, are particle wavepackets in the sense of 
Definition 2.2; (iii) either (2.51) or (2.54) holds. Then for small 5 and o 
IF) ay Walla < Came [in £]. (7.8) 
PROOF. Since ką; are not band-crossing points, according to Definition 
3.1 and Condition 3.2 the inequalities (3.2) and (3.13) hold. According to 
the assumption of the theorem, at least two W,, are different for different 
j. Let us assume that l; = l1, lj. = lm, li # lm (the general case can be 
easily reduced to this one by relabeling variables). Since W;,and W,,, are 
particle wavepackets, they satisfy (2.33) with r replaced by rı} and r, 
respectively. Let us rewrite the integral with respect to 71 in (4.22) as 





(m) ae _ NOTA Hae 
FO) a5 (FT) = J J exp five glk, 25 pat (k, k)d Edr, 
0 Dm 
(7.9) 


where 
Am (k, k) = rad (k, k)wi, (k’) .. . wi, (KM), (7.10) 
and then rewrite (7.9) in the form 
(m) RE — p™) 
Fadi (W:)(k,T) = Fog (wi, ... Win (k,7) 


= I J exp, (k, k, T1, 0, r}, rin) A(k, k, rn, Tig AY tkdri, (7.11) 
0 D 


where 


en — 


3 


exp, (k, k, T1, Q, Kh Elm ) = exp {ive glk E)Z = ir), k’ = ir, ko” 


A(k, k, rn, ri) = tk eitim KT AU) (k, k). (7.12) 
According to (3.10), k™ (k, k) = k — k’ —...—k(™-)), Hence, picking a 


vector p with a unit length, we obtain the formula 
3: -Vw ex k,k,71, Tie) Tis, 
exp, (k, k, ™1,0,TI,; Pim) = UP Ve Pll FT GPF) (7.13) 
ilp: Ver Ge ek, k)Ti — op: (£un — Tin )] 
If we set 
g = Vipo glk Re) = View(C'KL) — Veen ™k™), (7.14) 


Cp = P+ ¥', qp = OP: (£h — Tim), 
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bo(k, k, 0,71) = (pT a) ES, (7.15) 
[P Ve Ye glk, k)ri — P+ (£u — rim )] 


then (7.13) can be recast as 


op: Vw exp, (k, k, Tı, 0, Pl, Pim) 


k, k = 
exp, ( »%,71, Q, tan.) i(CpT1 = dp) 


olk, k, 0, Ti): 


(7.16) 
If (2.51) holds, then y’ £ 0, and to get |cp| 4 0, we can take 
p=lpl "+, lepl = po > 0. (7.17) 
If (2.54) holds, we have y’ = 0, and we set 
P= (th = tia) (ru re). (7.18) 


Let consider first the case, where (2.51) holds. Notice that the denominator 
in (7.16) vanishes for 


Tio = K (7.19) 
Cp 
We split the integral with respect to 71 in (7.11) into the sum of two 
integrals, namely 


Fe (wi, ...Wi,,)(k, 7) = Fi + Fa, (7.20) 


Fy = J vemo; PT) 
IT10—71|2c081—*|InB| Dm 


x A(k, k, r1,,%1,,)d0" kd, 


F = feel En orarin) 
ÎTio—71l<coB1-€|In8| Dm 
x A(k, k, Tis rı, do" DdEdn, 
where co is a large enough constant which we estimate below in (7.28). 


Since w; are bounded in Æ and (2.48) holds, we obtain similarly to (4.10) 
the estimate 





= In 
Iles < Cond! jn 6) J Iwy le < CCD EPL (7.21) 


j=1 
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To estimate the norm of F}, we use (7.13) and integrate by parts the 
integral in (7.20) with respect to k’. We obtain 


Fy, = I(k,™)d71, (7.22) 


|T10—71|>61—* |In £| 


I(k ve ) 2 / oexp,(k, k, T1, Q, Tis Elm) 
on i(Cp71 — 0%) 


x p- Ve [OoA(k, K, ru , r, )] dt Yk. 


According to (7.10) and (3.10), the expansion of the gradient Vw in the 


. A à : 1 : (m) 
above formula involves the derivatives of y, 09, euE w, and e!m" w 


To estimate 09 and V6o, we note that 


bon* 


+ / — 
0o(k, k, Q, T1) ' (p = 4) 
(PPT — dp) +TP: [Vie elk, k) — | 
1 


=s ——— (7.23) 
1+ rp: (Ve — p] — qu) 


Since |r10 — T1| > co31~€ [In BI, from (7.19) we infer 
[CpTi — Gp] > CpCoB "7 |In 8. (7.24) 
From (6.32) we see that in the integral (7.22) the integrands are nonzero 
only if 
KO — OKP] < T081, |k — Cks| < mobi, (7.25) 


where 7 < 1. Using the Taylor remainder estimate for Vy Pegat ka, we 
obtain the inequality 


[Vi pe glk, k) — p'| < MCa 28. (7.26) 
Hence in (7.23) 
Iip: [Virge e(k, E) — p'1/(coni — ap) < 2M Cu,2/(cpcolln Bl). (7.27) 
Suppose that 8 < 1/2 is small and co satisfies 


MTkCw2 | MTCu2 — 1 
aa SS a 7: . 7.28 
| In | In2 z|rleo ( ) 
Then it follows from (7.23) with the help of (7.28), (3.2), (7.24) and (7.27) 
that 
|9o(k, E, @, 71) < 2. (7.29) 
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Obviously, 
—71 Ve [p (Ve ee glk, k) — p") 


Vw O0(k, k, 0, E E a 
(oTi — qll +r [Vip elk, 01/07 0)? 


(7.30) 
Using (7.27), (7.28), and (3.2), we obtain 
m Ar. > ATC u3 
Vw 00 (k, k, 0,7) < ——|Vx Vy. 2(k, k) — y’)]| < ——_.. 
Pb on) < Vu lp: (Virgoe Ë- ol < EE 
(7.31) 


To estimate Vwx, we use (3.13). We conclude that the absolute value of 
the integral (7.22) is not greater than 


4 Tx Cu m= 
pedis ap] T r1,,11,,)|A"- 4k 


|[T1Cp — qp 


20T» T a(m—-ljdz. 
= (fee Ate Erase. —Ddx 


[Frey — dp 
D 


AC, 2 0Tx ma 2 0Tx ie 
< ena (ik, -) + (Var — Vrm) x (k, +) 

IT1Cp — qp] IT1Cp — Gpl 
7 2orellx’™ (k, J [1 ik 

x [J wsllzs + Zer" LL wale Viwe w lz 
a |Ti Cp | j=2 
m—1 

ir (m) 

+ [lwll Vicon e" wml}. (7.32) 

j=l 


Note that ||w,||,: are bounded according to (2.27) and Vc imk yyy 
Vieira wi, by (2.33). Hence we obtain 


C20B7 1€ oC2 
Ik, 71)| << + ———_.. (7.33) 
T1Cp — qp 71€» — qp] 
Obviously, 
Tx —Qp/Cp d 

1 T: 
== 1: 1 
TiCp — dtm = — = 
IT1¢p — q| dri . a 

l71—Gp /Cp|>co84—*| In 6| ee 


lk = pl 
© ae | Ing] < 


1 
< jo | In 8| + nu < —[C + 2| 1n £|]. 
Cp Cp 


=(C+ | In" | In 8111) 
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Similarly, using (2.48), we get 


ÎTi1Cp — dp| dry 


|71—dp/Cp|2co8*~*| In £| 


Tx —Qp /Cp 


1 dt, 1 | 1 1 


~ ~ cot—=| In 8| An Qp/ Cp 


+ T G 
coB1—€|In £| 

p 1 C30 

Geo =| In b| ~ 871] In b| 


Hence we obtain for small 8 


j (wi ...Wm)(k,7)||z < Ca |l 6]. (7.34) 


e 
Now let us consider the case, where (2.54) holds, y’ = 0 and p is defined 
by (7.18). Turning to expression (7.23), we notice that 

1 
Bite 2 





CpTi — qp = —0|En —Tim|, TlepT1 — Gl < 
and, according to (7.26), 


[Var elk, k) — 9] < Cu, 
Then we estimate the denominator in (7.23) and (7.30) using (2.54): 


- 1 
mp: [Vere elk, k) — 9'/ (opts — ap)| < #Cu,28"*/(olt — Finl) < 5 
If 8 is so small that (7.28) holds, we again get (7.29) and (7.31). Hence we 
obtain (7.34) in this case as well (in fact, in this case, the logarithmic factor 
can be omitted). Finally, we obtain (7.35) from (7.34) after summing up 


over all X ; c 














Lemma 7.2. Let the nk-spectrum S be universally resonance invari- 
ant. Let the operators Fay.n,0(W), Fav,n,0,diag(V), and Fay.n,,0,coup be 
defined respectively by (6.5), (4.7), and (7.4). Let V, ||V\len < 2R, be a 
multi-wavepacket solution of (6.9) with the nk-spectrum S. Then for small 
b and o 


|| Fav,ni,9,coup(¥) || zx < de [in £l. (7.35) 


PROOF. According to (6.5), (7.1), and (7.4), Fay,n),0,coup involves only 
terms with \ € Ce NA “8 and it is sufficient to prove the estimate 


(7.8) for indices X € AY 9 ‘ ne Pa Such indices involve at least two 
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components A; = (Gi, li) and À; = (Cj, lj) with l; Æ l; since the nk-spectrum 
is universally invariant, see (3. 26). According to Theorem 6.13, the solution 
V is a particle-like wavepacket. Therefore, all the components of Vy are 
particle-like; (6.32) holds according to (5.11). Hence all the conditions of 
Lemma 7.1 are fulfilled and (7.35) follows from (7.8). 














Note now that every equation (7.7) is an approximation of Equation 
(4.6) with single-wavepacket initial data h;, namely 


tiy(k, T) = F(t) (k, 7) + hy(k). (7.36) 


One can apply to this equation Theorems 5.6 and 6.4 formally restricted to 
the case N = 1 of asingle wavepacket. Based on this observation and above 
lemma, we prove the following theorem which implies previously formulated 
Theorems 2.14 and 2.15. 


Theorem 7.3. Assume that the multi-wavepacket h= D hy is particle- 
like and its nk-spectrum is universally resonance invariant. Assume also 
that either (2.51) or (2.54) holds. Let û be asolution of Equation (4.6). Let 
à, be solutions of (7.36). Then the superposition principle holds, namely 


Ja- al] < cime + cs (737) 
l=1 


PROOF. Let Vaiag, be a solution of the decoupled system (7.7). We 
compare the systems (7.5) and (7.6). The difference between the systems 
is the term Fay n,,0,coup(¥). According to Theorem 6.12, the solution Ÿ is 
a particle-like wavepacket and we can apply Lemma 7.2. According to this 
lemma, (7.35) holds. Applying Lemma 4.6 to Equations (7.5) and (7.6) and 
using (7.35), we conclude that the difference of their solutions satisfies the 
inequality 

|v = Vaiag i|| E < Oe | In b| + C' Be, (7.38) 


According to Theorem 6.13, the inequality (6.55) holds, where Ÿ is a solu- 
tion of (6.9) which can be rewritten in the form of (7.5). From (6.55) and 
(7.38) we infer 


N 
ja E 2 Vaisga| <C Te | In 6] + Cib*. (7.39) 
l=1 
Note that Equation (7.7) for vaias 1 coincides with the averaged equa- 


tion (6.9) obtained for the wave interaction system derived for (7.36). There- 
fore, applying Theorems 5.6 and 6.4 to the case N = 1 and h = hy, we 
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deduce from (5.49) and (6.11) the estimate 
lû: — vaiagulle < C20 + C6. (7.40) 
Finally, from (7.39) and (7.40) we infer (7.37). 














7.1. Generalizations. 


In this section, we show that the particle-like wavepacket invariance can 
be extended to the case, where nk-spectra S are not universally resonance 
invariant. So, suppose that an nk-spectrum S' is resonance invariant and 
consider nonlinearities of the form similar to (6.5) 


Fres,nı,9 (W => AT, = m 
mEM F EAS 


(Wx), (7.41) 


where Aj, y € At » is a given subset of A”. Obviously, Fay defined by 
(6.5) has the form of (7.41) with Ah, a = Af’ y- Let us introduce a multi- 
wavepacket 


W = (Wr, 4) Wri: ++: Wnn,+s Wnn,—) (7.42) 
with the nk-spectrum S = {(m,0), /=1,...,N;0= +}. 

We call a subset S$’ C S sign-invariant if when it has (nı,0) as an 
element, then (ny, —0) is also its element. Suppose that S’ C S is sign- 
invariant. It is easy to see that if a set S’ C S is sign-invariant, then it 
is uniquely defined by a subset of indices I’ = I’(S’) c I = {1,..., N}, 
namely 








S' = {(m,0): LE T'(S'), 0 =+}. 


Definition 7.4. We call an index pair (ru, ie Group Velocity Matched 


(GVM) with Fres.n,,9 if every nonzero term E 18,60) in the sum (7.41) has 


an index X such that for at least one component A; = (¢9),1;) of this 
index the following equality holds: 


Von (ku) = Von, (ka; Ji (7.43) 
We call S” a GVM set with respect to the nonlinearity Fres defined by (7.41) 
if S’ C S is sign-invariant and every (nı, kx) € S’ is GVM. 


Obviously, if S is universally resonance invariant and Aj, y = A% y as 
in (6.5), then S is a GVM set and, in this case, 1; = Jp as in Definition 3.6. If 
S’ C Sis sign-invariant, we call a multi-wavepacket w as in (7.42) with the 
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nk-spectrum S = {(ny,0),1=1,...,N;0 = +} partially S’-localized multi- 
wavepacket if for every (ru,0) € S the wavepacket w,,,9 is a spatially 
localized with position r,;. Note that, according to Definition 2.7, if S’ = S 
and w is a partially S’-localized multi-wavepacket, then it is a multi-particle 
wavepacket. 


Theorem 2.10 on the particle-like wavepacket preservation can be gen- 
eralized as follows. 


Theorem 7.5 (preservation of spatially localized wavepackets). As- 
sume that the conditions of Theorem 2.9 hold, in particular the initial datum 
h= (6, k) is a multi-wavepacket with an nk-spectrum S. Assume also that 
S'CS is a GVM set, h = h(G,k) is partially S'-localized wavepacket with 
positions ru, | € T'(S'), and (2.47) holds. Then the solution a(7, 5) = 
G(F(p(B)), h(B))(r) to (2.14) for any T € [0, T4] is a multi-wavepacket with 
the nk-spectrum S and it is an S’-localized wavepacket with positions ru, 
Le I'(S’). Namely, (2.46) holds, where t is a wavepacket with the nk-pair 
(ru, ku) € S defined by (2.45), the constants C,C ,C2 do not depend on 
ry, and every ty, | € I'(S’), is equivalent in the sense of the equivalence 
(2.42) of degree sı = min(s, so) to a spatially localized wavepacket with po- 
sition ru. 


PROOF. The proof of the theorem is the same as the proof of Theorem 
2.10 since it used only the fact that a universally resonance invariant set 
is a GVM one, that allows us to apply Lemma 6.9. One also have to use 
the space (ET) (#,,.$") with the norm defined by the formula similar to 
(6.46): 


lileng, s) =X Willa +648 XO [Vue W,0) | z- 
= (5°) 


Lo Ÿ=+ ler (S 





(7.44) 
After replacing (£1)? (#,) with (ET) (#,,.$") we can literally repeat all 
the steps of the proof of Theorem 2.10 and obtain the statement of Theo- 
rem 7.5. 














Below we prove that the superposition principle can hold not only for 
universal resonance invariant multi-wavepackets, but for other cases allow- 
ing resonant processes such as the second and third harmonic generations, 
three-wave interaction, etc. Here we prove a theorem applicable to such 
situations, which is more general than Theorem 2.14. 
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Let us consider a multi-wavepacket with a resonance invariant nk- 
spectrum 


S= {(ru, ku), (= 1,...,N} 
as in (3.14), and assume that is the union of spectra Sp: 


S=SU...USx, N= if p£q. (7.45) 


Recall that resonance interactions are defined in terms of vectors À € A” 
(see (3.16), (3.17)). We call a vector À = ((¢/,11),...,(CO™,Im)) € A” a 
cross-interacting (CI) if there exist at least two indices (¢,1;) and (¢ , 1;) 
such that (¢ ,1:) € Sp (CP, lj) € Sp, with pi 4 pz. 


Definition 7.6 (partially GVM decomposition). We call the decom- 
position (7.45) partially GVM with respect to F defined by (7.41) if the 
following two conditions are satisfied: (i) every spectrum Sj, j = 1,...,K, 
is resonance invariant; (ii) a solution (m, Ç, n, À) € P(S) of the resonance 
equation (3.24) with CI vector À = ((¢’,l),..-,(C™,Im)) has at least two 
indices (¢,1;) € Sp, and (¢ ,1;) € Sp; with p; 4 p; such that both l; and 
lj are GVM with respect to F and 


[Vin (ku) = Vieni, (ku,)| a 0. (7.46) 


Now we use Lemma 7.1 for small coupling. Being given a partially 
GVM decomposition (7.45), we introduce the set of coupling terms between 
Sp; and Sp, as follows: 


amen = {X= (EC) eam, : 3 à x j such that lj € Sd; € Spy}, 
(7.47) 
We also introduce a set of interactions reducible to every Sp (block-diagonal) 
which is similar to (7.2): 


m,red _ am m,cou 
he o (17122 \A a (7.48) 


and the reduced operator 


Fav, ni d, rea (W) = 5 F aT FE) eal?) 
mEM Pr 


> = m a wz), (7.49) 


ed 
XEAT P 


where Aod is defined by (7.48). Note that if the set S is universal res- 
onance invariant and every Sp, is a two-point set {(+,1;),(4+,l:)}, then 
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An red = N ra We introduce also a partially decoupled, reduced system 


similar to (7.6) 
Vred = Fav, Y red (Vrea) =+ hy; (7.50) 
which can be rewritten in the decoupled form similar to (7.7): 


Vred,p = FE : red p(Vred, p) ar ha, Wp? p= Le -K (7.51) 


Now vred,p may include more than one wavepacket, namely 


Vred,p = DI (Vred)ni,0, Hisp = 5 (ho p= 1, ga se 


(n1,0)ESp (n1,0)ESp 
(7.52) 
The following theorem is a generalization of Theorem 2.14 on the superpo- 
sition. 
Theorem 7.7 (general superposition principle). Suppose that the 
initial data h of (2.14) is a multi-wavepacket of the form 


K 
h= Y bis; (7.53) 
p=1l 


where h is a multi-wavepacket in the sense of Definition 3.8 with a resonance 
invariant nk-spectrum S, he is a multi-wavepacket with a resonance in- 
variant nk-spectrum Sp, and the decomposition (7.45) is a partially GVM 
in the sense of Definition 7.6 with respect to the nonlinearity F defined by 
(6.5). Suppose also that (2.48) holds. Then the solution à = G(h) to the 
evolution equation (2.14) satisfies the approximate superposition principle 


K K 
g( >, fra) = 5 Ci) + D, (7.54) 
p=1l pal 


with a small remainder D(r) satisfying the following estimate: 


Fun ID(r)llz: < Creil, (7.55) 


where £ is the same as in Definition 2.1 and can be arbitrary small, T, does 
not depend on b, o, and €. 


PROOF. The proof of Theorem 7.7 is similar to the proof of Theorem 
7.3. The averaged system (6.9) can be written similarly to (7.5) in the form 
V = Faw, treal Y V) + Fav,Y,coupl Y ÿ)+h,. (7.56) 


Comparing now the systems (7.56) and (7.50), we find that the difference 
between them is the term Favm d,coup(V). According to Theorem 7.5, the 
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solution Ÿ is a spatially localized wavepacket and hence we can apply Lemma 
7.2 getting the inequality (7.35). Applying Lemma 4.6 to Equations (7.56) 
and (7.50) and using (7.35), we conclude that the difference of their solu- 
tions satisfies the inequality 


Ivo vople < C'l Bl + Cp = 1... K (7.57) 


According to Theorem 6.13, the inequality (6.55) holds, where Ÿ is a solu- 
tion of (7.56), and we infer from (7.57) 


K 
ji- Eves] < ozima as) 
p=1 


Similarly to (7.36) we introduce equation for tyea,p = G(hred.p) 
itreap(K, T) = F (ûrca,p) (k, 7) + Brea,p(k). (7.59) 

Applying Theorems 5.6 and 6.4, we infer similarly to (7.40) the inequality 
||Gred.p — Vred,pllz < C20 + Co5°. (7.60) 

Finally, from (7.58) and (7.60) we infer (7.55). 
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us evolution partial differential equations are presented. The nonautonomous 
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Introduction 
One of the major mathematical aspect in the study of evolution equations 
arising in different areas of mechanics and physics is the study of the final 
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behavior of solutions when time is large or tends to infinity. The related im- 
portant question concerns the stability of solutions as t — +oo or the nature 
of instability if a solution is unstable in some sense. Over the last decades, 
considerable progress has been achieved in the study of autonomous partial 
differential equations. For many basic autonomous evolution equations in 
mathematical physics it was shown that the long time behavior of solutions 
is characterized by finite-dimensional global attractors (see, for example, 
[119, 91, 9, 68, 40, 115] and the references therein). 


Nonautonomous evolution partial differential equations and their glob- 
al attractors are less studied. However, in the last decade, a notable advance 
was made in this perspective area of mathematical researches. In particular, 
the global attractor was constructed and studied for the nonautonomous 
2D Navier-Stokes system with external force depending on time t. We note 
that the process {U(t,7)} := {U (t, T) | t > T; t,7 € R} corresponds to this 
system. The mapping U(t,7) acts by the formula u(r) +> U(t, T)u(T) := 
u(t), where u(t) is a solution of the Navier-Stokes system with initial data 
u(r). The process {U(t,7)} is a two-parameter family of mappings acting 
in the phase space of the evolution equation. Therefore, the study of the 
behavior of solutions u(t) of the nonautonomous evolution equation as t > 
+oo is equivalent to the study of the corresponding process {U(t,7)} as 
t — +oo. Thus, in the study of solutions u(t) of nonautonomous equations, 
the processes {U(t,7)} play the same role as the semigroups {S(t),t > 0} 
in the study of solutions u(t) of autonomous equations as t — +00. 


In this paper, we deal with nonautonomous partial differential equa- 
tions and the corresponding processes {U(t,r7)}. Particular emphasis is 
placed to the study of the global attractor of the nonautonomous 2D Navier— 
Stokes system. 


In Section 1, we sketch out the general theory of global attractors of 
semigroups and consider some basic autonomous equations in mathematical 
physics. We also consider questions related to the dimension and ¢-entropy 
of invariant sets and present upper estimates for the fractal dimension and 
the e-entropy of global attractors of autonomous equations. We derive such 
estimates for the 2D Navier-Stokes system, the dissipative wave equation, 
and the complex Ginzburg-Landau equation. 


In Section 2, we study the uniform global attractors of general processes 
and nonautonomous equations. We note that, studying global attractors of 
such equations, there is a good reason to introduce a notion of the time sym- 
bol a(t). The time symbol of a nonautonomous equation is the collection of 
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all time-dependent terms of this equation. Along with solution dynamics, 
we study the symbol dynamics as t — +00. 


In Section 2, we formulate results concerning the existence of the uni- 
form global attractor A of the process {Us (t, T)} corresponding to a nonau- 
tonomous equation with translation compact symbol o(t). We also present a 
theorem on the structure of the set A. Then we consider the uniform global 
attractor A of the 2D Navier-Stokes system with time-dependent external 
force that is the symbol of this system. We study in detail the case, where 
the system has a unique bounded complete solution {z(t),t € R} attracting 
all other solutions {u(t),t > T} of the 2D Navier-Stokes system as t — +00 
with exponential rate. Similar problems for a nonautonomous dissipative 
wave equation and the nonautonomous Ginzburg-Landau equation are also 
considered. 


Many important questions related to the global attractors of nonau- 
tonomous equations and the corresponding processes were discussed, for 
example, in [73, 68, 34, 115] (see also the references therein), and in many 
papers cited in the Bibliography to this paper. 

As is known, the fractal dimension of the global attractor of a general 
nonautonomous partial differential equation can be infinite (see, the exam- 
ple at the end of Section 2). However, the e-entropy of the global attractor 
is always finite since the attractor is a compact set. 


In Section 3, we present estimates for the e-entropy of global attrac- 
tors of nonautonomous equations with translation compact symbols. We 
also consider applications to the nonautonomous 2D Navier-Stokes system 
and some other equations in mathematical physics. A particular attention 
is devoted to the case, where, for example, the external force of the 2D 
Navier-Stokes system is a quasiperiodic function in time with k rationally 
independent frequencies. In this case, the global attractor has finite fractal 
dimension and the upper estimate for its dimension has a summand k. This 
means that the fractal dimension can grow with no limit as k — oo. The 
corresponding examples are given. 


In Section 4, we study the global attractor À: of the 2D Navier-Stokes 
system with singularly oscillating external force of the form 


go(z,t) +e Pa(x/e,t), O<p<l, O<eX<l. 


The behavior of As as € — 0+ is discussed. A similar problem is studied in 
Section 5 for the nonautonomous complex Ginzburg-Landau equation. 
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1. Attractors of Autonomous Equations 


In this section, we briefly present fundamental results concerning the global 
attractors of semigroups corresponding to autonomous evolution equations. 
Details can be found in many books on infinite-dimensional dynamical sys- 
tems and attractors (see, for example, [74, 119, 68, 9, 91, 122, 50, 38, 
61, 112, 115, 34]). 


1.1. Semigroups and global attractors. 


We consider a general (nonlinear) semigroup {S$(t)} acting on E, where E 
is a complete metric space or a Banach space. In particular, E can be a 
closed subset of a Banach space. 


Definition 1.1. A family of mappings S(t) : E — E depending on 
the real parameter (time) t > 0 is called a semigroup acting on E and is 
denoted by {5(t)} if it satisfies the semigroup identity 


S(t1)S(t2) = S(ti + t2) Vti t2 > 0 (1.1) 


and 
S(0) = Id. (1.2) 


Hereinafter, Id denotes the identity operator. If S(t) is defined for any 
real ¢ and the identity (1.1) holds for any tı, t2 € R, the {S(t)} is called a 
group. 


Assume that a semigroup {S(t)} acts in a complete metric space or a 
Banach space E. Let B(E) be the collection of all bounded sets in E with 
respect to the metric in E. 

A semigroup {S(t)} is said to be (E, E)-bounded if S(t)B € B(E) 
for all B € B(E) and t > 0. A semigroup {S(t)} is said to be uniformly 
(E, E)-bounded if for every B € B(E) there exists Bı € B(E) such that 
S(t)B C Bı for all t > 0. 


We will consider dissipative dynamical systems. In application to gen- 
eral semigroups, the dissipation property means the existence of bounded 
or compact absorbing or attracting sets. 

A set Bo C E is said to be absorbing for a semigroup {S(t)} if for 
every B € B(E) there exists T = T(B) > 0 such that S(t)B C Bo for all 
t> T. A set P C E is said to be attracting for {S(t)} if for any B € B(E) 
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we have distg(S(t)B, P) — 0 as t +00, where 
distz(X,Y) = sup inf |ly—allz, X,Y C E, (1.3) 
ex YEY 


is the Hausdorff (nonsymmetric) distance between sets X and Y. It is clear 
that any absorbing set is attracting. 


A semigroup {S(t)} is said to be compact if there exists a compact 
absorbing set P € E for {S(t)} and asymptotically compact if there exists 
a compact attracting set K € E. These notions reflect the dissipativity of 
dynamical systems under consideration. 

A semigroup {S(t)} is (E, E)-continuous if every mapping S(t), t > 0, 
is continuous from EF into E. 

The behavior of a semigroup {$(t)} as t — +00 can be described in 
terms of global attractors. 


Definition 1.2. A set A € B(E) is called a global attractor for {S(t)} 
if it possesses the following properties: 

1) A is compact in E (A € E), 

2) A is an attracting set for {S(t)}, i.e., diste(S(t)B,A) — 0 as t > 
+oo for every B € B(E), 

3) A is strictly invariant with respect to {S(t)}, i.e., S(t)A = A for 
all t > 0. 


As was shown in [9], the global attractor A for {S(t)} is the maximal 
bounded invariant set for {S(t)} (see also [88, 89, 91]). This means the 
following: if Y € B(E) and S(t)Y = Y for all t > 0, then Y C A. This 
implies, in particular, the uniqueness of a global attractor for {S(t)}. 


Definition 1.3. For a bounded set B € B(E) the set 
w(B) = N | U S()B] (1.4) 
R>0 t>h 


is called an w-limit set for B. Here, [-] denotes the closure in E. 


We formulate the classical attractor existence theorem. 


Theorem 1.1. Let {S(t)} be a continuous semigroup in a complete 
metric space E, and let {S(t)} have a compact attracting set K € E. Then 
{S(t)} has a global attractor A (A C K). The attractor A coincides with 
w(K): A=w(K). (If E is a Banach space, then the set A is connected). 
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The proof can be found, for example, in [9, 119]. 


We need one more notion to describe the general structure of a global 
attractor. A curve u(s), s € R, is called a complete trajectory of a semigroup 
{S(t)} if 

S(t)u(s) =u(t+s) VseER, te Ry. (1.5) 


Definition 1.4. The kernel K of a semigroup {$(t)} consists of all 
bounded complete trajectories of {.S(t)}: 


K = {u(-) | u(s) satisfies (1.5) and ||u(s)|| g < Cu for s € R}. 


Definition 1.5. The kernel section at time s € R is the set in E 
defined by the formula K(s) = {u(s) | u € K}. 


Remark 1.1. The kernel K of {S(t)} corresponding to an autonomous 
equation (see Section 1.2) consists of all solutions u(t) that are determined 
on the entire time-axis {t € R} that are bounded in Æ. The kernel includes 
equilibrium points, as well as periodic, quasiperiodic, and almost periodic 
orbits. Heteroclinic and homoclinic orbits belong to K and, in general, the 
structure of K can be extremely complicated even with chaotic behavior of 
its elements. 


Theorem 1.2. Under the assumptions of Theorem 1.1, the global at- 
tractor A of the semigroup {S(t)} coincides with the kernel section 
A = K(0), (1.6) 


where 0 can be replaced with any s € R. 


The proof can be found, for example, in [9]. 


In the following sections, we apply Theorems 1.1 and 1.2 to different 
semigroups {S(t)} corresponding to different partial differential equations 
in mathematical physics. 


1.2. Cauchy problem and corresponding semigroup. 


For the sake of simplicity, we suppose that Æ is a Banach space. Let {S(t)} 
act on the entire Banach space E. Such semigroups are usually generated 
by evolution equations of the form 


du = A(u), (1.7) 


where A is a (nonlinear) operator defined on a Banach space E1 and A 
maps £ into a Banach space Ep. We suppose that EF C E C Eo, where 
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all the embeddings are dense. We now construct the semigroup {S(t)} 
corresponding to Equation (1.7) and acting on E. 


Assume that for arbitrary vo € E Equation (1.7) with initial data 
iho te (1.8) 


has a unique solution u(t), t > 0, such that u(t) € E for all t > 0. The 
meaning of the expression “u(t) is a solution of the Cauchy problem (1.7), 
(1.8)” should be clarified in each particular case. Usually, for every fixed 
T > 0 the solutions u(t), 0 < t < T, of (1.7) are taken from the class Fr 
of functions such that u(-) € Læ(0,T; E) and u(-) € L,(0,T; E1), where 
E; is the Banach space on which the operator A is defined and 1 < p <S 
oo. Moreover, A(u(-)) € Lg(0,T; Eo) for some 1 < q < œ and Gu(-) € 
L,(0,T; Eo) (the derivative is taken in the sense of distributions). In this 
case, Equation (1.7) is understood as equality in L,(0,T; Eo). Thus, u(t) 
satisfies (1.7) in the sense of distributions in D’(|0,T |; Eo) (see [96, 9] for 
details). Using embedding theorems (see, for example, [95, 117]), one can 
show that u(t) € Cy({0, T]; E) and even u(t) € C([0, T]; E) and (1.8) makes 
sense: u(t) — uo weakly or strongly in E as t > 0+. Moreover, u(t) € E 
for every t € [0,7]. In special cases, it is convenient to take the space Ep 
sufficiently large since the extension of E does not cause any difficulties, but 
facilitates the verification of the conditions A(w) € Eo and Qju € Eo. 


The operators S(t): E — E generated by Equation (1.7) are usually 
defined as follows. For arbitrary uo € E we consider the solution u(t), t > 0, 
of the problem (1.7), (1.8). For all 7 > 0 the element u(r) of the space E is 
uniquely determined. Therefore, the formula 


S(T) : uo = uļjt=0  Ulter (1.9) 


defines the family of mappings {S(r), T > 0}, S(T): E — E. These 
mappings form a semigroup. Indeed, suppose that vo € E, vı = S(ti)vo, 
tı > 0, and vo = S(t2 + t1)vo, t2 > 0. It is obvious that vo, vı and v2 are 
the values of the solution u(-) € Fet, at t = 0, t = tı, and t = to + tı 
respectively. Consider the function u(t) = u(t + tı), t € [0,t2]. Since 
u(-) € Fiy4t,, it follows that u1(-) € F4,. It is clear that w(t) is a solution 
of Equation (1.7). It is obvious that u1l#=0 = vı and wils=4, = v2, i.e., 
va = S(t)v1 by the definition of {S(t)}. Hence S(t2)S(t1)u9 = S(t2 + t1)vo 
for all vo € E and the semigroup identity (1.1) is proved. 

Below, for particular equations of the form (1.7) we only formulate 
the existence and uniqueness theorems and specify a space or a set where 
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the semigroup {5(t)} acts. We assume that operators S(t) are defined by 
formula (1.9). 


1.3. Global attractors for autonomous equations. 


1.3.1. 2D Navier-Stokes system. The Navier-Stokes system is prob- 
ably the most popular example of a partial differential equation having a 
global attractor. A considerable part of the theory of infinite-dimensional 
dynamical systems has been developed from this example. 

We consider the autonomous 2D Navier-Stokes system in a bounded 
domain Q € R? 


Aut X wd, ¡u = vAu — Vp + g(x), 
(V, Pan ulaz =0, (a1, 22) EQ, 


(1.10) 


where u = u(x,t) = (ul(x,t),u?(x,t)) is the velocity vector, the scalar 
function p = HG t) is the pressure, v is the kinematic viscosity coefficient, 
and g = g(x) = (g'(a),g?(a)) is the forcing term. 

We denote by H and V = H! the closure of the set V = {v | v € 
(C§°(Q))?, (V,v) = 0} in the norms |- | and ||- || of the spaces (L2(Q))? 
and (H4(Q))? respectively. Recall that 

2 
ul? = Vu? =X f Vetle) Pan. 
i=1 ÿ 


2 


We denote by P the orthogonal projection from (L2(Q))* onto H or an 


extension of H. 


Excluding the pressure, we can write the system (1.10) in the form 


Ou + vLu + B(u,u) = go(x), (1.11) 


2 A 
where L = —PA, B(u,v) = P YS u'0z,0, go = Pg. 
i=1 
Denote by V’ = V* the dual of V. The Stokes operator L, considered 
as an operator on V N(H?(Q))?, is positive and selfadjoint. The minimal 
eigenvalue À of L is positive. Suppose that g(-) € H. The initial conditions 
are posed at t = 0 : 


uli=o = uo(x), Uo € H. (1.12) 


The operator L is a bounded operator from V into V’. 
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Consider the trilinear continuous on V form 


b(u, v, w) = (Blu, v), w) = a u'r, viw dx, 
g = 
where the operator B maps V x V into V’. The form b satisfies the identities 
b(u,v, v) =0, b(u, v, w) = —b(u,w,v) Yu, v,w E V (1.13) 
and the estimate (see [87, 117]) 
blu, u, v)| < éfulllullell Yu, v € V; (1.14) 
where the constant co can be taken from the inequality 
Ile < AFE, fe RO, co = e (1.15) 


The constant c (and co) is independent of Q. In particular, from (1.14) it 
follows that 

|B(u, u)|vr < clulllul. 
Thus, if u € La(0,T; V) N Læl(0,T; H), then —vLu — B(u,u) + g(x) € 
L2(0,T; V’), Equation (1.11) can be considered in the sense of distributions 
in the space D'(0, T; V’), and Ou € La(0, T; V’). 


Proposition 1.1. The problem (1.11), (1.12) has a unique solution 
u(t) € C(Ry;H) 9 LÈC(R,;V), Qu € LI(R}; V’), and the following 
estimates hold: 


u(t)? < Ju(0)| e> + vx 219, (1.16) 

u(t)? + vf l|u(s)|[?ds < [u(0)|? + ty A~" |g)’, (1.17) 
0 

tlu)? < C(e, |u(0)|*), (1.18) 


where À = Aq is the first eigenvalue of the Stokes operator L and C(z, R) is 
a monotone continuous functions of z = t and R. 


The existence and uniqueness theorem is a classical result. A detailed 
proof can be found in [87, 96, 117, 9, 40]. 

Thus, there exists a semigroup {S(t)} acting in H, i.e., S(t): H — H 
for t > 0, and corresponding to the problem (1.11), (1.12), i.e., S(t)uo = 
u(t), where u(t) is a solution of (1.11), (1.12). 


Proposition 1.2. The semigroup {S(t)} corresponding to the problem 
(1.11), (1.12) is uniformly (H, H)-bounded, compact, and (H, H)-continuous. 
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A detailed proof can be found, for example, in [9, 119]. The existence 
of a bounded absorbing set follows from (1.16) (see also Section 2.6.1 below, 
where a nonautonomous system is considered). By Propositions 1.1 and 1.2, 
the semigroup {.$(t)} satisfies all the assumptions of Theorem 1.2. 


Theorem 1.3. The semigroup {S(t)} corresponding to the problem 
(1.11), (1.12) has a global attractor A which is compact in H and coincides 
with the kernel section, i.e., A = K(0). 


Introduce a dimensionless number, called the (generalized) Grashof 
number, by the formula 
lgl 
21 
It plays an important role in the analysis of the structure of A. 





Proposition 1.3. Suppose that 
G< les, (1.19) 
where co is the constant from the inequality (1.14). Then Equation (1.11) 


has a unique stationary solution z € V, and this solution is globally asymp- 
totically stable, i.e., A = {z}. 


PROOF. It is well known that Equation (1.11) has a stationary solution 
z (see, for example [117]), vLz + B(z,z) = g. By (1.17), 





lz? = |V2]? < FI (1.20) 
v2 Ài 


Every solution u(t) of Equation (1.11) can be written as u(t) = z + v(t), 
where v(t) satisfies the equation 
dev + vLv + B(v, v) + B(v, z) + B(z,v) =0. 
Multiplying by v and using (1.14), (1.13), the inequality |v| < Xl? 
and (1.20), we find 
alul? + A = v, z) < eave 


—1/2 = 
GAL al < 26AT glll’. 


oll, 


Finally, 
dot? + 2(v = AT wg) llel? < 0. 
Hence 
alut)? + alv(t)|? < 0, 
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lgl 
v2\ 
WWE)? = juft) — z|? < Ju(0) — 27e. 
Consequently, the stationary solution is unique and asymptotically stable, 
and À = {z}. 


Remark 1.2. The inequality (1.15) was originally proved with c < 


16 \1/4 
21/4 in [87]. It is known [109] that c < (=~) . As was shown in [16], 
T 
8 


the constant cå in (1.14) can be taken as c = 7 = (= 


where a = 2(v — 2A; 'v—|g|)A7* > 0 since =G < c”. This implies 

















1/2 
) . Therefore, 
the attractor A is trivial if G < 3.2562. 


If the Grashof number G = |s| 
v2\ 


Stokes system can tend, as t — +0, to an attracting set much more com- 
plicated than a stationary solution. Such a situation is plausible by the 
physical evidence and simulation results. Respectively, the structure of the 
global attractor A can be very complicated and, possibly, chaotic (see, for 
example, [58, 59, 60]). In Section 1.4.2, we study upper bounds for the 
dimension of the global attractors of the Navier-Stokes equations which de- 
pend of the Grashof numbers. Roughly speaking, flows can be described by 
a finite (possibly, very large) number of parameters, despite the fact that 
the system is infinite-dimensional. 





is large, the solutions of the Navier— 


1.3.2. Wave equation with dissipation. We consider the hyperbolic 
equation 


3u + yu = Au — f(u) + g(x), ulag =0, 2 EQ ER”, (1.21) 


with the damping (dissipation) term yôu, y > 0. We assume that g € 
L2(Q) and the nonlinear function f(v) € C1(R) satisfies the conditions 


F(v) > —mv? — Cm, F(v) = f floyd, (1.22) 
0 


f(v)u —nF(v) + mv? > -Cm VUER, (1.23) 
where m > 0, yı > 0, and m is sufficiently small (m < À1, where À is the 
first eigenvalue of the operator —A with zero boundary conditions). 

Remark 1.3. The conditions (1.22) and (1.23) are satisfied, for ex- 
ample, if 
; lim inf ee) =a) 


|v] 00 Vv 


FO) . 4 


2 T ti 


> 0. (1.24) 


lim inf 
julaco v 
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Assume that p is positive and p < 2/(n—2) for n > 3 and pis arbitrary 
for n = 1,2. We also assume that 


|f’(v)| < Co(1 + |ul?). (1.25) 


The case p < 2/(n — 2) for Equation (1.21) was studied in [71, 64] 
and other works. The case p = 2/(n — 2) was considered in [9, 90, 2] (see 
also [55, 66, 111]). Here, we discuss the case p < 2/(n — 2). 


Remark 1.4. Nonlinear hyperbolic equations of type (1.21) appear 
in many branches of physics. For example, the dynamics of a Josephson 
junction driven by a current source is simulated by the sine-Gordon equation 
of the form (1.21) with 


f(u) = Bsinu. 
It is clear that the inequality (1.24) holds. Another important example is 
encountered in relativistic quantum mechanics with the nonlinear term 


f(u) = |ulPu. 


In this case, F(u) = |ul|?t?/(p + 2) and the inequality (1.24) holds with 
yı = 1/(p + 2) (see [119] and the references therein). 


From (1.25) it follows that 
LC) < Ci + fujt). (1.26) 
By the Sobolev embedding theorem, 
Hj (Q) € La(p+1)(Q). (1.27) 


For n = 1,2 it is valid for any p. For n > 3, by the above assumptions, 
2(p + 1) < 2n/(n — 2), where 2n/(n — 2) is the critical exponent in the 
Sobolev embedding theorem. 

Suppose that u € Ls(0,T'; H4(Q)) and Gu € Lao(0, T; La(Q)). Then 
Au € Lx(0,T;H~1(Q)) and f(u) € Lx(0,T;L2(Q)) in view of (1.27). 
Therefore, —yOu + Au — f(u) + g(x) € Lo(0,T;H~'(Q)) and Equa- 
tion (1.21) can be considered in the sense of distributions in the space 
D’(0,T; H~1(Q)). In particular, 0?u € Lx(0,T; H~'(Q)) (see [96]). 


The initial conditions are posed at t = 0: 
ult=o = Uo(Z), Ault=o0 = po(x). (1.28) 


Proposition 1.4. If uo € Hj(Q) and po € L2(Q), then, under the 
above assumptions, the problem (1.21), (1.28) has a unique solution u(t) € 
CR: H}(O)), ult) € C(Ry; La(N), Gult) € Loo (Ry; (0). 
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We write y(t) = (u(t), Ou(t)) = (u(t), p(t), yo = (uo, po) = y 
for brevity. We denote by E the space of vector-valued functions y(x) 
(u(x), p(x)) with finite energy norm ||y||?, = |Vul? + |p|? in E = H4 (Q 
L2(Q). Then y(t) € E for every t > 0. 

The unique solvability of the problem (1.21), (1.28) in the energy space 
E and properties of solutions are established in [96, 9, 119, 68] (see also 
[34] for more general cases). 


The problem (1.21), (1.28) is equivalent to the problem 


(0) 


x 


du = p, 
dp = —yp + Au — f(u) + g, 
ult=0 = Uo,  Pli=0 = Po, 
which can be written in the short form as 
dy = Aly), yli=o = Yo. (1.29) 
Thus, if yo € E, then the problem (1.21), (1.28) has a unique solution 


y(t) € Ca(R+; E). This means that the semigroup {5(t)}, S(t)yo = y(t), is 
defined in Æ. 


Proposition 1.5. The semigroup {S(t)} corresponding to the problem 
(1.21), (1.28) is bounded, asymptotically compact, and (E, E)-continuous. 


We will come back to this assertion in Section 2.6.2, where more gen- 
eral nonautonomous hyperbolic equations are considered. 


Theorem 1.2 and Proposition 1.5 imply the following assertion. 
Theorem 1.4. The semigroup {S(t)} corresponding to the problem 


(1.21), (1.28) has a global attractor A which is compact in E and coincides 
with the kernel section, t.e., A = K(0). 


1.3.3. Ginzburg-Landau equation. This equation serves as a model in 
many areas of physics and mechanics [84, 86], for example, in the theory of 
superconductivity. The complex Ginzburg-Landau equation has the form 


du = (1 + ai)Au + Ru — (1+iB)luu, ce ER". (1.30) 
We consider the case of periodic boundary conditions in Q =]0,27[" or zero 
boundary conditions ulgq = 0 in an arbitrary domain Q € R”. In (1.30), 


u = u! +iu?, a, 8B € R are the dispersion parameters, and R > 0 is the 
instability parameter. For u = (u!,u?)! we have 


du! = Au! — aAu? + Ru! — (\u?|? + ut?) (ut — Bu?), 
du? = aAu’ + Au? + Ru? — (Jut? + ut?) (But + u’) 





(1.31) 
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or, shortly, 
du = aAu+Ru — f(u), (1.32) 


_ {1 =å __Lofl =B ; ; 
where a = (; 1 ) and f(u) = |u| G 1 Ju Consider the Jacobi 


matrix of f(u) 
fu(u) 


= ( 3(u°)? — 26(u*)(u?) + (u?)?  —B(u*)* + 2(u?) (ut) — 38(u°)° 
38 (ut)? + 2(u?)(u*) + B(u?)? (ut)? + 26(u!)(u?) + 3(u?)? 
(1.33) 


Denote by B the matrix of the bilinear form corresponding to the matrix 
on the right-hand side of (1.33): 


B- Gx — 2B(ut)(u?) + (u?)? But)? + 2(u?)(ut) — ee) | 
But)? + 2(u?)(u*) — B(u?)? (u)? + 28(ut)(u?) + 3(u?)? 
The diagonal elements of B are positive if |G| < V3. Moreover, 
det B = (3 — 6?)((ut)? + (uj?) = (3 — 6)hul4 
is also positive. Thus, the matrix B is positive definite. Therefore, 
fu(u)v-v > 0 Vu, v € R? (1.34) 
if |B| < v3. 


We use the spaces H = L2(9; C), V = Hi (Q; C), and Ly = L4(O;C). 
The Cauchy problem for Equation (1.32) with initial data 


ul:=o = w(x), Uo(-) € H, (1.35) 
has a unique weak solution u(t) := u(x, t) such that 
u(-) € C(R:; H) A LR; V) A LR, ; La), (1.36) 


and u(t) satisfies Equation (1.32) in the sense of distributions in the space 
D'(R4; H7”), where H7” = H~” (Q; C) and r = max{1,n/4} (recall that 
n = dim(Q)). In particular, &u(-) € L2(0, M; H7) + L4/3(0, M; L4/3) for 
any M > 0. The existence of such a solution u(t) can be proved, for example, 
by the Galerkin approximation method (see, for example, [119, 9, 34]). 
The proof of the uniqueness theorem is also standard and relies on the 
inequality (1.34). If (1.34) fails, the uniqueness theorem for n > 3 and 
arbitrary values of the dispersion parameters œa and 5 was not proved yet 
(see [101, 102, 136] for known uniqueness results). 
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Any solution u(t),t > 0, of (1.32) satisfies the differential identity 


ld 
SOIF +liva@l? + uO li, — RIuGOIF=0 vt>0, (1.37) 
where the real-valued function || u(t) 


Here, ||- || denotes the L2-norm in H. 


||? is absolutely continuous for t > 0. 


The proof of (1.37) is similar to that of the identity for weak solutions 
of the reaction-diffusion systems considered in [32, 34, 129]. 

Equation (1.32) generates a semigroup {S(t)} in H which is (H, H)- 
continuous and compact (see, for example, [119, 34]). By Theorem 1.1, 
there exists a global attractor A of this semigroup. It describes the long 
time behavior of solutions of the Ginzburg—Landau equation. As is known, 
the dynamics of this system is chaotic for certain values of parameters, for 
example, aß < 0 (see [10, 46]). However, in Section 1.4.2, we show that 
the dimension of the global attractor of the Ginzburg-Landau equation is 
finite. 


We consider the case |6| > v3, where (1.34) is not longer valid. If 
n = 1,2, it is still possible to construct a semigroup in H = (L2(Q))? with 
a compact global attractor (see [63, 119]). If n > 3, it is possible to prove 
the existence of a global attractor in L, = (L,(Q))?, p > n, provided that 
(a, 3) € P(n), where P(n) is a subset of C (see [46, 47, 103, 101] for 
details). 

Thus, we see that if (1.34) fails and |8| < V3, there is an obstacle for 
constructing a semigroup and studying a global attractor. Fortunately, this 
obstacle can be removed by using another approach based on the so-called 
trajectory attractors (see [34, 129]). In particular, this method works for 
the Ginzburg-Landau equation with arbitrary n, a, and f. 


The inhomogeneous Ginzburg-Landau equation 
du = (1 + ai)Au + Ru — (1 +iB)lu[?u + g(x), g € L2(Q;C), 
is also considered in applications, where, for example, g(a) = 6 exp(ik - x), 


k € Z”, 6 > 0. This equation generates a semigroup, and Theorem 1.1 is 
applicable. 


1.4. Dimension of global attractors. 


In this section, we present some known results concerning the dimension 
of global attractors of autonomous evolution equations. Upper and lower 
dimension estimates are discussed in detail in [119] and [9] (see also [37, 3]). 
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1.4.1. Dimension of invariant sets. We define the Kolmogorov e- 
entropy of a compact set X in a Hilbert (Banach) space Æ. We denote by 
N.(X, E) = N-(X) the minimum number of open balls in E with radius € 
which is necessary to cover X : 


N 
N.(X) := { min N IxcU B(ai,e)}. 
i=l 
Here, B(x;,e) = {x € E | x — a;||z < €} is the ball in E with center z; 
and radius €. Since the set X is compact, N-(X) < +00 for any € > 0. 


Definition 1.6. The Kolmogorov e-entropy of a set X in the space E 
is the number 


H.(X, E) := H.(X) := logy N.(X). (1.38) 


For particular sets X, the problem is to study the asymptotic behavior 
of H.(X) as € — 0+. This characteristic of compact sets was originally 
introduced by Kolmogorov and was studied in [83], where the ¢-entropy 
was considered for different classes of functions. An important notion of 
the entropy dimension of a compact set was also introduced there. This 
dimension is often referred to as the fractal dimension. 


Definition 1.7. The (upper) fractal dimension of a compact set X 
in E is the number 


ak Died Stee 


ees baa (1.39) 


The fractal dimension of a compact set in an infinite-dimensional 
space can be infinite. However, if 0 < dr(X) < +00, then H:(X) ~ 
dp(X)log,(1/e). Therefore, in this case, N-(X) & (1/e)4*™ points are 
required for approximating the set X with accuracy €. 

Another important characteristic of a compact set X is the Hausdorff 
dimension 

dy (X) := inf{d | u(X, d) = 0}, 
where u(X,d) = inf ` rf and the infimum is taken over all coverings of 
the set X by balls B(x;,r;) with radii r; < € (see [120]). Apparently, 
du(X) < dr(X), and there are examples of sets such that dy (X) = 0 but 
dr (X) = +00. 

In this paper, we deal only with the fractal dimension because it is 
closely connected with the £-entropy of compact sets. 
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Remark 1.5. The fractal and Hausdorff dimensions are very useful 
for studying the structure of “nonsmooth” sets, for example, the selfsimilar 
sets or fractals. The simplest example of such a set is the Cantor set K on 
the segment [0, 1] for which dr(K) = dy(K) = log; 2 < 1. For a compact 
smooth manifold the fractal (and Hausdorff) dimension is equal to the usual 
dimension and thereby is an integer. The example of the Cantor set shows 
that the fractal dimension is not necessarily integer. 


Consider the £-entropy and fractal dimension of strictly invariant sets 
and global attractors of autonomous evolution equations of the form (1.7). 
Let the Cauchy problem (1.7), (1.8) generate a semigroup {S(t)} acting in 
a Hilbert space E (see Section 1.1). Consider a compact set X € E. Let 
the set X be strictly invariant with respect to {S(t)}, i.e., S(t)X = X for 
all t > 0. (For example, X = A, where A is the global attractor.) We 
assume that the semigroup {S(t)} is uniformly quasidifferentiable on X in 
the following sense: for any t > 0, u € X there is a linear bounded operator 
(quasidifferential) L(t,u) : E — E such that 


I|S(t)o1 — Sv — L(t, u)v = v) [le < yll = alle, Hlev: = vile (1.40) 


for all v,u1 € X and y = qy(£,t) — 0+ as € — 0+ for every fixed t > 0. 
Assume that the linear operators L(t,u) are generated by the variational 
equation for (1.7) which we write in the form 


Ow = Au(u(t))v, vito = vo € E, (1.41) 


where u(t) = S(t)uo, uo € X, Au(-) is the formal derivative in u of the 
operator A(-) in (1.7) and the domain E; of the operator A,,(u(t)) is dense 
in Æ. We also assume that for every uo € X the linear problem (1.41) 
is uniquely solvable for all vọ € E. By assumption, the quasidifferentials 
L(t, uo) in (1.40) act on a vector vo by the rule L(t, uo)vo = v(t), where v(t) 
is a solution of Equation (1.41) with initial data vo. 

Let j € N, and let L : E1 — E be a linear (possibly, unbounded) 
operator. The j-trace of the operator L is the number 


J 
Tr;L:= sup X (Lyi, pi), (1.42) 
{pif i=1 


where the infimum is taken over all orthonormal in Æ families of vectors 
{vi }i=1,...,j belonging to E1 and (4,4) denotes the inner product of w and 
yin E. 
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Definition 1.8. We set 
T 


Se . 1 . 
qj := limsup sup = / Tr;Au(u(t))dt, j =1,2,..., (1.43) 
T—+œ uoEX T A 


where u(t) = S(t)uo. 


Theorem 1.5. Suppose that a semigroup {S(t)} acting in E has a 
compact strictly invariant set X and is uniformly quasidifferentiable on X. 
Let q S qj, j = 1,2,3, ..., where qj are defined in (1.43). Suppose that qj 
is concave in j (like N). Let m be the smallest integer such that qm+1 < 0 
(then, clearly, qm 2 0). Let 


d=m+ — 1. (1.44) 
dm — m+1 
Then X has the finite fractal dimension and 
dr(X) <d. (1.45) 


Furthermore, for every 6 > 0 there exist real numbers n € (0,1) and £o > 0 
such that for the c-entropy H(X) of X the following estimate holds: 


H.(X) < (d + 0) loga (£0/ne) + He (X) Ve < €. (1.46) 


This theorem is proved in [34]. The proof is based on the study of 
the volume contraction properties under the action of the quasidifferentials 
of semigroup operators. Estimates, similar to (1.45), for the Hausdorff 
dimension of invariant sets were first obtained [48] for a finite-dimensional 
space E and then were generalized [41, 119] for an infinite-dimensional 
space F (see also [76, 4, 9]). 

We note that the estimate (1.46) for the e-entropy of A follows from 
(1.45) and, in general, does not give any new information about global 
attractors. However, in the study of nonautonomous equations (see Section 
3), the estimates for the £-entropy of global attractors become more informal 
and constitutive. This explains why the estimate (1.46) is included into this 
key theorem. 


Remark 1.6. In applications, the numbers q; are usually used in the 
form q; = y(j), where y = y(x), x > 0, is a smooth concave function. 
Consider the root d* of p, i.e., p(d*) = 0. It is obvious that d < d* since y 
is concave. For large d the root d* is very close to d defined by (1.44). Since 
d* is sometimes expressed in a simpler way than d, we will use d* instead 
of d as the upper bound in (1.45) for the fractal dimension of attractors. In 
this case, in (1.46), we can set 6 = d* — d if it is positive. 


Attractors for Nonautonomous Navier-Stokes System 153 


Recently [16], the estimates (1.46) and (1.45) were proved for the exact 
values q; = q; without the concavity assumption on qj in j. The so-called 
(global) Lyapunov dimension of a set X (see [82, 49]) is defined by the 
formula 


dL := m+ -n , 
dm — m+1 
The inequality dy (X) < dz (X) was proved in [48, 39, 119]. As was shown 
n [16], dr(X) < d,(X). A similar result was obtained earlier in [12]; 
namely, it was proved that if qm < 0 for some m € N, then dF (X) < m (see 
also [75]). 

Many examples of evolution equations in mathematical physics and 
mechanics are described in [9, 119, 68], where global attractors are also 
constructed and upper estimates were proved for the Hausdorff dimension 
and the fractal dimension of these attractors. 

Further, we discuss fractal dimensions estimates for global attractors 
of autonomous equations considered in Section 1.3. 


1.4.2. Dimension estimates for autonomous equations. 
2D Navier-Stokes system 
We consider the 2D Navier-Stokes system 
Ou = —v Lu — B(u,u) +g, (V,u) =0, ulsa = 0, (1.47) 
ult=0 = Uo, Uo € H, (1.48) 


where g € H. The problem (1.47), (1.48) defines a semigroup {$(t)} acting 
in H (see Section 1.3.1). By Theorem 1.3, the semigroup {S(t)} has a global 
attractor A which is bounded in V and is compact in H. 


Theorem 1.6. The fractal dimension of the global attractor A of the 
problem (1.47), (1.48) satisfies the estimate 








[gl] 
dr AK c me? (1.49) 
where c depends on the shape of Q (c(AQ) = c(Q) for all À > 0). 
The Kolmogorov €-entropy of A satisfies the estimate 
[gl] £0 
H.(4) < cL log, Fa +H.,(A) Ve < €o, (1.50) 


where n and £o are small positive numbers. 
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Proor. The semigroup {S(t)} is uniformly quasidifferentiable on A 
in H and the quasidifferential of {S(t)} is the operator L(t,uo)vo = v(t), 
vo € H, where v(t) is a solution of the variation equation 
Ow = —vL — B(u(t),v) — Biv, u(t)) := Au(u(t))v, vh=0 = vo 
(see [4, 9]). We need to estimate the j-trace of A,,(u(t)). Note that for all 
vEeV 
(Au(u(t))v, v) = vliv? — (B(v, u(t), v) (1.51) 
since (B(u,v),v) =0 for u,v E V. 
Let &1,...,w; € V be an arbitrary orthonormal family in H. Using 
(1.51), we find 


J 


N (Aalu(t))ps, gi) =r 95 Veil? — 55 (B(yi, ult)), pi) 





i=1 i=1 i=l 

J J 2 

= -vý Veil - [5 5 pr On, ul (t)ypidax 
i=1 à i=1 k,l=1 
Ki 

<Ý Vei? + | ovutolas 
2—=1 Q 
J 

< 7 Veil HATO (1.52) 
g= 





where p(x) = D lelo (see [41, 119]). 


Since functions in V vanish on OQ we can extend them by zero out- 
side Q. Then we obtain functions y;(x), x € R?, in (H'(R?))? that are 
orthonormal in (L2(R?))?. The following result [94] is extremely important. 


Lemma 1.1 (Lieb-Thirring inequality). Let yi,...,; € (H'(R”))™ 
be an orthonormal family of vectors in (L2(R"))™. Then for 


p(x) = Ye (GP 


the following estimate holds: 


J 
Joena < Cmn X | Mie dz, (1.53) 
R” t=1pn 
where Cm, n depends only on m and n. 
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Remark 1.7. As was proved in [77], for m = 2, n = 2 one has 
C22 < 2 if div Pi — 0. 


By the variational principle, 


J 


NO [Va]? > ++... + Ay, (1.54) 
i=1 
where À, A2,... are the ordered eigenvalues of the operator L. It is known 
that A; > Co|Q|~1%. Therefore, 
2 
J Ci 
Ay trAgt... +à; 2 Cat, LU >a, (1.55) 
f Ke] Ke] 


where Co, C1, and C2 are dimensionless constants depending on the shape 
of Q (see, for example, [100]). Using (1.53) with C22 = 2, (1.54), and 
(1.55), from (1.52) we find 


J J / 
vE VaR + (257 Vel) vuo] 
i21 i=l 








ve 2 1 2 vCj? 1 2 
2 Se |? 45 go = . 
< FL Weil + Siva? < -ar + seOl 
Thus, 
vCoj2 1 5 
Tr;(A,(u(t)) < — =|Vu(t)|?. 
t (Au(u(d) < SEP + 510 u(t) 


Using the estimate 
t 


J Oas < |u(0)|? + lgl? t 


v v2\ 








0 
(see (1.17)), we find 








T 
= : 1 
qj = lim sup sup F | TAO 
T—œ upEA T 4 
vC2j* : 1 2, lgl? 
<-> lim —— ; 
TE eA T 


Since sup |uo|? < C3, we have 
uoc A 


= vC2° lgl? 
qj z= 3 g 
2|Q| V M 








(1.56) 
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Using the second estimate for Ay in (1.55), we find 
~ — _vCÿ? | |gl?|Q| 


a = j) = q;. 
qj 2|Q| + BC; pli) dj 








We note that the function y(j) is concave in j (like N). Looking for the 





2 Q 
root d* of the equation (d) = 0, we find d* = -2 oe, Hence (1.50) 
CiC2 y2 
and (1.49) immediately follow from Theorem 1.5 with c = een (see also 














Remark 1.6). 
Remark 1.8. By (1.56), the estimate (1.49) takes the form 
dr À < c'G, (1.57) 





where G = -gl is the Grashof number and c! = 24/|Q|A1/C2 depends on 
1 
the shape of Q. This estimate was proved in [39, 41] (see also [119]). 


Remark 1.9. As was proved in [78], C > 27, C2 > 7 in any domain 
Q of finite measure. Therefore, the constant c in (1.49) satisfies c < 1/7 and 
for c’ in (1.57) we have c’ < 2,/|Q|Ai/7. These estimates were improved in 
[16] as follows: c < (2r%/2)-1 and c! < V/|O]A1/(V2z). 


Corollary 1.1. Let g € H. Then 


1 Q 
(IQA)! lg] < lgl] |. (1.58) 


d < < 
ne v2 2738/2 p2 





1 
V2r 
We note that the last estimate in (1.58) contains only the explicit 


physical parameters of system (1.47) and the estimate c < (27/2)! seems 
the best up-to-date. 


Remark 1.10. According to the proof of Proposition 1.3, A = {z} 
lgl 
v2 Ài 


Q 2 
last inequality holds provided that [all < alt Using the expression c% = 
v có 


and, consequently, dr A = 0 if G = 





1 27 
< —. Since À > —, the 
a In 1 9] 


8 \1/2 
(>) (see Remark 1.2), we see that À = {z} and dr À = 0 provided 
T 


3\ 1/2 
that IP _ (==) ~ 20.46. 


y? 2 
Remark 1.11. The estimates (1.58) and (1.49) hold for the 2D Navier- 
Stokes systems in unbounded domains with finite measure [78]. 
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Remark 1.12. For the 2D Navier-Stokes system (1.47) in Q = [0, 27]? 

with periodic boundary conditions the estimate (1.57) was improved in [42] 
(see also [119]). As was shown, 

dr A < c'G?7(1 + log G), (1.59) 


|g] 
12 





h = 
where G x 


optimal in a sense (see [97, 135]). 


(note that A; = 1 in this case). The estimate (1.59) is 


Dissipative wave equation 


Consider the equation 
du + yOu = Au — f(u) + g(x), ulag=0, ce N ER, (1.60) 
where + > 0 (see Section 1.3.2). For brevity, we consider the case n = 3. We 


assume that g(:) € L2(Q), f(v) € C?(R; R), and f satisfies (1.22), (1.23), 
and (1.25) with p < 2. We also assume that 


foi) — Fe < Cur]? + [ug|?~? + Dor — val, O< 6 <1. (1.61) 


The Hilbert space Æ = Hj(Q) x L2(Q) is the phase space for this 
equation. We introduce the space E1 = H? (Q) x Hj(Q) endowed with the 
norm |ly||z, = (llull? + ||p||?)!/2.. We consider the semigroup {S(t)} in E 
generated by Equation (1.61). By Theorem 1.4, this semigroup has the 
global attractor A € E. As was proved in [9, 119], the set À is bounded in 
Ey 7 





lwla <M Vwea, 
where the constant M is independent of w. By the Sobolev embedding 
theorem, 
ello <M Vw=(u(),p0))=w() eA (1.62) 


We estimate dp A using Theorem 1.5 and the technique described in 
[64] (see also [119, 34]). 


Theorem 1.7. For the fractal dimension of the global attractor A of 
Equation (1.60) the following estimate holds: 
dpA< i (1.63) 
where a = min{y/4, A1/(2y)} and C = C(Mi) (see (1.62)). 
For the -entropy of A the following estimate holds: 
C(M1) 
a3 


H: (A) < logs ee +H.,(A) Vex< co, (1.64) 
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where n, €o are some positive numbers. 


Proor. As in [64, 119], introduce the new variables w = (u,v)= 
Ray = (u,u + au) and u = Ou, à = min{y/4,A1/(2y)}, where À is 
the first eigenvalue of the operator —Au, ulaq = 0. In these variables, 
Equation (1.60) takes the form 

Ow = Law — G(w) =: Aaw, wlio = wo, (1.65) 
where wo € E, 


—al I B TOT 
E a) G(w) = (0, f(u) — g(x)). (1.66) 


By (1.61), the operators {S(t)} are uniformly quasidifferentiable on A 
and the quasidifferentials L(t, wo)zo = z(t) satisfy the variation equation of 
the problem (1.65): 

iz = Laz = Gu(w)z =; Aaw(w(t))z, Zlt=0 = 20; (1.67) 
where z = (r,q) and G,,(w(t))z = (0, f’(u(t))r) (see, for example, [119]). 
Let us estimate the sum 
J 
S > (Aaw (w(t) Ge) zs (1.68) 
i=1 
where ¢; = (ri, qi) is an arbitrary orthonormal family in Æ. We have 
(Aaw (w(t))Gi Ge = (Labi, Gi) — (F'(uri, gi) < —(a/2)IIGll 
+Co(M1)||rillollgillo < —a/4([lrillt + laille) + (C11) /0)lrill (1-69) 
The parameter a is chosen in such a way that the operator La is negative: 
(Lali, Gi) < —a/2I|Gllz- 
Observe that it was essential that 
sup {|F UE) llo, | (u(-), ul) = w() EA FER} <Co(Mi) (1:70) 
(see (1.62)). Since the system ¢; is orthonormal in Æ, from (1.69) it follows 
that 
J ÿ 
Yo (Aaw(w(t)G, Gz < —(a/4)5 + (CS (M)/a) X Irl 


i=1 i=1 


< —(a/4)j + (CÉ(M)/a) > XF” 





< —(a/4)j + (C1(M1)/a) j", (1.71) 
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where C1(M1) = a Cê (Mı) and \;, i = 1,..., j, are the first j eigenvalues 
of the operator —Au, u|5a = 0, written in nondecreasing order. It is known 


j 
that À; > coi?/3. Therefore, > À; ! < «11/3. In the second inequality of 
i=1 


J J 
(1.71), we used the inequality X` ||ri|[2 < 32 A7* proved in [119]. Thus, 


= 


TrjAaw(w(t)) < y) = —(a/4)j + (C1ı(Mı)/a)j!/3, where the function 
p(x) is concave. The root of y is expressed as follows: 


_ 8C(M)?  C(M:) 


d” 
a a 


? 


where C(M) = 8C;(M,)°/?. Finally, we obtain (1.64) and (1.63) from 
Theorem 1.5 and Remark 1.6. 














We consider the sine-Gordon equation with f(u) = Bsin(u). It is clear 
that Co(M1) = B in (1.70). Therefore, Cı(Mı) = c16?, 1.e., C(M) = 
8c%/283 = cB3. Thus, the estimates (1.64) and (1.63) for the sine-Gordon 
equation have the form 
B3 


dr(A) < CE: (1.72) 


p? E0 
H.(A) < cog logs ce +H.,(A) Ve<eo, 


where the constant c depends on Q. 


Ginzburg-Landau equation 


We consider an inhomogeneous equation similar to (1.30) 

du = v(1+ai)Au+ Ru — (1+iB)lu[?u + g(x), x €]0,2r[°=: T*, (1.73) 
with periodic boundary conditions in T? and g(x) = gl(x) + ig?(x) € 
[2(T?;C). Here, v is a positive parameter. For the sake of simplicity, we 
take n = 3. We assume that |8| < V3. Then Equation (1.73) generates the 
semigroup {$(t)} acting in H = (L2(T*))? and having a global attractor A 
which is compact in H (see [119, 34]). 


We write Equation (1.73) in the vector form (1.32) 
du = vaAu+Rv — f(u) + g(x), (1.74) 


where a= (2°), re) =I? (G9?) v (a) = 00o). As 


was proved in [4], the semigroup {.$(t)} is uniformly quasidifferentiable on 
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À and the corresponding variational equation reads 
Ov = vaAv+Rv — fu(u)v, vlizo = vo € H, (1.75) 
where the matrix f,(u) is defined by (1.33). By (1.34), we have 
(vaAv + Rv — fi(u)v,v) = —v||Vv||? + R|v|? — (fa(a)v, v) 
< -v||Vv||? + Rilv|l?_ vv € H?. (1.76) 
In order to use Theorem 1.5 and to estimate dp (A), we need to study 


the j-trace of the operator on the right-hand side of (1.75). By (1.76), we 
have 


D MUH 98) = X vl Vell? + Riel? — (Lalu) ys, vi) 
< >, VI Veil” + R|w||? = HD. Veil? + R3, (1.77) 


where {y;, i = 1,...,j} is an arbitrary set of functions from V = (H!(T#))?, 
orthonormal in H. By the variational principle, 


3 
YO Veil? > M ++... + Aj, (1.78) 
i=1 

where Aj, 2,... are the eigenvalues of the operator —A in H. It is well 


known that the eigenvalues of this operator have the form k? + k2 + kä, 
where (k1, k2, k3) € (Z+)°. Therefore, À; > Coi? and 


Me Essai Ge (1.79) 

with some constants Co and Ci. Using (1.78) and (1.79) in (1.77), we obtain 
TrjAu(u(t)) <—vCi5 8 + Rj =) Vj =1,2,... (1.80) 

The function y(x) = —vC,2°/3 + Rx is concave and has the root d* = 





(R/(C,v))3/?. Thus, we have proved the following assertion. 

Theorem 1.8. The fractal dimension of the global attractor A of 
Equation (1.73) admits the estimate 

R \3/2 

aa) i 


where C1 is an absolute constant taken from (1.79) and can be estimated 
explicitly (see, for example, [93, 34]). 


dp(A) < ( (1.81) 
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The e-entropy of A satisfies the inequality 


H:(4) < Coi logs ( 


where n and £o are some small positive numbers. 


E0 
= +H:,(4) Ve < €, (1.82) 


2. Attractors of Nonautonomous Equations 


In this section, we consider general processes and their global attractors. 
The notion of a process is used for describing the behavior of nonautonomous 
dynamical systems. A process is a generalization of the notion of a semi- 
group which plays a key role in the study of autonomous dynamical systems. 
Nonautonomous dynamical systems and their global attractors are discussed 
in [73, 34] (see also [14]). 

In Section 2.1, we study processes {U(t,7),¢ > T} and their uni- 
form global attractors. Recall that the processes are generated by nonau- 
tonomous evolution equations if, for example, an external force or some 
other terms of the equation depend explicitly on time t. If the Cauchy 
problem for this equation is well-posed, the process {U(t,r)} sends the 
value of the solution u(r) at time 7 € R to the value of u(t) at time t È 7. 


Below, we give a definition of a general process {U (t, T)} and introduce 
notions of uniformly absorbing and attracting sets of a process. We study 
the main properties of w-limit sets for bounded sets. Then we define the 
uniform global attractor A of a process {U(t,7)}. We prove the theorem 
on the existence of a uniform global attractor of a process using the notion 
of the w-limit set. We also define the kernel K of a process and study its 
properties. 


In Section 2.2, we consider uniform and nonuniform global attractors 
of a process and compare their properties. In particular, we present an 
example of a nonautonomous equation, given by Haraux. This example 
shows that the uniform global attractor can be larger than the nonuniform 
one. We also study periodic processes for which uniform and nonuniform 
global attractors always coincide. 


In Section 2.4, we introduce the notion of the time symbol {o(t), 
t € R} of a nonautonomous equation. Roughly speaking, the time symbol 
is the collection of all time-dependent terms of the equation. We define the 
hull H(c) of o. We also define a translation compact function. We mostly 
study nonautonomous equations having translation compact symbols a(t). 
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We present translation compactness criteria in different topological spaces, 
which will be used in the sequel. 


In Section 2.5, we formulate the main theorem about the existence 
and structure of the uniform global attractor of a process {(U,(t,7} of a 
nonautonomous equation with translation compact symbol a(t). 


In Section 2.6.1, we study the uniform global attractor of the nonau- 
tonomous 2D Navier-Stokes system with translation compact external force. 
A special attention is given to the case, where the system has a unique 
bounded complete solution attracting any other solution as t — +oo with 
exponential rate. In Sections 2.6.2 and 2.6.3, we consider analogous prob- 
lems for the nonautonomous dissipative hyperbolic equation and for the 
nonautonomous complex Ginzburg-Landau equation with translation com- 
pact terms. 


2.1. Processes and their uniform global attractors. 


Let E be a complete metric space or a Banach space. Consider a two- 
parameter family of operators {U(t,7),7 E€ R,t > 7}, U(t,7): E > E. 


Definition 2.1. A family of mappings {U(t,7)} := {U(t,r),7 € 
R,t > 7} in E is called a process if 

1) U(r, T) = Id for all r € R, where Id is the identity operator, 

2) U(t,s) oU(s,7) = U(t,T) forallt >s>7,7ER. 


As in Section 1, we denote by B(E) the family of all bounded (in the 
norm of E) sets in E. A process {U(t,7)} is said to be (E, E)-bounded if 
U(t,7)B € B(E) for all B € B(E), r € R, t > T. A process {U(t,T)} is 
said to be uniformly (E, E)-bounded if for every B € B(E) there exists 
Bı € B(E) such that U(t,7)B C Bı for all T € R, t > 7. 


The following two notions describe the dissipativity properties of non- 
autonomous dynamical systems. A set Bo C E is said to be uniformly (with 
respect to T E€ R) absorbing for a process {U (t, T)} if for any set B € B(E) 
there is a number h = h(B) such that 


U(t, T)B C Bo Yt, T, t-T Èh. (2.1) 


A set P C E is said to be uniformly (with respect to T € R) attracting for 
a process {U (t, T)} if for every £ > 0 the set O-(P) is uniformly absorbing 
for {U (t, T)} (hereinafter, O©-(M) denotes an e-neighborhood of a set M in 
the space E), i.e., for every bounded set B € B(E) there exists a number 
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h = h(e, P) such that 
U(t,T)B CO(P) Vt,7, t-7 Sh. (2.2) 

The property (2.2) can be formulated in the following form: for every set 
B € BE) 

sup diste(U(7 + h,7)B,P) +0 as h — +oo, (2.3) 

TER 
where dist (X,Y) denotes the Hausdorff distance between sets X and Y in 
the space E (see (1.3)). 

A process having a compact uniformly absorbing set is called uniformly 
compact and a process having a compact uniformly attracting set is called 
uniformly asymptotically compact. 

Now, we define the uniform global attractor A of a process {U (t, T)}. 

Definition 2.2. A set A C E is called a uniform (with respect to 7 € 
R) global attractor of the process {U(t,7)} if it is closed in E, is uniformly 
attracting for {U (t, T)}, and satisfies the following minimality condition: A 
belongs to any closed uniformly attracting set of the process. 


It is easy to see that any process has at most one uniform global 
attractor. A uniform global attractor was introduced in [73] (see also [18, 
23, 25, 34]). 


For an arbitrary set B € B(F), we define the uniform w-limit set w(B) 
by the formula 


w(B) = f | U U(t,7)B| (2.4) 


h20 t—-T>h 

where |: | denotes the closure in the space E and the union is taken for all 
t, T such that 7 € R and t > T +h (see (1.4)). 

Proposition 2.1. If a process {U (t, T)} in E has a compact uniformly 
attracting set P, then for any B € B(E) 

(i) w(B) # Ø, w(B) is compact in E, and w(B) C P, 

(ii) sup distg(U (h + 7,7)B,w(B)) — 0 (h > +00), 

TER 


(iii) if Y is closed and sup distg(U(h + 7,7)B,Y) (h — +00), then 
TER 
w(B) CY. 


PROOF. From the definition (2.4) of w(B) it follows that 


there are {£n} C B, {Tn} C R, {hn} C R4 : 


hn — +00, U (Tn + hn, Tn)£n — y (n > œ). (2.5) 


ve u(m 8 f 
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(i) We show that w(B) £ Ø. For any fixed 7 € R and x € B we con- 
sider an arbitrary positive sequence {hn}, hn — +oo as n — oo. Accord- 
ing to the uniformly attracting property (2.3), diste(U(r + hn, T)x, P) > 
0 (n — ov), i.e., for some sequence {yn} € P 

|U(7 + hn, T)£ — Ynl|E — 0 as n — oo). 
Since the set P is compact, we can extract a subsequence {yn} of {yn} 
converging to y € P. Hence U(T + hy,T)x — y (n! — œ). By (2.5), 
y € w(B), i.e., w(B) # Ø. Let us verify that w(B) C P. Let y € w(B) and 
let {£n} C B, {Tn} CR, {hn} C R+ be sequences defined in (2.5). By the 
uniform attracting property of P (see (2.3)), we have 
distg (U (Tn + hn, Tr)tn,P) — 0 asn>oo. 
Therefore, distg(y, P) = 0. The set P is closed, i.e., y € P for all y € w(B) 
and w(B) € P. This implies that w(B) is compact since w(B) is closed by 
definition (see (2.4)). 
(ii) Assume the contrary: for some B € B(E) 


sup distg(U(r +h,T)B,w(B)) 0 asn— ov, 
TER 


i.e., for some sequences {£n} C B, {mm} CR, {hn} C Ry (hn > +00) 
dista (U (Tn + hn, Tn)£n,w(B)) 2> 8>0 VneNn. (2.6) 
By the uniform attracting property of P, 
distg (U (Tn + hn, Tr)tn,P) — 0 asn — o. 
So once again, we find a sequence {yn} C P such that 
|U (Tn + hn, Tn)}£n — Ynl| E — 0 asn — oo. 


The set P is compact, and we may assume by refining that yn — y as 
n — œ for some y € P, i.e., U (Tn + hn, Tn)£n — y as n — oo. From (2.5) it 
follows that y € w(B). However, (2.6) implies that distg(y,w(B)) > à > 0, 
which leads to a contradiction. 


(iii) Let Y be a closed uniformly attracting set of the process {U (t, T)}. 
If y € w(B), then, in view of (2.5), for some sequences {£n} C B, {Tmn} CR, 
{hn} C Ry we have U(Tn + hn, Tn)En — y as hn — œ. Since Y is a 
uniformly attracting set, it follows that distg(U (Tn + hn, Tn)£n, Y) — 0 as 
n — co and, consequently, dist(y, Y) = 0, i.e., y € Y for all y € w(B). 
Hence w(B) C Y. 














Using Proposition 2.1, we formulate the following important assertion. 
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Theorem 2.1. Ifa process {U(t,T)} is uniformly asymptotically com- 
pact, then it has a compact (in E) uniform global attractor A. 


PROOF. We show that the set 


A= | w(B, | | 2.7 

Us], (2.7) 

where Bn = {x € E | ||a||z < n}, is the required uniform global attractor. 
Indeed, for the set A defined in (2.7) we have A C P (see Proposition 
2.1,(i)). Moreover, if B C B(E), then B C Bn for some n € N and, 
consequently, w(B) C w(B,) € A, i.e., A uniformly attracts U,(t,7)B 
(see Proposition 2.1,(ii)). However, by Proposition 2.1,(iii), the set w(B;) 
belongs to every closed uniformly attracting set. Therefore, the minimality 
property is valid for A defined in (2.7). 














Remark 2.1. We cannot assert that A = w(P), where P is an ar- 
bitrary compact uniformly attracting set for {U(t,7)}. It is obvious that 
w(P) C A since P C By for large N, so w(P) C w(By). Therefore, 
w(P) C A. However, it is not clear if the inverse inclusion holds since we 
do not know whether w(B) € w(P) for any B C B(E). However, if Bo is a 
compact uniformly absorbing set, then apparently 


A=w(Bo)=(\{ U tn], 


h>0 t—-T>h 


For a compact uniformly attracting set P the equality A = w(P) can be 
also proved under some additional assumptions of continuity of the process 
{U(t,7)} (see Theorem 1.1 for the autonomous case and [34] for the nonau- 
tonomous cases). 


Remark 2.2. In Theorem 2.1, we do not assume that the process 
{U(t,7)} is continuous in E. (This assumption was essential in the existence 
theorems for global attractors of semigroups corresponding to autonomous 
evolution equations.) The reason is that we use only the minimality property 
in the definition of a global attractor. 


To describe a general structure of the uniform global attractor of a 
process, we need the notion of the kernel of a process which generalizes the 
notion of the kernel of a semigroup. 

A function u(s), s € R, with values in E is called a complete trajectory 
of a process {U(t,7)} if 


U(t,r)u(r) = u(t) Vt >r7, TER. (2.8) 
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A complete trajectory u(s) is said to be bounded if the set {u(s), s € R} is 
bounded in E. 


Definition 2.3. The kernel K of a process {U(t,7)} is the family of 
all bounded complete trajectories of {U (t, T)}: 


K = {u(-) | u satisfies (2.8) and ||u(s)||z < Cu Y s € R}. 


The set K(t) = {u(t) | u(-) € K} C E, t ER, is called the kernel section at 
time t. 


It is easy to prove the following assertion. 


Proposition 2.2. If the process {U(t,T)} has the global attractor A, 
then 


UKE) € A. (2.9) 


tER 


Comparing (2.9) with identity (1.6) in the autonomous case, we see 
that, in the nonautonomous case, K(t) may depend on time ¢ and the in- 
clusion in (2.9) can be strict, i.e., in order to describe the structure of the 
global attractor A of a process {U(t,7)} it is not sufficient to know only the 
structure of K. This question will be discussed in Section 2.5. 


2.2. On nonuniform global attractors of processes 
and the Haraux example. 


Following Haraux [72, 73], we define a (nonuniform) global attractor of a 
process {U(t,7)} acting in Æ. A set Pp is called a (nonuniform) attracting 
set of {U(t,7)} if for any bounded set B € B(E) and fixed r ER 


distg(U(t,T)B, Po) — 0 ast — +00, (2.10) 
i.e., for any € > 0 there exists T = T(r, B,e) > 7 such that 
U(t,T)B C O(P) Vt>T. (2.11) 


A process having a compact attracting set is called an asymptotically com- 
pact process. 


Definition 2.4. A set Ao C E is called the (nonuniform) global at- 
tractor of a process {U (t, T)} if it is closed in F, is attracting for the process 
{U (t, T)}, and satisfies the property of minimality: Ao belongs to any closed 
attracting set of the process. 
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Theorem 2.2. If a process {U(t,T)} is asymptotically compact, then 
it has a compact (nonuniform) global attractor Ao. 


It is obvious that a uniformly asymptotically compact process {U (t, r)} 
is (nonuniformly) asymptotically compact as well and, thereby, Ag € A. 
However, as was pointed out by Haraux, this inclusion can be strict, i.e., 
the uniform global attractor can be larger than the nonuniform one. We 
describe the example from [72, 73]. Consider the nonautonomous ordinary 
differential equation in R 


du + a(t)u + u? = 0 (di = d/dt) (2.12) 
with initial data 
ult=r = Ur, Ur ER, (2.13) 
where Pi 
a(t) = X n~? sin(2n~t). (2.14) 


n=1 
The function a(t) is almost periodic (see Example 2.1) since it is the uniform 
limit of almost periodic (and even quasiperiodic) functions. Equation (2.12) 
generates a process {U(t,7)} in R : U(t, Tjur = u(t), t > 7, T € R, where 
u(t) is a solution of the problem (2.12), (2.13) with initial data u+. We set 


t O0 
A(t) = / a(s)ds = X` n? sin? (n™*t), t €R. (2.15) 
0 n=1 
We find a (nonuniform) global attractor of the process {U(t,7)}. From 
(2.12) it follows that 
diu? = —2a(t)u? — 2u* < —2a(t)u?. (2.16) 
Therefore, 
u?(t) < u?(r) exp(2A(r)) exp(—2A(t)) Vt >. 
Setting n = [|t|!/4] + 1 in (2.15), we obtain 
A(t) > ct? VteR (2.17) 
for some c > 0. Hence u(t) — 0 as t — +00; moreover, U(t,7)B — 0 as 
t — oo for each fixed 7 € R and any bounded set B € B(R). We conclude 
that the process {U(t,7)} has a (nonuniform) global attractor Ao = {0}, 
i.e., a single point. 
Let us study the uniform global attractor of a process {U (t, r)}. First 
of all, we note that the process is uniformly compact, i.e., it has a compact 
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(bounded in R) uniformly absorbing set. Indeed, since a(t) is bounded, we 
have 
—2a(t)u? — 2u* < 2Ru? — 2ut < yu? +C 

for suitable positive R, y, and C. By (2.16), 

du? < —yu? +C, u*(é) < u?(r) exp(—7(t — r)) + C/7. 
Hence the set Bo = {|u|? < 2C/y} is uniformly absorbing for the process 
{U(t,7)}. The set Bo is compact, and the uniform global attractor A exists 
in view of Theorem 2.1. It is clear that {0} = Ag C A. We claim that 
A # {0}. 

It suffices to prove that there exists a nonzero bounded solution ü(t) of 
Equation (2.12) defined for all t € R. Such a solution belongs to the kernel 
K of the process {U(t,7)}, and from (2.9) it follows that { U ü(t)} € A. 

tER 
Hence A is larger than Ap = {0}. 


Integrating (2.16), we obtain 
d,(u2e?4) + Qute?4AM = 0, d(u) + 2v2e-240 = 0, 


where u(t) = u?(t)e?4™. Integrating again, we obtain 
t 


1 1 
— = — +2 | AM ds, 
FOTO / ao 


Note that e-24(5) € Lı(R; R+) due to (2.17). Finally, 
t 


1/2 
1 
u(t) = I (Se + 2 fan) 5 t E R, 
0 


is the desired solution of (2.12) if 





0 
1 
[uol2 > 2 J e724ls)ds. 
uo 


The sign of & coincides with that of uo. Indeed, ù satisfies Equation (2.12) 
for all t € R and is bounded in R. 


Note that for a periodic process the uniform global attractor coincides 
with the nonuniform global attractor (see [124, 26] for details). Now, we 
present a simple result on periodic processes. 


A process {U (t, T)} is said to be periodic with period p if 
U(t+p,7+p)=Ult,r) >T, TER. (2.18) 
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For a periodic process {U(t,7)}, in order to prove that a set P is uniformly 
attracting for {U(t,7)}, it suffices to show the following limit relation in- 
stead of (2.3): 


sup diste(U(7 +h,7)B,P) +0 as h — +00. (2.19) 
T€[0,p) 
Indeed, for arbitrary r € R we have 7 = T'+np, where r’ € [0,p) and n € Z. 
By periodicity, U(h +7,7)B = U(h +T + np, T' + np)B =U(h+7',7')B 
and (2.19) implies (2.3). 


By the above arguments, the following assertion holds. 


Theorem 2.3. If a periodic process {U(t,T)} is uniformly bounded 
and has a compact (nonuniformly) attracting set, then it is uniformly as- 
ymptotically compact. In particular, the process {U(t,T)} has both uniform 
and nonuniform global attractors A and Ag, and A= Ao. 


PROOF. Let Po € E be a compact attracting set of a periodic process 
{U(t,7)} with period p. By Theorem 2.2, the process has a (nonuniform) 
global attractor Apo. 


Consider an arbitrary bounded set B € B(E). Since {U(t,7)} is uni- 
formly bounded, we have 
B= U U(p,r)B € B(E). 
TE[0,p) 


Since Po is (nonuniformly) attracting, for rT = p we have 
dist z(U(t,p)B, Po) — 0 as t — +00. (2.20) 
Note that for all r € [0,p) 
U(t,r)B =U(t,p)U(p,7)B C U(t,p)B Vt >p. 
Then from (2.20) it follows that 


a dist z(U(r + h,r)B, Py) < diste(U(t,p)B, Pp) — 0 as t — +oo, 
TE[0,p) 

and the relation (2.19) is proved for the set Pj. Therefore, the process 
{U(t,7)} is uniformly asymptotically compact. Repeating the above ar- 
gument for Ap instead of Py, we conclude that the set Ag is uniformly 
attracting. At the same time, Ag is the minimal uniformly attracting set 
since it is minimal (nonuniformly) attracting. Thus, Ao = A is the uniform 
global attractor of the periodic process {U(t,T)}. 
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In this paper, we study mostly uniform global attractors of processes 
corresponding to nonautonomous evolution equations. 


2.3. Cauchy problem and corresponding process. 


We explain how to construct a process corresponding to a nonautonomous 
evolution equation of the form 


ðu = A(u,t), (27, TER, (2.21) 


where A(u,t) is a nonlinear operator A(-,t) : E1 — Eo for every t ER, Fy 
and Eo are Banach spaces, E1 € Eg. We study solutions u(t) for all t > r. 
For t = T we consider the initial condition 


u(T) = Ult=r = ur Ur CE, (2.22) 


where EF is a Banach space such that EF; C E C Ep. We assume that for all 
TER and u, € E the Cauchy problem (2.21), (2.22) has a unique solution 
u(t) such that u(t) € E for all t > r. The meaning of the expression “the 
function u(t) is a solution of the problem (2.21), (2.22)” should be clarified 
for each particular example. As in the case of the solution of the autonomous 
equation (1.7), the solutions u(t), 7 < t < T, of (2.21) are considered in the 
class F, r of functions such that u € Lo(7,T;£) and u € L,(7,T; E1). 
We assume that A(u,t) € La(T,T; Eo) for some q, 1 < q < œ, and Qu € 
La(T,T; Eo). The equality (2.21) holds in the space L,(7,T;Eo). Thus, 
a function u(t) in ¥;,r should satisfy (2.21) in the sense of distributions 
in the space D’(|r,T|; Eo) (see [96, 9, 34] for details). To interpret the 
initial condition (2.22), we could use embedding theorems (see, for example, 
(95, 117]). 

We study the following two-parametric family of operators {U (t, T)}, 
t > T, T ER, generated by the problem (2.21), (2.22) and acting in E in 
accordance with the formula 


U(t, Tjur = u(t), tT, TER, (2.23) 
where u(t) is a solution of the problem (2.21), (2.22) with initial data u, € 
E. Since the Cauchy problem (2.21), (2.22) is uniquely solvable, the family 
{U(t,7)} satisfies the properties from Definition 2.1. Thus, {U(t,7)} is 
referred to as the process corresponding to the problem (2.21), (2.22). 

Below, we study global attractors of the processes corresponding to 


different nonautonomous dissipative evolution equations in mathematical 
physics. 
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2.4. Time symbols of nonautonomous equations. 


Theorem 2.1 is applicable to processes generated by nonautonomous evolu- 
tion equations. However, it provides a little information about the structure 
of uniform global attractors, and we need to study some extra properties of 
processes. For this purpose, the notion of the kernel of a process turns out 
to be very useful (see Definition 2.3). Recall that the kernel of Equation 
(2.21) is the union of all bounded complete solutions u(t), t € R, of (2.21) 
determined on the entire time-axis {t € R}. 


For the global attractor A of the nonautonomous equation (2.21) we 
always have the inclusion (2.9). However, in the general case, the inclusion 
can be strict, i.e., there exist points of the global attractor A that are not 
values of bounded complete trajectories of the original equation (2.21) (see 
Remark 2.7). Nevertheless, we can show that such points lie on the complete 
trajectories of “contiguous” equations. To describe “contiguous” equations, 
we introduce the notion of the time symbol of the equation under consider- 
ation. Speaking informally, the time symbol reflects the time-dependence of 
the right-hand side of the nonautonomous equation under consideration. We 
assume that all the terms of Equation (2.21) depending explicitly on time 
t can be presented by a function o(t), t € R, with values in an appropriate 
Banach space Y. We write Equation (2.21) in the form 


Ou = Ao lu), t27T, TER. (2.24) 


The function o(t) is called the time symbol of the equation. In applications, 
a(t) consists of the coefficients and terms of the equation depending on time. 
For example, for the nonautonomous Navier-Stokes system ôu + vLu + 
B(u,u) = g(x,t) with time-dependent external force g(a, t) € C (R; H) the 
time symbol is a(t) = g(a,t). (This example will be considered in Section 
2.6.1 in detail.) 


We assume that the symbol a(t), regarded a function of t, belongs to 
the enveloping space 


Z := {€(t),t E R | E(t) € Y for almost all t € R} 
endowed with the Hausdorff topology. In the case of the 2D Navier-Stokes 
system, Ÿ = H and E = Cy(R; H) can be taken for the enveloped space. 
Recall that g(x, t) € C» (R; H) if 


lgt Jon = sup{llg(,t)læ, tE R} < +00. 
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We assume that the translation group {T (h), h € R} acting by the formula 
T(h)E(t) = €(h + t) is continuous in =. This assumption is satisfied for 
a= Cy (R; ff). 

The symbol of the original equation (2.21) is denoted by oo(t). We 
also consider Equation (2.24) with symbol o;,(t) = oo(t+h) for any h € R 
and equations with symbols o(t) that are the limits of op, (t) = ooft + hn) 
as n — œ in =. The resulting family of symbols is the hull H(oo) of the 
original symbol oo(t) in E. 


Definition 2.5. The hull H(o) of a(t) in the space E is defined by 
the formula 


H(o0) := [{o(t +h) | h ER}, (2.25) 


where [-]= denotes the closure in the topological space =. 


We will study equations of the form (2.21) and (2.24) whose symbols 
a(t) are translation compact functions in = (see [27, 28, 29, 34]). 


Definition 2.6. A function o(t) € E is called a translation compact 
function in £ if the hull H(c) is compact in =. 


Consider the main examples of translation compact functions which 
will be used in this paper. 


Example 2.1. Let = = C (R; M), where M is a complete metric 
space. Let oo(s) be an almost periodic function with values in M. By 
the Bochner—Amerio criterion, an almost periodic function o9(s) possesses 
the following characteristic property: the set of all translations {o0(s + 
h) = T(h)oo(s) | h € R} is precompact in C (R; M) (see, for example, 
[1, 92]). The closure in Cy(R; M) of this set is called the hull H(oo) of 
cos) (see (2.25)). By Definition 2.6, do(s) is a translation compact function 
in CR; M). If oo(s) is almost periodic, then any function o(s) € H(o0) is 
almost periodic. It is obvious that the time translation group {T (h) | h € R} 
is continuous in C, (R; M). 


Example 2.2. Let = = L'(R;E), where p > 1 and € is a Banach 


space. The space L}°°(R; E) consists of functions €(t),t € R with values in 
E that are p-power locally integrable in the Bochner sense, i.e., 


t2 
Joie < +00 V[ti, t2] CR. 


ti 
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We consider the following convergence topology in the space L}: (R; ©): 
By definition, ĉn (t) — €(t) as n — oo in L/°°(R; €) if 
t2 
[go — gat + 0 a5 n oo 
ti 
for every interval [t1,t2] C R. The space L/°°(R; €) is countably normable, 
metrizable, and complete. 


Consider translation compact functions in the space L} (R; £). The 
following criterion holds (see, for example, [34]): 


co(t) is a translation compact function in L}°°(R; £) if and only if 


t+h 
(i) for any h > 0 the set i f cols)ds | t€ 3 is precompact in €, 


t 
(ii) there exists a positive function G(s) — 0 (s — 0+) such that 
t+1 
J loot) -vols + DEds < BU EER. 


From this criterion it follows that 
t+1 
sup l Ioo(s)|£ds < +œ YtER, (2.26) 
teR 


t 


for any translation compact function in L}°¢(R; £). 
It is obvious that {T(h) | h € R} is continuous in L)°*(R; £). 


Example 2.3. Similarly, we can define translation compact functions 
in the space C'!°°(R;€) of continuous functions €(t),¢ € R with values in 
E. The space C!°°(R;€) is endowed with the local uniform convergence 
topology on every interval [t1,t2] C R (see [34]). By the Arzelé—Ascoli 
theorem, we obtain the following criterion (see [34] for details): 


oo(t) is a translation compact function in C !°°(R; €) if and only if 
(i) the set {oo(h) | h € R} is precompact in €, 


(ii) oo(t) is uniformly continuous on R, i.e., there exists a positive 
function a(s) — 0+ (s — 0+) such that 





\|oo(t1) — do(ta)lle < alt: — tal) Vt1, t2 ER. 
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In particular, any translation compact function in C!°°(R; £) is bounded in 
E. The translation group {T (A) | h € R} is continuous in C!°°(R; £). 


Example 2.4. Almost periodic functions with values in €, i.e., trans- 


lation compact functions in C;(R;€), are translation compact functions in 
Cries}. 


Example 2.5. In the class of almost periodic functions, we extract 
the subclass of quasiperiodic functions. A function oo(t) € C(R; E) is said 
to be quasiperiodic if 


oo(t) = plait, at, ss , Qt) = p(at), (2.27) 
where the function y(@) = (wi,w2,...,wx) is continuous and 27-period- 
ic with respect to each variable w; € R : y(wi,...,wi + 27,...,ux) = 


pluwi,...,w;,...,wx), à = 1,...,k. Denote by T* = [Rmod2z]* the k- 
dimensional torus. Then y € C(T*;€). We assume that the real numbers 
@1,@2,...,ax in (2.27) are rationally independent (otherwise, we can re- 
duce the number of independent variables w; in (2.27)). It follows that the 
hull of the quasiperiodic function oo(t) in C(IR;€) is the set 


{yp(at +01) | Wyre T*} = H(o0), a= (Q1, a, TT ,@x). (2.28) 


Consequently, the set H(o0) is the continuous image of the k-dimensional 
torus T*. For k = 1 we obtain the periodic function oo(t + 27) = ao(t). 


In [34], there are other examples of translation compact functions in 
C(R;€) that are not almost periodic or quasiperiodic. 


2.5. On the structure of uniform global attractors. 


Consider a family of equations of type (2.24) with symbols a(t) from the 
hull H(co), where oo(t) is the symbol of the original equation, 


du = Aca (u), oe H(o0), (2.29) 


with initial data 

Ult=r = Ur. (2.30) 
We assume that oo(t) is a translation compact function in the topological 
space =. For the sake of simplicity, we assume that H(00) is a complete 
metric space. In the above examples, this assumption was satisfied. Suppose 
that for every symbol o € H(o0) the Cauchy problem (2.29), (2.30) has a 
unique solution for any T € R and initial condition u, € E. Thus, we have 
the family of processes {U,(t,T)}, o € H(oo), acting in the space E. 
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The family {U,(t,7)}, © € H(o0), is said to be (E x H(a0), E)- 
continuous if for any t and 7,t > r the mapping (u,o) + U,(t,7T)u is 
continuous from E x H(o0) into E. 


Proposition 2.3. If the process {U,,(t,7)} has a compact uniformly 
attracting set P and the family {Uc(t,T)}, o € H(oo), corresponding to 
(2.29) is (E x H(oo), E)-continuous, then for every o € H(oo) the set P is 
also uniformly attracting for {U,(t,7)}. Moreover, Ag € A = Aso, where 
A, is the uniform global attractor of the process {U,(t,7)} (the inclusion 
Ag € Ao can be strict). 


The proof can be found in [25, 34]. 


Remark 2.3. A translation compact function go in © is said to be 
recurrent if H(o) = H(oo) for every o € H(oo). Any almost periodic 
function is recurrent. If, in Proposition 2.3, the translation compact symbol 
oo is recurrent (for example, almost periodic), then A, = As = A for 
every o € H(00). In this case, the uniform global attractor A describes the 
limit behavior of solutions of the entire family of Equations (2.29). 


The following translation identity holds for the family of processes 
corresponding to (2.29): 


Ur(njo(t,T) =Uclt+h,r +h) Vh20,t27,7 ER, (2.31) 


where T(h)o(t) = o(t+h). This identity directly follows from the uniqueness 
of a solution u(t) of the problem (2.29), (2.30). To prove (2.31), we replace 
o(s) in (2.29) with T(h)o(s) = o(s +h) and make the change of variable 
t+h=t,. The identity (2.31) means that the shift by h of the argument 
of the symbol o(s) in the problem (2.29), (2.30) is equivalent to solving 
Equation (2.29) with symbol o(s) at time t + h with initial data uļ+=r+h = 
Ur. 

Consider a special case of the symbol o9(t) of Equation (2.29) such that 
the translation semigroup {T(h) | h > 0} maps it into itself: T(h)oo(t) = 
colt + h) = oo(t) for all h > 0. In other words, oo(t) is independent of t: 
colt) = oo for any s € R, where oo € Y. Then, by (2.31), the corresponding 
process {U,,(t,7)} satisfies the equality U,,(t,7) = Uso(t +h,r +h) = 
Us, (t — 7,0) for all h > 0, t > 7, T € R. Thus, the process {U,,(t,7)} is 
completely described by the set of one-parameter mappings S(t) = Us, (t, 0), 
t > 0. It is evident that {S(t)} forms the semigroup corresponding to the 
autonomous equation with the constant symbol o(t) = oo. Such equations 
were treated in Section 1. We conclude that the semigroups generated by 
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autonomous evolution equations are special cases of processes generated by 
nonautonomous equations. 


Having the family of nonautonomous equations (2.29), we consider the 
extended phase space Æ x H(o0). Using the identity (2.31), we construct 
the semigroup {S(h), h > 0} acting in the space E x H(o0) by the formula 

S(h)(u,o) = (Us (h, 0)u,T(h)o), h > 0. (2.32) 
We prove that the family {S(h)} forms a semigroup in E x H(o0). For this 
purpose, it suffices to verify the semigroup relation 
S(hy + h2)(u,0) = (Us (hı TF ho, 0)u,T (hi + h2)o) 
= (Uo (hı TF ho, h2)Uo (ha, 0)u, T(h1)T(h2)0) 
= (Ur(na)o (hi, 0)Uo (he, 0)u, T(h1)(T(h2)0)) 
S(h1) (Ue (ha, O)u, T (h2)c) = S(h1)S(h2 (u, o). 

Here, the property 2 of Definition 2.1 and the translation identity (2.31) 
were used. It is also obvious that S(0) = Id. 


We denote by II; and Il the projections operators acting from E x 
H(oo) onto E and H(o0) by the formula 





Ven h 


Mı (u,a) =u, Ma(u,o) =o. 


We now formulate the main theorem about the structure of the global 
attractor of Equation (2.21) with translation compact symbol oo(t). Denote 
by {Us (t, T)} the corresponding original process with symbol go. 


Theorem 2.4. Suppose that oo(t) is a translation compact function in 
=. Let the process {U,,(t,T)} be asymptotically compact, and let the corre- 
sponding family {Us (t, T)}, o € H(oo), be (E x H(a0), E)-continuous. Then 
the semigroup {S(h)} acting in E x H(co) by formula (2.32) has the global 
attractor A, S(h)A = A for all h > 0. Moreover, the following assertions 
hold: 

(i) IL = H(oo), 

(ii) ILA = A is the global attractor of the process {U,,(t,T)}, 

(iii) the global attractor A admits the representation 

A= VU x.00)= U Kolt), (2.33) 
oEH(o0) aEH(o0) 


where Ko is the kernel of the process {U,(t,7)} with symbol o € H(oo), t 
is any fixed number, the kernel Ko is nonempty for every o € H(o0). 
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A detailed proof of Theorem 2.4 can be found in [25, 34]. The exis- 
tence of the global attractor 2 follows from Theorem 1.1. To prove Theorem 
1.1, we need to check whether the conditions of asymptotic compactness and 
continuity hold for the semigroup {S(h)} acting in E x H(o0) by formula 
(2.32). Let P be a compact uniformly (with respect to o € H(o0)) attract- 
ing set for the family of processes {U,(t,7)}, o E H(oo). It is obvious that 
the set P x H(oo) is a compact (in E x ©) attracting set for the extended 
semigroup {S(h),h > 0}. It is clear that the semigroup {S(h)} is continu- 
ous since the family {U,(t,7)}, o € H(o0) is (E x H(o0), E)-continuous and 
the translation semigroup {T(h)} is continuous by assumption. Therefore, 
by Theorem 1.1, the set 


A = w(P x H(o0)) = A [Usa (Px H(00))] (2.34) 


h20 n>h 


is the global attractor of the semigroup {S(h)} and the first assertion of 
Theorem 2.4 is proved. 


The remaining assertions of Theorem 2.4 are proved (see [34] for de- 
tails) with the help of the representation (see (1.6) in Theorem 1.2) 


A = {7(0) | y(-) is a complete bounded trajectory of {S(h)}}. (2.35) 


Remark 2.4. Using (2.33), it is easy to show that A = w(P), where 
P is an arbitrary compact uniformly attracting set of the process {U,, (t, 7) } 
(see Remark 2.1). 


Remark 2.5. If the time symbol oo(t) is periodic with period p, 
do(t+p) = oo(t), then the corresponding process {U,,(t,7)} is also periodic 
with period p. In this case, the uniform and nonuniform attractors coincide, 
Ao = A (see Theorem 2.3 and [124, 26]). Moreover, the hull H(o0) = 
{oo(t +h) | h € [0,p)} and formula (2.33) can be written in a simpler form 


A= U K(h), where Ko, is the kernel of the original periodic process 
he[0,p) 


{Uso (t,7)} (see (2.9)). 


2.6. Uniform global attractors for nonautonomous 
equations. 


In this section, we apply the general theory of uniform global attractors of 
processes corresponding to abstract nonautonomous equations (2.21) and 
(2.24) to some important evolution equation in mathematical physics. 
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2.6.1. 2D Navier-Stokes system with time-dependent force. We 
consider the nonautonomous 2D Navier-Stokes system with time-dependent 
external force 

du = —vLu— B(u,u) + gox, t), (V,u) = 0, 


2.36 
ulon =0, x = (x1, 42) EN ER’. (2.36) 


We use the notation from Section 1.3.1, where the autonomous 2D Navier- 
Stokes system (1.11) is considered with time-independent external force 


go(x). 
We assume that go(-,t) € H for almost every t € R and go has finite 
norm in the space L3(R; H), i.e., 
t+1 
go se) = llaol := sup | |g0(-,s)/?ds < +00. (2.37) 
2( , ) 2 tER 
t 


We consider (2.36) with initial conditions 


Ulan = ur, Ue eA, TER. (2.38) 


The problem (2.36), (2.38) has a unique solution u(t) € C(R;;H)N 
Lo(R,; V) such that Œu € L3(R,;V’), R- = [r, +00) (see [96, 87, 119, 9, 
34]). The solution u(t) in this space satisfies Equation (2.36) in the sense 
of distributions in the space D'(R-+; V’). Moreover, the following estimates 
hold: 


OP <|u(r) Be) + AHL + (VAY) IIgoll2s, (2.39) 
+v J u(s)||2ds < u(r)? + (vay J lgo(s)Pds, (2-40) 


E- nO < o(t- lune, f (sas) (2.41) 


where À = Aj is the first eigenvalue of the Stokes operator L and C(z, R, R1) 
is a monotone continuous functions of z = t — 7, R, Ry (see [34]). 

Consequently, the problem (2.36), (2.38) generates a process {U,, (t, 7) } 
acting in H by the formula U,,(t,7)u, = u(t), where u(t) is a solution of 
(2.36), (2.38). 

From (2.39) it follows that the process {U,,(t,7)} has the uniformly 
absorbing set Bo = {u € H | |u| < 2Ro}, Rg = (vA)~*(1 + (2) ) Il goll 3, 
2 
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By the inequality (2.41), the set 


By = |] Ugo(r +1,7)Bo (2.42) 

TER 
is also uniformly absorbing. Moreover, Bı is bounded in V and, conse- 
quently, is compact in H (see [96, 34]). Thus, the process {U,,(t,7)} is 
uniformly compact in H. By Theorem 2.1, we conclude that the process 
{Ugo (t,7)} has the global attractor A and the set A is bounded in V. Using 
Remark 2.1, we observe that the global attractor A can be constructed by 


the formula 
=w (Bo) = N | U Ugo ( (t, T )Bo] 
h>0 t—T>h 


We now assume that go(-,t) =: go(t) is a translation compact function 
in L4°°(R; H). The corresponding necessary and sufficient conditions are 
given in Section 2.4. We indicate another sufficient condition: go(t) is a 
translation compact function in L4°°(R; H) if go € L3(R;V) and go € 
LS (R; V’), i.e 

t+1 
Igol Ze œv) = sup | Ilgo(,s)|ds < Mi < +00, 
2 (RW) tER 
t 
t+1 
lA:90ll rx Rv) = sup f \|A:go(-, s)|% ds < M_1 < +00 
t 


(see [34]). We denote by H(go) the hull of go in the space L4°°(R; H). It is 
clear that 


lalli < llgollž < M (2.43) 


for every g € H(go). 

The symbol of Equation (2.36) is go(t) = ooft). For every symbol 
g € H(go) the corresponding problem (2.36), (2.38) (with external force 
g instead of go) is uniquely solvable and the solution u,(t) satisfies the 
inequalities (2.39)-(2.41). Hence the family of processes {U,(t,T)}, g € 
H(go), acting on H is defined. As is proved in [34], this family is (H x 
H(go))-continuous. Therefore, from Theorem 2.4 it follows that 


A= |J K0), (2.44) 


gEH(g0) 
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where Æ, is the kernel of the process {U,(t, 7)} consisting of all the bounded 
complete solutions u,(t),t € R, of the 2D Navier-Stokes system with ex- 
ternal force g(t). The kernel Æ, is nonempty for every g € H(go). Note 
that 
AC Bo = Br, (0), R = (WA) (1 + (VA) )lgolle, (2.45) 
Ac Bi, By ={ueE V | lol] < R}, (2.46) 
where R’ depends on v, A, and Igoll?2- In particular, from (2.44) it follows 
2 
that 
lul <R! VER (2.47) 


for every function u,(-) € Ky, g € H(go). 


Consider an important special case of the system (2.36). As in the au- 
tonomous case, we introduce the Grashof number G for the nonautonomous 
2D Navier-Stokes system by the formula 


soll zs 
Av? ` 
Proposition 2.4. Suppose that G satisfies the inequality 
G<1/6, (2.48) 


where the constant co is taken from the inequality (1.14) (see (1.19)). Then 
for every g € H(go) the Navier-Stokes system 


du = —vLu— Bu,u) + g(t) (2.49) 


has a unique solution z,(t), t € R, bounded in H, i.e., the kernel Kg consists 
of a single trajectory zg(t). This solution z,(t) is exponentially stable, i.e., 
for every solution u,(t) of (2.49) 


lug(t) — zg(t)| < Colur — (ne PO Yt > 7, (2.50) 


where u(t) = U,(t,T)u,, and the constants Co, B are independent of ur 


G := 





PROOF. By (2.44), there exists at least one bounded solution z,(t) := 
z(t). Let u(t) := u(t) be an arbitrary solution of (2.49). The function 
w(t) = u(t) — z(t) satisfies the equation 


Ow + vLw + B(w,w + 2) + B(z,w) = 0. 


Multiplying this equation by w and using the identities (B(z,w),w) = 
(B(w, w), w) = 0 (see (1.13)) and the inequality (1.14), we find 


diwl? + 2||w|?= 2(B(w, z), w) < 2c5|w||lw|||l2l] < vllewl|? + cov lwl? llel. 
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Since A|w|? < ||w||?, we have 
alw? + vAlw|? < Awl? + v|w|? < rw? (2.51) 
Consequently, 


ul? + (VA — eTA wl? < 0. (2.52) 
t 


Multiplying this inequality by exp{ [ (vr — civ“ llz(s)l?)as} and inte- 


as 
grating over [r,t], we obtain 


t 


WO < lel) exp { f (và + cfy2(s)|?)d} 


T 


= [w(7) exp { — vat — 7) +e fods}. (2.53) 


By (2.40), we have 


/ Iz(s) [Rds <y'e(P + GPA I la(s)|?ds 


TIP GATE r+ Yilgllze 
DE + (PATEE T + Dilgoll2y 
Since z(T) € Ay(g0) from (2.45) it follows that 

RE < (VATA + (YAY Ilgollz2 = Bo. 





Hence 
t 
I lz(s)||[’ds < (RE + AT Ilgollz) + 0AT E- T)llgoll zs 


= RÈ + (A)T — r)llaoll3s, 


where RU = v™t R + (v*A)~"||gollZ,- Substituting this estimate into (2.53), 
2 
we obtain the inequality 


lw(t)|? < |w(r)|?Co exp(—B(t — 7)), 
where 8 = vA — c(v? A) 1||gl|?, and Co = exp(cév”R?). Note that 


VX ?gol = G? < 1/c4 
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and, consequently, 8 = vAcé(cp* — v4 || gollZ.) > 0. This implies 
2 


|w(t)|? = lult) — 2(t)? < Jutr) — 2(r) PCpe PO). 
The inequality (2.50) is proved. 


Now, we show that such a function z(t) is unique. If there are two 
bounded complete solutions z(t) and z2(t), t € R, then 


lei) = HP < |z1(T) — eme MT < Cine ET) 


in view of (2.50). Fixing t and letting T — —oo, we obtain |z1(t)—ze(t)|? = 0 
for all t € R. 














The properties (2.50) and (2.44) imply that the set 


A= Kz(t)|tER}a = (U {20} (2.54) 


gEH(g0) 


is the global attractor of (2.36) under the condition (2.48). 


Remark 2.6. In [16] it is shown that c < (8/(27r))!/? (see also 
Remark 1.2). Therefore, formula (2.54) holds for G < 3.2562. 


Remark 2.7. It is easy to construct examples of functions go(x, t) 
satisfying (2.48) such that the set {zg (t) | t € R} is not closed in H. 
Nevertheless, the set A is always closed, and to describe A, we need to 
consider all the functions zg(t) in the kernels of equations with external 
forces g E€ H(go). 


Remark 2.8. The inequality (2.50) implies that, under the condition 
(2.48), the global attractor A of the system (2.36) is exponential, i.e., A 
attracts bounded sets of initial data with exponential rate. 


Consider some special cases of the function g € H(go). 


Corollary 2.1. Let g(t) in (2.49) be periodic with period p. Then zg(t) 
has period p. 


PROOF. Consider the corresponding bounded complete trajectory z,(t). 
It is obvious that zg(t+ p) is a bounded complete trajectory of (2.49) with 
external force g(t+p) = g(t). Therefore, belongs to the kernel K; consisting 
of the single trajectory z,(t). Hence z(t + p) = z,(t). 














Corollary 2.2. If g(t) € H(go) is almost periodic, then z(t) is also 
almost periodic. 
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PROOF. Consider the function w(t) = z(t)—z(t+p), where z(t) := z,(t) 
and p is an arbitrary fixed number. As in the case of (2.52), we obtain the 
inequality 

dlw? + (VA = egy Awl? < 2lw] - |g) — gt + p), 
which implies 


dll” + (VA = OU lA? — awl? < Eg) — gE +p)?, (2-55) 


where 6 is a fixed positive number which will be specified later. From the 
inequality (2.40) it follows that 


v J lz(s)l]?ds < eC? + (A)! J \a(s)|2ds 


< le)? + AT E- r + Dalli 
< (DI? + GATE 7 + Vllgollze- (2.56) 





Since z(T) € A, from (2.45) it follows that 
DE < GA) + (VA) JIlgoll Zn = Rê- 


y (2.56), we have 


t 
EIKA < (RG + PA lolli) + OAT E -= T)llgollz2 
= RI + (PA) (t — r)I|gol2e, (2.57) 
where R? = vat RẸ + (v?A)~1||goll?,,. We set a(t) = và — cva |l? — 
2 
t 


Multiplying (2.55) by exp { faas} and integrating over fr, t], we find 


T 


-fal (s)ds -j a(s)ds 
lw(t)|? < |w(r)2e * s fwo- gO tpe 2° db. (2.58) 
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Using (2.57), we find 


t 
- f ads < cov À |Igol 2e (t 0) — (và — 6)(t— 0) + cv R? 
6 





(A = dy Agl — NCE — 8) + FB 
= —(8—6)(t— 0) + R3, (2.59) 
where R3 = cvt R? and 8 = vA — cv #1 1||gl|7.. We note that 
2 





v*d~* llgollZs = G? < c* 
(see (2.48)). Therefore, 
B=vrA- cov À "|goll£ > 0. 
We set ô = 3/2. Then (2.58) implies that 


ho < jwo(7) Peet- + EC \g(0) — 9(0 + p) Pe 0-240. 


(2.60) 


Let p be an e-period of g, i.e., |g(9) — g(0 + p)| < £ for all 4 € R. By (2.60), 
we have 
t 


2 
futé)? < ju(n2Cre- #92 + Cy se? / eBtt-0)/2ag 





B 
< [u(r)PCre 8/2 + Cg((2e)/8)?(1 — e7872) 
< |w(r)PC2e“ PM)? + Ca ((2e)/8)?, (2.61) 


where Cz = e%2. Note that |w(r)| < C’ for all r € R. Using (2.61) and 
letting T — —oo, we obtain the inequality 





2VC2 


ROIS ee ee Bye 


2VC2 
p 


(2.62) 


Hence p is an € 





-period of the function z(t). Hence z(t) is almost 











periodic. 





Consider the case, where go(t) is quasiperiodic, i.e., 


go(x,t) = p(z, art, ..., akt) = p(z, at), (2.63) 
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y(-,@) € CMP(T*; H), © = (w1,..., wx), and real numbers (a1,...,0%) = @ 
are rationally independent (see Example 2.5). 


Proposition 2.5. Let the condition (2.48) hold, and let the func- 
tion go(t) be quasiperiodic. Then the corresponding function zo(t) = 2g, (t) 
(unique by Theorem 2.4) is also quasiperiodic, i.e., there exists a function 
P(x,w) € CHP(T*; H) such that zo(x,t) = ®(a, ayt,...,a,t) and the fre- 
quencies (@1,...,ax) are the same as those for the function go(z,t). 


PROOF. Consider the external force g;(x,t) = y(a, at +w), where & € 
T*. It is obvious that go € H(go) (see (2.28)). By (2.48), with each such an 
external force gz we can associate a unique bounded complete trajectory 
zs(æ,t) of the Navier-Stokes equation with external force g;(x,t) which 
satisfies (2.50). We set 


O(x, 0) = 25(x,0) (2.64) 
and prove that ® is the desired function. First of all, we note that 
zolz, t+ h) = £ah+o (x, t) (2.65) 


because of the uniqueness of the bounded complete trajectory zan+o(x, t) 
corresponding to gan+a(x,t). It is easy to see that the function z,(x,t+h) 
satisfies the Navier-Stokes system with external force y(x, a(t + h) +W) = 
Jah+a(x,t). By (2.64), we conclude that 

zolz, h) = ®(x,ah +a), 
i.e., zolz, t) = P(x, at + ©) for allt € R. 

We show that D(x,&) = P(x,w1,...,wx) has period 27 with respect 
to each variable w;. This property follows from the uniqueness of bounded 
complete trajectories because 

P(x, © + 276;) = zo+2rg; (£, 0) = zolz, 0) = O(a, 0), 


where {ē;, i = 1,...,k} is the standard basis for R*. It remains to verify 
the Lipschitz condition with respect to & € T* for the function ®. We set 
w(t) = zo, (t) — zo (t). As in the case of (2.60), we prove the inequality 


t 
2 
[w(t)|? < wr) PCre PO)? + Zos | loa (0) — ga (8)/e 69/40. 


(2.66) 
The function vy satisfies the inequality 


|y(@1) — p(G2)| < |G, — 2| Y G1,@2 € TF. 
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Therefore, 
9a. (0) — goa (0)| < 2|@1 — wo. (2.67) 
From (2.66) and (2.67), as in the case of (2.61) and (2.62), we find 


2VC2 
p 





|w(t)| = |2a, (t) — 20, (4)| < % li — wo]. 


Finally, by (2.64), we have 


ta) ste EA a 


IN 


un |o = Wo, (2.68) 














i.e., O(z,0) € C™MP(T*; H). 





Corollary 2.3. Under the assumptions of Theorem 2.5, the global 
attractor A of the Navier-Stokes system is the Lipschitz continuous image 
of the k-dimensional torus: 


A = 0(T*) (2.69) 


and the set À attracts solutions of the equation with exponential rate (see 
(2.50)). 


Recall that 6(-,@) = &(., at + &):=0 = zolz, t)l=0, © € T*. 


Remark 2.9. By (2.69), the uniform global attractor A of the Navier— 
Stokes system with quasiperiodic external force go satisfying (2.48) and 
(2.63) is finite-dimensional, and dr(A) < k, where dr(A) is the fractal 
dimension of A (see Section 1.4.1). It is easy to construct examples of ex- 
ternal forces satisfying (2.48) and (2.63) such that dr(A) = k (see, for ex- 
ample, [25]). Thus, the dimension of global attractors A of nonautonomous 
Navier-Stokes systems may grow to infinity as k — oo, while the Grashof 
numbers (or Reynolds numbers) remain bounded. Moreover, there are al- 
most periodic external forces such that dr (A) = 00 (see Section 2.7). Such 
phenomena do not occur in the autonomous case, where the dimension of 
the global attractor is always less than the multiple of the Grashof number 
(see Theorem 1.6 and (1.57)). In Section 3, we will consider the Kolmogorov 
e-entropy and the fractal dimension of uniform global attractors of nonau- 
tonomous equations in detail. 


2.6.2. Nonautonomous damped wave equations. Consider the non- 
autonomous wave equation with damping 


du + yO,u = Au — folu, t) + golx, t), ulag =0, 2 €NER", (2.70) 
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where yO;u is the dissipation term (y > 0). The autonomous case was 
considered in Section 1.3.2. We assume that fo(v,t) € C!(R x R;R) and 


Fo(v,t) > —mv? — Cm, Fo(v,t) := J folw.t)aw, (2.71) 
0 


folu, tju — y Fo(v,t) + mv? > -Cm V(v,t)€ Rx R, (2.72) 


where m > 0 is sufficiently small and 1 > 0. 


Assume that p is a positive number such that p < 2/(n — 2) forn >3 
and is arbitrarily large for n = 1,2. Let 


do fo(v, t)| < Col + lvl’), [Ae fo(v, t)| < Col + lvlt), (2.73) 
O,Fo(v,t) < 6°Fo(v,t) +C, Y (v,t) Ee RXR, (2.74) 
where ô is sufficiently small. 


Remark 2.10. Let fo(v,t) = f(v)y(t), where, for example, f(v) = 
[ulPu or f(v) = R + Bsin(v), |6| < R, and y(s) is a positive bounded 
continuous function such that y’(t) < 6?y(t) for all t € R. Then fo(v, s) 
satisfies (2.71)-(2.74). 


From (2.73) it follows that 
fo(v,t)] < Coll + lot), Folo, s)| < CoQ + |v|?*”). (2.75) 
Assume that go € L$ (R; L2(Q)). 
The initial conditions are posed at t = 7: 
ule = ürt) Oult=r = pr(x), TER. (2.76) 


Proposition 2.6. If u, € Hj(Q) and p, € La(Q), then the problem 
(2.70), (2.76) has a unique solution u(t) € C(R-; Hi (9)) such that O,u(t) € 
C(R,; L2(Q)) and u(t) € L? (R; H7!(Q)). 


The proof can be found in [119, 68, 9, 34]. 

We set y(t) = (u(t), Œu(t)) = (u(t), p(t)) and y = (ur, pr) = y(T) 
for brevity. Denote by E the space of vector-valued functions y(x) = 
(u(x), p(x)) with finite energy norm 

lalli = I, ple = [Vul? + |p|? 


in the space E = Hj(Q) x L2(Q). Recall that | - | denotes the norm in 
L2(Q). By Proposition 2.6, y(t) € E for all t > 0. 
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The problem (2.70), (2.76) is equivalent to the system 


du = Pp Ultar = Ur 
du = —yp + Au — folu, t) + go(a, t), Plime = Pr; 


which can be rewritten in the operator form 


Oy = Aoo (Y), Ylter = Yr, (2.77) 


for an appropriate operator A,,(¢)(-), where oo(t) = (fo(v,t), go(#,t)) is 
the symbol of Equation (2.77) (see Section 2.4). If y. € E then, by Propo- 
sition 2.6, the problem (2.77) has a unique solution y(t) € Cy(R,; Æ). This 
implies that the process {U,,(t,7)} given by the formula U,,(t,7)y, = y(t) 
is defined in £E. 


Proposition 2.7. The process {U,,(t,7)} corresponding to the prob- 
lem (2.77) is uniformly bounded, and the following estimate holds: 


ICONE < Callyrllg’? exp(—A(t — 7)) + C2, B> 0, (2.78) 
where y(t) = Us (t, T)y- and the constants C1, C2 are independent of yr. 


The proof can be found in [34]. 


By Proposition 2.7, the process {U,,(t,7)} has a bounded (in Æ) uni- 
formly absorbing set Bo = {y = (u, p) | |lyll} < 2C2}, i.e., Uso (t,7)B € Bo, 
t—7T > h(B), for every B € B(E). The following result is more complicated 
(see the proof in [34]). 


Proposition 2.8. The process {U,,(t,7)} corresponding to the prob- 
lem (2.77) is uniformly asymptotically compact in E. 


By Theorem 2.1 and Proposition 2.8, the process {U,,(t,7)} has the 
global attractor A, and the set A is compact in E. 


Now, we introduce the enveloped space = for the symbol a(t) = 
(fo(v, t), go(x, t)) of Equation (2.77). Suppose that go(a,t) is a translation 
compact function in L3°°(R; L2(Q)), the function fo(v,t) satisfies (2.71)- 
(2.74), and (fo(v,t), 0: fo(v, t)) is a translation compact function in C(R; M). 
Here, M is the space of functions {(2(v), Y1(v)), v € R | (#,%1) € C(R; R?)} 
endowed with the norm 


LANTE sup { 
vER 





Hw) + ae) | wo } (2.79) 


lvl? +1 fel +1 


It is obvious that M is a Banach space and oo(t) = (fo(v, t), go(x,t)) is a 
translation compact function in = = C(RM) x L4°°(R; H). 
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Consider the hull H(o0) of the symbol oo in the space =. It is easy 
to show that for any a(t) = (f{v,t),g(x,t)) € H(oo), the function f(v, t) 
satisfies the inequalities (2.71)-(2.74) with the same constants as those for 
fo(v,t). Thus, the problem (2.77) is well posed for all o € H(oo) and 
generates a family of processes {U,(t,T)}, o € H(oo), acting in Æ. The 
following assertion is proved in [34]. 


Proposition 2.9. The family of processes {U,(t,T)}, o € H(oo), 
corresponding to the problem (2.77) is (E x H(a0), E)-continuous. 


Using Theorem 2.4, we obtain the following assertion. 


Theorem 2.5. If oo(t) = (fo(v,t), go(x,t)) is a translation compact 
function in = = C(R;M) x Ld°°(R; L2(Q)), then the process {U,,(t,T)} 
corresponding to the problem (2.77) has the uniform global attractor 


A= |) KK.) 
cEH (a0) 


where K is the kernel of the process {Us (t, T)} with symbol o € H(o0). The 
kernel Ko is nonempty for all o € H(oo); moreover, 


A=u(Bo)=(\[ U vt7)Bo] , 


h>0 t—-T>h 


We consider a special case of (2.70): the sine-Gordon type equation 
with dissipation 


3u + yOu = Au — f(u) + go(z,t), ulan =0, x € Q, (2.80) 
where 2 € R”, y > 0, f € C(R), go(-,t) € Ld°(R; L2(Q)). Assume that 
f(u) satisfies the inequalities 

IF| <C WER, (2.81 
| f (v1) — f(v2)| < Kļ|vı — val Vu, V2 ER. (2.82 
Remark 2.11. For f(u) = Ksin(u) Equation (2.80) is the sine- 
Gordon equation with dissipation (see [119]). 
We assume that the external force g(x, t) satisfies the condition 
t+1 


lol; = sup f loto) cmds < +0. (2.83) 
t 
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As above, we consider the Cauchy problem for Equation (2.80) with initial 
conditions 

uli=r = ur € HY(Q), ul, = pr € Lo(Q). (2.84) 
As in Proposition 2.6, we prove that for any u,(x) € H4(Q) and p,(x) € 
L2(Q) the problem (2.80), (2.84) has a unique solution u(t) € C(R-; Hg (Q)) 
such that Œu(t) € C(R;; L2(Q)) and u(t) € LEC(R,; H—1(Q)) (see, for 
example, [119, 68, 9, 34]). Denoting y(t) = (u(t), p(t)) = (u(t), Œut)) and 
Yr = (ur, pr), we see that y(t) € C(R,; E), y(T) = yr. Then the problem 
(2.80), (2.84) has the form of an evolution equation 


du =p Ult=r = Ur, 

{ dp = —yp + Au— f(u) + go(a,t), ’ { Pit=r = Pr Fe) 
(see (2.77)). The time symbol of this system is a one-component function 
colt) = go(-,t) with values in D2(Q). Since (2.85) has a unique solution, it 
defines via y(t) = U,,(t,T)yr a process {U,,(t,7)} acting in Æ. Propositions 
2.7, 2.8, and 2.9 hold for the process {U,,(t,7)} with p = 0. Consider the 
uniform global attractor A of this process. 


Proposition 2.10. Under the conditions (2.81), (2.82), (2.83), the 
problem (2.85) has a global attractor A, and the set A is compact in E. 


We refer to [34, 25, 36]. We note that the process {U,,(t,7)} is not 
uniformly compact, but only uniformly asymptotically compact. 


For studying the structure of the global attractor A, we assume that 
go(z,t) is a translation compact function in L4°¢(R; L2(Q)). Consider the 
hull H(go). For any symbol g € H(go) the problem (2.85) with g instead of 
go generates the process {U,(t,7)} in Æ. As was proved in [34], the family 
of processes {U,(t,7)}, g € H(go), is (E x H(go), E)-continuous. Using 
Theorem 2.4, we obtain the following assertion. 


Proposition 2.11. Let go(x,t) be a translation compact function in 
L4°(R; L2(Q)). Then the global attractor A of the process {U,,(t,7)} can 
be represented as 

A= |J K0), (2.86) 
gEH(g0) 
where K, is the kernel of Equation (2.85) with symbol g € H(go). The kernel 
Kg is nonempty for every g. 


We now specify the case, where the global attractor A has a simple 
structure and is exponentially attracting. We denote by À the first eigen- 
value of the Laplacian on H (Q). We have the following 
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Theorem 2.6. Let the Lipschitz constant K in (2.82) satisfy the in- 
equality 
K<AÀ. (2.87) 


and let the dissipation rate y in (2.80) satisfy the condition 


> = 2(A- VX — K?). (2.88) 
Then for every g € H(go) Equation (2.85) with external force g has a unique 
bounded (in E) solution z(t) = (w(t), :w(t)) for allt € R. Moreover, for 
any solution y(t) = U,(t,7)y, of Equation (2.85), the following inequality 
holds: 
lye) -zle < Cly- — zr) ze ft, (2.89) 
where C > 0 and B > 0 are independent of yr. 


PROOF. We repeat the arguments of [36]. The relations below can be 
justified with the help of the Galerkin approximation method (see [96, 119, 
9]). Let uı(x,t) and u2(x,t) be two solutions of (2.80) with external force 
g € H(go). Then the difference w(x, t) := u1 (x,t) — u2(x,t) is a solution of 
the problem 

3w + yw = Aw — (f (u1) — f(u2)) in Q and w|50 = 0, (2.90) 
The equation in (2.90) can be written in the form 
On(Opw + aw) + (y — a) (3w + aw) — Aw — a(y — a)w 
= —(f (u1) — f(u2)), (2.91) 
where a is a suitable parameter which will be chosen later. Multiplying 
Equation (2.91) by v = dw + aw, integrating over Q, integrating by parts, 
and using the condition (2.82), we arrive at the inequality 

ld 

2 dt 

+a(|Vwl|? — aly = a)|w|?) = —(f(u1) — f(u2),v) < Klwllol. (2.92) 
We choose a > 0 such that 


(lvl? + |Vwl? — ay — a)lwl?) + (y — |v)? 


a(y — à) < À. (2.93) 
Using the Poincaré inequality A|w|? < |Vw|?, we find 


Alw|? — a(y — a)lul* < |Vwl? — aly — @)|wl?, 


» [Vul = aly ~ a)l? 


jw" < (ae =a) (2.94) 


192 Vladimir Chepyzhov and Mark Vishik 


By (2.94) and (2.92), we have 
1d iyo 2 2 2 
24 Y —a)X? +aY? — 
a + {Cr a)X +a 


K 
—— xr} <0, (2.95) 
A— ay — a) 
where X? = |u|? = |O,w + aw|? and Y? = |Vu|? — aly — a)|w/?. 
The quadratic form {...} in (2.95) is positive definite provided that 
a>0,y-—a>0, and 


=e) = > 0 (2.96) 
aly — a) — ——————— ; 
4(A — a(y — a)) 
We set 0 = a(y — a). The inequality (2.96) is equivalent to the inequality 
K? 
o? — ào + T 0. (2.97) 


Since K < X, the quadratic inequality (2.97) is satisfied by any o such that 


i= 2 — 2 Dr 2 
à— và- kK* Ak Pee ss as a as (2.98) 


From (2.98) it follows that o < A, i.e., a(y— a) < À and the condition (2.93) 
is satisfied. Thus, we need to find a > 0 such that 


-X.K NLK? 
ane <a(y—-—a)< are. (2.99) 


Note that such a always exists if the maximum of a(y — a) with respect to 
a is greater than the left bound in (2.99), i.e., if 


2 408 Ke 
= > = (2.100) 


This inequality coincides with the assumption (2.88). Consequently, taking 
a that satisfies both inequalities in (2.99), we see that the quadratic form 
{...} in (2.95) is positive definite and 


a 
A— a(y— a) 





(y-—a)X?+aY? XY > B(X? +Y7), B>0, (2.101) 


where 8 explicitly depends on +, A, K. Then (2.95) takes the form 
1 d 
oa +Y?) + B(X? + Y?) <0 


and the Gronwall inequality yields 
X? (t) + Y?) < (X? (r) + Gia. (2.102) 
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We see that the expression X? +Y? = |Q:w+aw|? +|Vw|? —a(y—a)|w|? is 
equivalent to the norm ||y1 — y||% = |O:w|? +|Vw|?. Hence (2.102) implies 
the inequality 

lne) -yele < Cly) — ya(r)Imee PO Vt > 7, (2.103) 


with some constant C = C(+, À, a). 


By Proposition 2.11, the kernel K, of Equation (2.85) is nonempty, i.e., 
there is a bounded (in £) solution z(t) = z(t), t € R, of the system (2.85). 
Substituting z(t) into (2.103), for any other solution y(t) = U,(t,7)y, we 
obtain the estimate 


lly) — zele < Cly- 2(r) |e PO WED r, (2.104) 


which means that z(t) is the unique bounded complete trajectory of the 
process {U,(t,7)} corresponding to (2.85). 














Now, we formulate consequences of Theorem 2.6 which can be proved 
in the same way as the corresponding assertions for the 2D Navier-Stokes 
system in Section 2.6.1 (see Corollaries 2.1-2.3 and Proposition 2.5). 


Corollary 2.4. Under the assumptions (2.87) and (2.88), the global 
attractor of Equation (2.85) has the form 


A=[{Zo(t)|t€R]e= | {z,(0)}. (2.105) 
g€H (go) 
Corollary 2.5. The constructed global attractor A is exponential, i.e., 
for every bounded set BC E 
diste (Uy (t, T)B, A) < C||Bllze"P"- Yt>r, (2.106) 
where ||B||e = sup{llylle | y € B}. 


Corollary 2.6. If g(t) is periodic with period p, then z,(t) is also 
periodic with period p. 


Corollary 2.7. If g(t) is almost periodic, then z(t) is also almost 
periodic. 


PROOF. As in the case of (2.102), we show that w(t) = zg(t)— z,(t+p) 
satisfies the inequality 


L(x? + Y?) + 28X? +Y?) < 2lalt) -gt + pol, (2107) 
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where X? = |v(t)|? = |0,w(t)+aw(t)|? and Y? = |Vw(t)|?-—a(y—a)|w(t)|?. 
Using the estimate 


21g(6) — g(t + p)llol < BX? +8 -g+ p), (2.108) 
we find that 
E(X? +Y?) + A(X? +Y?) < PTE -ot +p). (2109) 


If p is an e-period of g, i.e., |g(t) — g(t + p)| < £ for all t € R, then from 
(2.109) it follows that 


AL) EVD) SCENE Re 


Fixing t and letting T — —oo, we find 


lz (© — zat + PE < C(X7(H + Y(t) < <05 VieR, (2.110) 
i.e., p is an eVC/B-period of the function zg and thereby z,(t) is almost 
periodic. 














We now assume that go(t) is quasiperiodic and has k rationally inde- 
pendent frequencies, i.e., 


golt) = p(x, ait,..., art) = p(x, at), (2.111) 
where y € C'HP(TF; Lo(Q)), @ = (a1,...,ax) € R (see Example 2.5). 
Proposition 2.12. If go(t) is a quasiperiodic function of the form 


(2.111), then the corresponding function zg (t) is also quasiperiodic. Thus, 
there exists P € C™P(T*; L2(Q)) such that zg (t) = P(x, ait,..., akt). 


The proof is similar to that of Proposition 2.5. 


Corollary 2.8. If go(t) has the form (2.111), then the global attractor 
A of Equation (2.80) is the Lipschitz continuous image of the k-dimensional 
torus T! : A= P(T") and dr(A) < k. 

Remark 2.12. It is easy to construct external forces go(t) of the form 
(2.111) such that d (A) = k. Moreover, there exist almost periodic external 
forces such that dr(A) = co (see Section 2.7). 


Remark 2.13. Making the change of the time variable t = t’/y in 
(2.80), we obtain the problem 


cô?u + Qu = Au — f(u) + go(z,t), ulag = 0, 


where ¢ = y~?. The above results are applicable provided that |f’ (u)| < À 
for all u € Rand 0 < € < £o := 271A — VX2—Kk2) 1 
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2.6.3. Nonautonomous Ginzburg-Landau equation. Consider 
the following nonautonomous generalization of the Ginzburg-Landau equa- 
tion (see Section 1.3.3) with zero boundary conditions (periodic boundary 
conditions can be treated in a similar way): 
du = (1 + iag(t))Au + Ro(t)u — (1 + iGo(t))|ul?u + go(z, t), (2.112) 
ulag = 0, | 


where u = u! (x, t)+iu?(x,t) is the unknown complex function and x € 2 € 
R”. The coefficients ao(t), Go(t), and Ro(t) are given real-valued functions 
in (R). We assume that 
[Bo(t)| < V3 VEER. (2.113) 
The phase space for (2.112) is H = L2(Q;C). The norm in H is denoted 
by ||- ||. We also introduce the notation V = Hj(Q;C) and L4 = L4(Q;C). 
Assume that go(x, t) = g4(x,t) + igé(x,t) belongs to L3(R;H), i.e., 
T+1 
lsolžyæs = sup flot s)IFd. (2.114) 
TER 


Recall that Equation (2.112) is equivalent to the following system rel- 
ative to the vector-valued function u = (u!,u?)!: 


Ou = e k Au + Ro(t)u — ‘ae ÉD ju/?u + go(z, t), 
where go = (gd, g@)'. Under the above assumptions, the Cauchy problem 
for Equation (2.112) with initial data 

uļli=r = ur(x), u-(-)€ H, TER, (2.115) 
has a unique weak solution u(t) := u(x,t) such that 

u(-) € C (R7; H) N LÈ(R;,; V) A LÈ (R7; La) 
and (2.112) is satisfied by u(t) in the sense of distributions (see [119, 9, 34]). 
Any solution u(t), t > T, of (2.112) satisfies the differential identity 
LE uO + VUON + O, -ROON 
= (golt) u(t)) Wtr. (2.116) 
(t 


The function ||u(t)||? is absolutely continuous for t > 7. We note that the 
parameters ao(t) and So(t) are omitted in this identity. The proof of (2.116) 
is similar to that of the corresponding identities for weak solutions of general 
reaction-diffusion systems [34, 32] (see also [129]). 
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Using standard transformations and the Gronwall lemma, from (2.116) 
we deduce that any weak solution u(t) of (2.112) satisfies the inequality 


lel? < lur) eC +. CG t >n, (2.117) 


where À is the first eigenvalue of the operator {—Au, uļən = 0} and the 
constant Co depends on || Rollc, = sup |R(¢)| and ||go|| zœ: 
teR 


Let {U(t,7)} be the process corresponding to the problem (2.112), 
(2.115) and acting in the space H. Recall that the mappings U(t,r) : H — 
H, t >7, TER, are defined by the formula 

U(t,r)u; =u(t) Vu, € H, (2.118) 


where u(t), t > 7, is a solution of Equation (2.112) with initial data 
ulti=r = ur. By the estimates (2.117), the process {U(t,7)} has the uni- 
formly absorbing set 


Bo = {v € H | |lul] < 2Co} (2.119) 


which is bounded in H. 
The process {U(t,7)} has a compact in H uniformly absorbing set 


By = {v € V | llully < Ch} (2.120) 


for an appropriate Cf. For the proof of this assertion we refer to [34, 129] 
and Section 5.1. The set Bı is bounded in V and compact in H since the 
embedding V € H is compact. Thus, the process {U (t, T)} corresponding 
to (2.112) is uniformly compact. 


Applying Theorem 2.1, we conclude that the process {U(t,7)} has the 
global attractor A and the set A is compact in H, bounded in V, and can 
be constructed by the formula 


A= w(Bo) = Al U U(t,7)Bo] 


h>0 t-T>h 


The time symbol of Equation (2.112) is the function 


dot) = (ao(t), Go(t), Ro(t), go(a,t)), tE R, 
with values in Ÿ = R° x H. We assume that 6o(t) satisfies (2.113). 


Let ao(t), Bo(t), and Ro(t) be translation compact functions in C °° (R), 
and let g(x,t) be a translation compact function in L3°°(R;H). Then oo(t) 
is a translation compact function in = = C °° (R; R?) x L4°°(R; H). Consider 
the hull H(co) of the function a(t) in the space C!°°(R; R?) x L4°°(R; H). 
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Along with Equation (2.112), we consider the family of equations 
du = (1+ia(t))Au+ R(t)u— (1478 (t))\ul?ut g(a, t), o € H(oo) (2.121) 


with symbols o(t) = (a(t), G(t), R(t), g(a, t)), where o € H(ao). We note 
that for every o = (a, 8, R, g) € H(o0) the function G(t) satisfies (2.113) and 
g(x, t) satisfies (2.114). Therefore, Equations (2.121) generates the family 
of processes {U,(t,T)}, o € H(oo), acting in H (see [34, 129]). Recall 
that {U(t,7)} = {U,,(t,7)} is the process corresponding to the Ginzburg- 
Landau equation (2.112). Consider the kernels Ko, o € H(o0), of Equations 
(2.121). As is proved in [34, 129], the family {U,(t,7)}, o € H(a0), is 
(Hx (09); H)-continuous. Then, by Theorem 2.4, 
A= |] K.(0), (2.122) 
cEH(o0) 
where the kernel Ko of Equation (2.121) is nonempty for all o € H(a0). 
Now, we describe an example of the Ginzburg-Landau equation having 


a simple global attractor. 


Proposition 2.13. Let Bolt) satisfy (2.113), and let Ro(t) satisfy the 
inequality 
Ro(t)<A-d VER, 0<d<X. (2.123) 


Then for any o € H(oo) the kernel Ko of Equation (2.121) consists of 
a single element {zo(t), t € Rẹ}; moreover, {z,(t),t € R} exponentially 
attracts any solution {u¢(t),t > T} of Equation (2.121): 


lu) — zo| < eP juot) — zo(7)|| Vt > 7. (2.124) 
PROOF. Since the kernel Ko of Equation (2.121) is nonempty, there 
exists a bounded complete solution z,(t),t € R, of (2.121). Consider any 


other solution {u,(t),t > T} of Equation (2.121). The difference w(t) = 
Ug(t) — Zo (t) satisfies the equation 


dyw(t) = (1+ ia(t))Aw(t) + R(t)w(t) 
— (1+ ibt) (uH) Pult) — |2@)|?2(#)). (2.125) 


We set A(t)v = (1+ ia(t))Av + R(t)v and f(t,v) = (1 +76(t))|v|?2v. Using 
(2.123), we find 


(A(t)w, w) = —((1 + ia(t))Vw, Vw) + (R(t)w, w) 
= —(Vu, Vw) + (R(t)w, w) 
< Alu? + RE)llwll? < —-6lwl?. (2.126) 
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By (2.113), the function f(t,u) is monotone with respect to u : 
(f(t,u) — f(t,2),u — z) = (fault, v)(u — 2),u— 2) 
= (fu (t, v)w, w) > 0, (2.127) 
where v = z + 0 (u — z), 0 < 0(x,t) < 1 (see (1.34) and [34] for details). 


Multiplying Equation (2.125) by w, integrating over Q, and using 
(2.126) and (2.127), we obtain the inequality 


d 2 
LE = (A(t)w, w) — (f(t, u) — f(t, z), w) 
—6||w||? — (fut, vw, w) < —d|lwll?, (2.128) 
which implies 
lutt) — zel? = wo < ewr)? 
= et- ufr) 2(7)l2 Vt >. 


Thus, the inequality (2.124) is proved for any function z,(t) from the kernel 
K of Equation (2.121). 

From (2.124) it follows that {z,(t), t € R} is a unique element of the 
kernel Ko of Equation (2.121). 














Remark 2.14. The property (2.124) expressing the exponential at- 
traction by the unique trajectory {z,(x,t),t € R} of all solutions {u,(z,t), 
t > T} of Equation (2.121) is a nonautonomous analog of the exponential 
stability of the unique stationary point {2(x)} of the autonomous equation 
(2.21) for R < À and |8| < V3. 


Finally, we formulate natural consequences of Proposition 2.13. 


Corollary 2.9. Under the assumptions of Proposition 2.13, the global 
attractor A of Equation (2.112) has the form 


A= [Ut Zoo ( | = U {2o(0 (2.129) 


aEH(o0) 


moreover, the global attractor A is exponential, i.e., for every bounded set 


BCH 
distu (Us, (t, T)B, A) < C(| Be E? Y tar, (2.130) 


where ||B|| = sup{|ly|| | y € B}. 
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Corollary 2.10. If the symbol a(t) is periodic, then z,(t) is also 
periodic. If a(t) is almost periodic, then z,(t) is almost periodic as well. If 
the initial symbol oo(t) is quasiperiodic of the form 


colt) = p(ait,...,axt) = p(àt), 


where p € C ™P(T*; R°xH) and the numbers à = (a1,..., œp) are rationally 
independent, then zo (t) is also quasiperiodic, i.e., there exists a function 
€ C™P(T*; H) such that zoo (t) = ®(ait,...,axzt). Moreover, the global 
attractor A is the Lipschitz continuous image of a k-dimensional torus T* : 
A = ®(T*) anddp(A) < k. 


The proof is similar to that of Corollaries 2.1-2.3 and 2.4-2.8. 


Remark 2.15. There are symbols oo(t) satisfying (2.113) and (2.123) 
such that dr(A) = k. Moreover, it is easy to construct almost periodic 
symbols such that dp (A) = co. 


2.7. On the dimension of global attractors of processes. 


Studying nonautonomous evolution equations, we see that the dimension of 
the uniform global attractors depends on the dimension of the symbol hulls. 
For example, for evolution equations with quasiperiodic time symbols the 
fractal dimension of global attractors depends on the number of rationally 
independent frequencies of the symbols (see Remarks 2.9, 2.12, and 2.15). 


Let us show that the uniform global attractors of processes correspond- 
ing to general nonautonomous evolution equation can have infinite fractal 
dimension. 

Consider a process {U(t,7)} acting in a Hilbert (or Banach) space Æ 
and assume that it is uniformly asymptotically compact. By Theorem 2.1, 
{U(t,7)} has a global attractor A. Consider the kernel K of the process 


{U(t,7)}. By Proposition 2.2, the set K = U K(r) of all values of all 
TER 
complete trajectories u € K of the process belongs to A. Moreover, the 


closure K of this set in Æ also belongs to A since the global attractor is a 
closed set. 


We claim that the set K can have infinite dimension 


drK = +00 (2.131) 
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for all the problems discussed in Section 2.6. For example, for the Navier— 
Stokes system we set 


uo(a, t) = > a;(x) cos(ujt) + b;(x) sm(u;t), (2.132) 


where a;(x) = (aj(x),a%(x)), bj(x) = (b;(x),b$(x)) are smooth linearly 
independent vector-valued functions such that a;lan = 0, (V,a;) = 0, 
bilao = 0, (V,b;) = 0. We assume that the series (2.132) and its deriv- 
atives with respect to x and t converge rapidly. We also assume that the 
frequencies uj, j = 1,2,..., are rationally independent real numbers. Set- 


ting 
go(x,t) = Ouo(a, t) + vLuo(x,t) + B(uo(x, t), uo(x, t)), (2.133) 


and we see that go(-) € Cy(R;H). The system (2.36) with external force 
go(x, t) generates a process {U(t,7)} in H having the compact attractor A 
(see Section 2.6.1). The process {U(t,7)} has at least one complete bounded 
solution; namely uo(t). Thus, the kernel Æ is nonempty and uo € X. It is 
easy to show that the projection uğ (x, t) of uo(z, t) onto the 2N-dimensional 
space spanned by the vector-valued functions {(a;(x),b;(x)) | j =1,...,N} 
provides a dense winding of the N-dimensional torus TY C H (the rational 
independence of {u;} was used). Therefore, the set Im uo = {uo(-,t) : t € R} 
has the fractal dimension greater than N : dplmug > N for each N € N, 
i.e., drlmuo = œ. It is evident that Imuo C K. Hence dgK = +00. We 
recall that K C A, and thereby dr A = +00. 


3. Kolmogorov ¢-Entropy of Global Attractors 


As was shown at the end of Section 2, the fractal dimension of the global 
attractor A of a nonautonomous evolution equation can be infinite. At 
the same time, the global attractors are always compact sets in the corre- 
sponding phase spaces. Therefore, it is reasonable to study the Kolmogorov 
e-entropy because it is finite for every €. 


Here, we derive upper estimates for the Kolmogorov ¢-entropy of the 
global attractors of nonautonomous evolution equations with translation 
compact symbols. These estimates are optimal in a sense and generalize 
estimates for the £-entropy of the finite-dimensional global attractors of the 
corresponding autonomous equations considered in Section 1.4. 
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In Section 3.1, we present a general upper estimate for the ¢-entropy 
of the uniform global attractor A of the process {U,(t,7)} corresponding 
to the nonautonomous equation du = Asq (u) with translation compact 
symbol o(t). 

In Section 3.2, we consider the case, where the fractal dimension dr A 
of the uniform global attractor A is finite. This property holds if, for exam- 
ple, the time symbol o(t) is a quasiperiodic function in t with k rationally 
independent frequencies. Then we show that dr A < d+ k for some d 
depending on the problem under consideration. This means that the di- 
mension dF A can grow to infinity as k — +oo. 


In Section 3.3, the above-mentioned results are applied to the esti- 
mates of the £-entropy and the fractal dimension of the uniform global at- 
tractor of some nonautonomous equations in mathematical physics; namely, 
the 2D Navier-Stokes system with translation compact external force, the 
damped wave equation with translation compact terms, and the nonau- 
tonomous complex Ginzburg-Landau equation. 


We emphasize the fundamental role of the paper [83] in the study of 
the ¢-entropy of compact sets in Hilbert or Banach spaces. 


3.1. Estimates for ¢-entropy. 


We use the notation from Section 2. Consider the family of the Cauchy 
problems for nonautonomous equations 


Ou = Ag(t) (u), ult=r —ür, Ur E, (3.1) 


with symbols o(t) € H(oo(t)). Here, E is a Hilbert space. We assume 
that the symbol oo(t) of the original equation (2.21) is a translation com- 
pact function in the space =. We assume that the topological space = is a 
Hausdorff space. In applications, = = C(R; Ÿ) or E = L}? (R; Y),p>1, 
where W is a Banach space, or the product of such spaces. The space = 
is endowed with the local uniform convergence topology on every bounded 
segment in R. By definition, a sequence {o,,(-)} converges to o(-) as n — oo 
in E if |Ma ,t2(on(-) — o(-))Îs,, — 0 as n — oo for every closed interval 
[t1,t2] C R. Here, I+ 4, denotes the restriction operator onto the interval 
[t1,t2], Six is the family of Banach spaces generating =, and ||€|l=,, ., 
is the norm of € in =,4,. For example, if = = C(R;W), then =, 4, = 
C([t1, t2]; Y) and on (-) > o(-) as n — œ in C(R; Y) provided that 


max ||o,(s) — o(s)y — 0 as n — œ (3.2) 
s€[t1,to] 
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for every [t1, t2] C R. Similarly, on(-) > o(-) as n — œ in E = L}? (R; Y) 
if 
i 7 
lon(s) — o(s)||Zds — 0 asn— oo (3.3) 
ti 
for all [t1,t2] C R (see [34] for details). In addition, we assume that the 
norms in Z4 4. satisfy the following condition: 


[He elle oy Se te€llSey a Y [ti t2] C [ta tol. (3.4) 


It is clear that (3.4) is valid for the spaces C([t1, ta]; Y) and Lo his to; Y). 


Suppose that for every o € H(o0) the Cauchy problem (3.1) generates 
the process {U,(t,7)} acting in E by the formula U, (t, T)ur = u(t), t > T, 
T € R, where u(t) is a solution of the Cauchy problem (3.1) with initial 
data u, € E. Let the assumptions of Theorem 2.4 hold. Then the process 
{Uso (t, T)} has a global attractor A of the form (2.33). 


Our goal is to study the s-entropy H(A) = H: (A, E) of the global 
attractor À in the space E (see Definition 1.6). We intend to estimate 
H: (A) by using an information about the behavior of the e-entropy of the 
sets Io H (o0) in the space Eo, (where, for example, Zo, = C([0,1]; Y) or 
oi = DEPOT ŸY)). It is assumed that the behavior of the e-entropy is 
known as l — +00 and € — 0+. Here, Ho; denotes the restriction operator 
on the segment [0, /]. 

To formulate the main theorem, we need to introduce some notions 
and conditions on the process {U,,(t,7)}. First of all, we must general- 
ize the quasidifferentiability property (1.40) introduced in Section 1.4.1 for 
semigroups. 

Let {U(t,7)} be a process in E. Consider the kernel K of {U(t,r)} 
(see Definition 2.3). It is clear that the kernel sections satisfy the following 
invariance property: 

U(t, TK) =K(r) VtSr, TER. (3.5) 


Definition 3.1. A process {U(t,7)} in E is uniformly quasidifferen- 
tiable on K if there exists a family of linear bounded operators { L(t, T, u)}, 
u E€ K(T), t >T, 7 €R, such that 


|U (t, T)u1 — U (t, Tu — L(t, T, u)(u1 — u)|| E 
saalam oiala (3.6) 


for all u,u1 € K(r), 7 ER, where y = y(£,s) — 0+ as € — 0+ for each 
fixed s > 0. 
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Assume that the process {U,,(t,7)} corresponding to (3.1) is uni- 
formly quasidifferentiable on the kernel K,, and the quasidifferentials of 
this process are generated by the variational equation 


Ou = Aggu(ult))¥, vlr =r, vr EB, (3.7) 


where u(t) = U,,(t,7T)Ur, Ur € Kop (T), ie., L(E,T,ur)vr = v(t), where 
v(t) is a solution of (3.7) with initial data v+. We assume that the Cauchy 
problem is uniquely solvable for all u, € Ko, (T) and v, € E. 


As in the case of (1.43), we introduce the numbers 


T+T 
ke : 1 
qj :=limsup sup sup = Í Tr; Agou(u(t))dt, (3.8) 
T—+oo TER u,€K(r) 


where u(t) = Uso (t, T)u, and the j-trace Tr;(L) of a linear operator L in a 
Hilbert space E is defined in (1.42). 


Assume that the following Lipschitz condition holds for the processes 
{U,(t,7)}, € E H(oo) corresponding to (3.1): 
[Us (h, 0)uo — Uos (h, OJuolle < C(h)|lo1 — e2lleo,n (3.9) 


for all 61,02 € H(oo), uo € A, h > 0. 
From (3.9) it follows that 


[Uo (t, T)ur — Usa (t, T)ur| < C(t = TIo — ollz 


27,t 


for all 61,02 € H(oo), ur EA, t>T, TER. 


Now, we are ready to formulate the main theorem of this section. 


Theorem 3.1. Let the assumptions of Theorem 2.4 hold. Suppose 
that the original process {U,,(t,7)} is uniformly quasidifferentiable on Koo, 
the quasidifferentials of this process are generated by the variational equation 
(3.7), and q; defined by (3.8) satisfy the inequalities 


G <a, j=1,2,3,.... (3.10) 


Assume that the Lipschitz condition (3.9) holds for the family of processes 
{Us (t, T)}, o € H(oo), and the function qj is concave in j (like N). Let m 
be the smallest number such that qm+1 < 0 (then qm > 0), and let 


Im 


d=m+—2_.. 
(dm ian m+1) 


(3.11) 
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Then for every 6 > 0 there exist n € (0,1), €o > 0, and h > 0 such that 
E0 
H.(A) < (d +6) log, (=) + Heo (4) 


+ He (Mo, h 1081, (e0/ne) (00) (3.12) 


for alle < £o, where C(h) is the Lipschitz constant from (3.9). 


Recall that He(TorH(o0)) on the right-hand side of (3.12) denotes the 
e-entropy of the set H(o0) restricted to the interval [0,1] and the e-entropy 
is measured in the space Eo, (for example, in C([0, 1]; Y) or L7°°(0,1; W)). 


The proof of Theorem 3.1 is contained in [24, 34]. 


Remark 3.1. Comparing the inequality (3.12) with the estimate 
(1.46) in the autonomous case, we observe that the term (d+ ô) logs (€o/ne) 
corresponds to the upper estimate for the ¢-entropy of the kernel sections 
K(r) and, in particular, drK(r) < d for all 7 € R (see [34]). 


Remark 3.2. If ô is small, the inequality (3.12) is optimal with re- 
spect to the estimate of the e-entropy of the kernel sections. However, 
another important parameter h in (3.12) tends to infinity as ô — 0+. The 


parameter h controls the denominator in € = , where C(h) is the 


en 
4C (h) 
Lipschitz constant in (3.9) which usually grows exponentially as h — ov. 
Thus, if the hull (a0) is infinite-dimensional, then the e-entropy of H(00) 
can grow rapidly as € — 0+ and faster than Dlog(1/e) for arbitrary D. 
Thus, it is reasonable to optimize the estimate (3.12) with respect to small 
values of h. The following assertion presents a result in this direction. The 
proof can be found in [34]. 
Theorem 3.2. Let the assumptions of Theorem 3.1 hold, and let qj < 
qj, j =1,2,.... Assume that 
Gi 


7 — —00 as j — 00. (3.13) 


Then for any h > 0 there exist D > 0 and £o > 0 such that 
H(A) < Dogo ((2¢0)/¢) + Heo (4) 
+ H efr (Mon 108, (220/6) (00) (3.14) 
for alle < £o. (In applications, C (h) usually approaches 1 as h — +0.) 


We consider a particular case, where g(t) is an almost periodic func- 
tion, i.e., the hull H(o0) is compact in Cp (R; V) with respect to the topology 
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of uniform convergence on R. The norm in (R; Y) is defined by the for- 
mula 


Mlle, æu = sup EC) lv. 
teR 


Since 
lle. < lle mm Vl > 0, 


we have 
H. (MoH (00); C([0, 1]; Y)) < H(H(00); Ca (R; Y)) 
= H.(H(co)) Vi > 0, (3.15) 
and Theorems 3.1 and 3.2 imply the following assertion. 


Corollary 3.1. Let oo(t) be almost periodic, and let the assumptions 
of Theorem 3.1 hold. Then 


H.(A) < (d + ô) logo Ga + Heo (A) + H sp (H(o0)) Ve < £o, (3.16) 


where H.(H(oo)) is the e-entropy of the hull H(oo) in the space Ci (R; Y). 


Corollary 3.2. Let the assumptions of Theorem 3.2 hold, and let 
H(oo) E€ Ch(R; Y). Then 


H:(4) < D log, (=) + Ha (4) + Ho (H(0)) Ve < Ep. (3.17) 


Remark 3.3. If it is known that H(oo) € L?(R; Y), i.e., oo(t) is an 
almost periodic functions in the Stepanov sense, then the estimates (3.16) 
and (3.17) hold. In this case, H.(H(a9)) denotes the e-entropy of H(co) in 
the space Lo (R; Y) measured in the norm 


t+1 


1/p 
Ilzam = (sup J TOZON 


The estimate (3.16) shows that for a general almost periodic function 
co(t) having infinitely many rationally independent frequencies, the main 
contribution to the estimate for the ¢-entropy of the global attractor A is 
made by the eL-entropy of the hull H(00), where L = (4C(h))/n. However, 
if oo(t) has finitely many frequencies, i.e., it is quasiperiodic, then the contri- 
bution of this quantity is comparable with that of the term dlog (£0/(an)). 
This means that the global attractor of the nonautonomous equation has 
finite dimension. We discuss this question later. 
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We consider two important characteristics of a compact set X in E, 
introduced in [83]. The number 


log» (H:(X)) 


df(X,E) = df(X) := lim sup —=——— 3.18 
AB) ECS) = TEP Toe, Toga (1e) ee) 
is called the functional dimension of X in E, and the number 
log, (H(X 
ae D = a ein un C0) (3.19) 


e0+  log2(1/€) 
is called the metric order of X in E. It is easy to see that df(X) = 1 and 
q(X) = 0 if dp(X) < +00. Thus, the values df(X) and q(X) characterize 
infinite-dimensional sets. Some examples of calculations of these values are 
given in [83] (see also [125, 127]). 


Using Corollaries 3.1 and 3.2, we obtain the following assertion. 

Corollary 3.3. Let oot) be an almost periodic function. Then 
df(A, E) < df(H{(oo), Co(R; Ÿ)), (3.20) 
d(A, E) < q(H (00), Co (R; Y)). (3.21) 


3.2. Finite fractal dimension of global attractor. 


In this section, we study the fractal dimension of the uniform global attrac- 
tor A of the process {Us (t, T)} corresponding to (2.21) and its dependence 
on the fractal dimension of the hull H(a0). 


We start with a very important example of a quasiperiodic symbol 


colt) (see Example 2.5): oo(t) = wat, at,...,axt) = y(as), where 
p(@),@ = (w1,...,wx), is a 27-periodic function in each variable w;, i = 1, k, 
a = (a1, Q2,...,a%),a; ER, {a;i} are rationally independent numbers. We 


assume that (©) is a Lipschitz continuous function on the k-dimensional 
torus T! = [R mod 2z7]* with values in a Banach space Y, y € ClP(T*; Y), 
i.e., 

Ile(@1) — p(@2)\|w < Llor — Dole V G1,02 € T”, (3.22) 
where |- [rx denotes the usual Euclidean norm in R*. By (2.28), the hull 
H(co) of the function oo(t) in the space Cp (R; Y) coincides with 

{p(as +0) | 8 € T*} = H(o0). (3.23) 


Proposition 3.1. If oo(t) is a quasiperiodic function, then 


H.(H(00)) := He(H(o0), Cy(R: Y)) < Hz.(T*) < k logs (= ) (3.24) 


€ 
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for alle < L`! and 
dr(H(o0)) = dr (H(00), Ca (R; Y)) < k. 
PROOF. If 01,02 € H(oo), then o; = (ās + 8;) for some 0; € TF, 
i = 1,2, by (3.23) and 
loi — Palle, (a; = sup lloi (t) — o2(t)||w 
teR 
= sup ||p(at + 61) — — y(at + 62) |\u < L\O, — Ole 
te 
by (3.22). Therefore, 
N-(H(o0)) < Nze(T*). 
It is known that the torus T? endowed with the Euclidean metric can be 


covered by at most (2/e)* balls of radius £ < 1 (see, for example, [43]). 
Hence 


N-(H(o0)) < (2/(Le))*,  He(H(o0)) < klog,(2/(Le)) Ve < L7 


and, consequently, 


1; H-(H(90)) 
dr(H(oo)) := lim sup (Je) < 











which completes the proof. 





Remark 3.4. In the general case, H(o0) is a Lipschitz continuous 
manifold in C;(R; Y), isometric to the torus T*. Hence dr(H(oo)) = k. 


Theorem 3.3. Let the assumptions of Theorem 3.1 hold, and let ao(t) 
be a quasiperiodic function of the form oo(t) = y(ait, agt,..., apt) = v(t), 
where plui,wo,...,wx) = y(@) € CMP(T*; Y). Then the estimate (3.16) 
takes the form 





H.(A) < (d + ô) logo 2) + H., (A) + k logs =“) Ye<éo, (3.25) 


where L is the Lipschitz constant from the inequality (3.22). Moreover, 
dr(A4) <d+k. (3.26) 


PROOF. Indeed, the inequality (3.16), together with (3.24), yields 


H(A) < (d+ 8)loga (ŽE) + Heo(A) + He ((00)) 








Gale (2 2) + Has (A) + klog a. 
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Passing to the limit in the ratio H-(A)/log,(1/e) as € — 0+, we find 
dr(A) < d+0+k. Since 6 is arbitrarily small, we obtain (3.26). 














Recall that, in the autonomous case k = 0, the estimate (1.45) is an 
analog of the estimate (3.26), where X = A: dp(A) <d. 


We generalize Theorem 3.3 to the case of more general symbols oo(t) 
that are not almost periodic, but the dimension of the corresponding global 
attractors A is finite. 


As above, let oo(t) be a translation compact function in = and thereby 
the hull H(co) is compact in =. (For example, for = one can take C(R; Y) 
or = = LI(R;%).) As is proved in [34], 


oe H: (Io,110g,(K/e)=)/ logy (1/e) (3.27) 
is independent of K > 0 for any compact subset X € &. For X we introduce 


the number 


de°(x, l) = a ee H. (Io, 10¢5(1/e)=)/ logs (1/e) (3.28) 


depending on the positive parameter l. 


Remark 3.5. If © = H(00), where oo is a smooth quasiperiodic func- 
tion with k independent frequencies, then d}°°(,1) < k for any l because 
H(a0) is the Lipschitz continuous image of the k-dimensional torus T* (see 
Proposition 3.1). 


If for some | we have d}9°(X,1) < +00. then we say that © has the 
local fractal dimension d}9°(X, 1) in the topological space C(R; WV). 

Theorem 3.4. Let the assumptions of Theorem 3.1 hold, and let 

de (H(00), h1) < +00, 
where hy = h(6)/log(1/n). Then for any ô > 0 
dr(A) < d+ ô +d}? (H(oo), hi). (3.29) 

Moreover, if AR (H(co), h) < k for all h > 0, then dr (A) < d+ k. 

Indeed, dividing (3.12) by loga(1/£) and making the change of vari- 
ables € = l e we find 


4C(h) 


d (A) =. (d ô) li H 0,h logi Jal q Ei) (oo) 
a = + + lim sup ee = 
e—0+ log, (1/€) + logo 
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H. (i H(o0)) 
G5) — ieta 
' ) «0+ log, (1/e) 
= (d + 8) + d#(H(co), hı), 
where K = €9/(4C(h)) and we used the fact that the expression (3.27) is 
independent of K. 


3.3. Applications to nonautonomous equations. 


3.3.1. 2D Navier-Stokes system. Consider the family of the Cauchy 
problems 

du + vLu + B(u,u) = g(x, t), (3.30) 
Ult=r =Ur, Ure H 


(see Section 2.6.1) with external forces g € H(go). We assume that the origi- 
nal external force go(x, t) is a translation compact function in L4°(R; H) =: 
=. The space L4°°(R; H) is endowed with the topology of strong convergence 
on every [t1,t2] C R. Then go € L5(R;H) and 


t+1 
lol < [lg = sup f |go(s)/Pds < o0 (3.31) 
teR J 
for every function g € H(go) (see (2.37) and (2.43)). 


Consider the family of processes {U,(t,7)}, g € H(go), corresponding 
to the family of Cauche problems (3.30) and acting in H. As was proved 
in Section 2.6.1, the process {U,,(t,7)} has the uniform global attractor 
A € H and the set A has the form 


A= | K0), (3.32) 
gEH (go) 
where K, is the kernel of {U,(t,7)} with external force g € H(go). 
Consider the Kolmogorov ¢-entropy H(A) of the set A in H. 
In [34], it is proved that the family {U,(t,7)}, g € H(go), satisfies the 
Lipschitz condition (3.9); namely, 
[Uys (h, Ouo — Uza (h, OJuol < CA) — gall zacosnen (3.33) 


for all g1,g2 € H(go), uo € A, where the Lipschitz constant C(A) depends 
on y, À, ||gol]Z, and exponentially grows in h. 
2 














Consider the quasidifferentiability property in detail. As is proved in 
[34], the process {U,,(t,7)} is uniformly quasidifferentiable on Xg, and the 
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corresponding variation equation has the form 
Ov = —v Lv — B(u(t), v) — B(v,u(t)) 
=: Agu(u(t),t)v, vli=r = vr, 
where u(t) = Ugo (t, T)ur and ur € Kgo(T) (the proof is based on the meth- 
ods from [9] and [119]). Thus, the quasidifferentials are the mappings 
L(t, T;u-): H — H and L(t;riu-)v = v(t), where v(t) is a solution 
of (3.34). 


Following the scheme described in Section 3.1, we set 


(3.34) 


T+T 
1 
dj := Inte sup sup sup (= I Trj Agou(u(s))ds), j EN, 


Too TER u-EKgo(T) 
A 


where u(t) = U(t,T)u- and Tr; denotes the j-dimensional trace of an 
operator. As in the autonomous case (see the proof of Theorem 1.6), we 
obtain the estimate 

t 














vC2ÿ? 1 2 2 
J PAcou(uls))ds < - Fert) + gale? + s)[Pds. 
Therefore, 
~ vC2ÿ° [9] 2 . . 
oe M =: =q; j=1,2,..., 3.35 
dj 30] To (go) =~) =a, J (3.35) 
where 


T+T 
1 
Mol) = limsup sup ($ f |go(t)/at) < [lgollZy < œœ 


T—co TER 

and the dimensionless constants C1 and C2 are taken from (1.55) (see also 
Remark 1.9). The function (j) in (3.35) is concave in j. 

Let m be the smallest integer such that qm+1 = (m + 1) < 0 (see 
Theorem 3.1). We set 

Im 

dm — m+1 f 
Let d* be the root of the equation (x) = 0, i.e., 


« _ M(gol? 710) mae 
d =c 2 c= (<2) ; 


d=m + 





(3.36) 


Then 
Igollz 10 


dd <c = 


V 
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since M(|go|”) < ||gol|7.- It is obvious that 
2 


_llgollzglel 


d<d*< - 


(3.37) 


v 
because the function y is concave (see Remark 1.6). 


Hence Theorem 3.1 is applicable, and we get the following assertion. 


Theorem 3.5. For any 6 > 0 there exist h > 0, co > 0, andn < 1 
such that 


llgollzg || 
H.(A) < (cG#— +6) logs (2) + He: (4) 

T Hen) /(ac(ny) (Ho,h 1084 (€0/(ne)) H(90)) (3.38) 
for alle < £o, where C(h) is taken from (3.33) and He(Ilo 1 H(go)) denotes 
the e-entropy of the set Io H(go) in the space L2(0,1; H). 

Remark 3.6. The best up-to-date estimate for the constant c in (3.38) 
is as follows (see Remark 1.9 and [16}): 
1 


cK TYPE 


Note that y(j)/j — —co as j — oo (see (3.35)). Thus, using Theorem 
3.2, we obtain the following assertion. 


Theorem 3.6. For any h > 0 there are D > 0 and £o > 0 such that 
2€0 
H.(A) < D log: (=) + Ha (A) + H sefy (Ho,h toga ((2e0)/2)4(9o)) (3.39) 
for all e < £ọ. 


Consider a special case, where go(x, t) is a quasiperiodic function, i.e., 
go(x, t) = G(x, art, agt,...,axt) = G(x, at), where G(-) € C™P(T*; H) and 
the numbers @ = (a1,a@2,...,ax) are rationally independent (see Section 
3.2). Thus, H(go) = {G(x, at + 0) | 0 € TF}. 


By the Kronecker-Weyl theorem (see, for example, [85]), 


T° 

1 _ 

M(lgo?) = im sup (7 f IGC + an fat) 
€ 


0 
1 
gen Jef IG. Peon do =: T2. 
Tk 
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Then from (3.36) it follows that 


M 2)1/21Q TIQ 
E 2c (Pelo) | bese ie 
V V 


Using Theorem 3.3, we obtain the following assertion. 


Theorem 3.7. The fractal dimension of the uniform attractor A of 
the 2D Navier-Stokes system with quasiperiodic external force go(x,s) = 
G(x,às), G € C(T*; H) satisfies the estimate 

drA < an +k, (3.40) 
where the dimensionless constant c depends on the shape of Q (c(Q) = 
c(AQ)) and admits the following absolute upper bound: 

1 
C< 97372" 

Remark 3.7. In the autonomous case k = 0, the estimate (3.40) 
becomes the upper bound (1.49) for the fractal dimension of the attractor of 
the autonomous Navier-Stokes system (where T = |go|, go = go(x)). In the 
nonautonomous case, the estimate (3.40) contains also the term k = dim T*, 
i.e., the dimension of the hull H(go) = {G(a, &s+0) | 0 € T*}, where k is the 
number of rationally independent frequencies of the quasiperiodic external 
force go(x, t). 


Remark 3.8. As was proved in [34], 


PQ 


drK,(t)<c— VER 
V 





and, since drH(go) < dimT* = k, we conclude that the estimate (3.40) 
well agrees with the representation (3.32). 


Remark 3.9. Assume that Gg(£,w1,..., wk) = G(x, 00), o* € TF, 
k = 1,2,..., are such that 


x = ( ! fic wpa) < R VkEN 
oS Mane J EOS TS | 
Tk 


Assume also that 1/v < R1. Consider the global attractors {A*} of the 2D 
Navier-Stokes systems with external forces 


gor(x,t) = Gx(x, art, agt,..., akt), 


where the sequence {a;} consists of rationally independent numbers. From 
(3.40) it follows that 


dr A <k+D VkEN, (3.41) 
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where D = D(R, Rı). Therefore, the right-hand side of (3.41) tends to infin- 
ity as k — oo, while the nonautonomous analogs of the Reynolds number Re 
and the Grashof number Gr depending on R, 1/v, and |Q| remain bounded. 


Let us present an example of the external forces {G;,(«,0*)} satisfying 
the conditions of Remark 3.9 such that 


drAm > k. (3.42) 
Consider the function 
k 
(x,t) = X (aix) cos(a;t) + aix (x) sin(ait)), (3.43) 
i=1 
where a;(x), i =1,...,2k,..., are linearly independent vector-valued func- 
tions, a;(x) = (a ve J, aiai satisfying the following conditions: a;(x) € 


(CAO, + ,ai(2)) = 0, ailag = 0. We assume that the frequencies 
(@1,...,ax,...) are rationally independent. We set 


Gu (a, at) = OU + vL + BU, 0), (3.44) 
where (x,t) is defined by formula (3.43). It is obvious that g,(x, @t) is 
quasiperiodic. The function u(x,t) is a complete bounded trajectory of the 
Navier-Stokes system with external force Jp. If the coefficients a;(x) in 
(3.43) decay rapidly, then T;, < R for all k € N. We note that ü(-,t) € A for 
allt € R. It is easy to see that the trajectory t(-,¢) provides an everywhere 


dense winding of the k-dimensional torus T* c H. Therefore, the closure 
in H : {u(t)|t € R} = T* belongs to A. Hence 


dpT’ =k<dpA. 

This example shows that the main term k in (3.41) is precise. 
3.3.2. Wave equation with dissipation. We consider the nonautonomo- 
us wave equation from Section 2.6.2: 

Ou + yOu = Au — fo(u,t) + go(z,t), ulon = 0, 

Uli=r = Ur, Oruļi=r = Pr, Ur € Hg (9), p- € L2(9), 
where x € Q € R°. The function fo(v,t) € C1(R x R;R) satisfies the 
conditions (2.71)-(2.74) and the following inequality, similar to (1.61): 


[fowr t) — fo(va,t)| < Cu? + Jul? + 1v: — val? (3.46) 


for all vj,v2 € R, t € R, where 0 < 6 < 1. Moreover, we assume that 
(fo(v,t), foe(v, t)) is a translation compact function in C(R; M2) and go(z,t) 
is a translation compact function in L4°°(R; L2(Q)). The norm in the Banach 
space Mə is defined bu formula (2.79). The symbol of the problem (3.45) is 


(3.45) 
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colt) = (fo(v,t), go(x, t)). It is clear that oo(t) is a translation compact func- 
tion in = = C(R; M2) x L4°°(R; L2(Q)). As usual, H(00) denotes the hull 
of oo(t) in =. Consider (3.45) with symbols o(t) = (f (v, t), g(x, t)) € H(a0). 
By Proposition 2.6, the family of problems (3.45) generates the family of 
processes {U,(t,T)}, o € H(oo), Uc(t,7) : E — E, acting in the energy 
space Æ = Hj(Q) x L2(Q). By Propositions 2.8 and 2.9, the process 
{U.,(t,7)} is uniformly asymptotically compact and the family {U,(t,7)}, 
a € H(o0), is (E x H(o0),E)-continuous. Proposition 2.5 implies that the 
process {U,,(t,7)} has the uniform global attractor 
A= U Ko(0), 
o€H(oo) 
where KC, is the kernel of {U,(t,7)}. The set A is compact in E. 
As is proved in [34], A is bounded in Ey = H?(Q) x H{(Q) (recall 
that Q € R*), 
yl <M VyeA, 
where the constant M is independent of y. By the Sobolev embedding 
theorem, 
lulo <M Vy = (ul) pl) € A. (3.47) 
We study the £-entropy of the global attractor A in E. As was proved 
n [34], the family of processes {U,(t,7)}, o € H(oo), corresponding to 
the family of problems (3.45) satisfies the Lipschitz condition (3.6): for any 
h>0 
[Vor (h, O)y — Uos (h, O)y] < C(h)|lo1 — alleen (3.48) 
for all 01,02 € H(o0), y € A; Son = C([0, h]; M2) x L2(0, h; L2(Q)). More- 
over, there is an explicit formula for the Lipschitz constant C(h) in [34]. 
As in the autonomous case (see the proof of Theorem 1.7), we write 
the problem (3.45) in the form 
Ow = A(w) = Law — Goo (w), Wir = w7, (3.49) 


where w = (u,v) = (u,p + au), the operator La is defined in (1.66), and 
Goo) (w) = (0, folu, t) — go(x, t)). Here, à is a real parameter to be chosen 
later. 


The variational equation for (3.49) has the form 

biz = Laz — Goow(w(t))z := Acpw(w(t))z, 
alter = 25 2 = (r,q 
) 


where Goow(w(t))z = (0, fulu(t), t)r). As in the autonomous case (see [9]), 
we prove that the process {U,,(t,7)} of the problem (3.49) is uniformly 


(3.50) 
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quasidifferentiable on the kernel €, and the quasidifferentials are generated 
by the system (3.50). We set 


T+T 
1 
gj := limsup sup sup (= ‘ Try Aso (w(t))dt) g= 1,2... 
(r) 


Too TER wrEKog(T 
7 


where w(t) = Us (t, T)wr. Arguing in the same way as in the proof of 
Theorem 1.7, we obtain the following estimate for the numbers q;: 


G < g = —(a/4)j + (C(Ma)/a) j"? =: p) VI EN, (3.51) 
where, owing to the inequality (see (3.47)), MA is such that 
sup{||u(-,t)llo@ | te R, (u(),Gu()) E Koo} < Mi 


The function y(x), x > 0, in (3.51) is concave and the root of is 
d* = 8C,(M,)°/2a~3 =: C(Mi)a Ÿ. All the assumptions of Theorem 3.1 
are verified. Thus, we have the following assertion. 


Theorem 3.8. For any 6 > 0 there exist h > 0, £o > 0, andn < 1 
such that 


H.(Ao) < Ee +6) log, (2 2) + He, (Ao) 


+ Hyer (Uo,n os), (e0/(ne)) (00) (3-52) 


for all © < £o, where a = min{y/4, A1/(2y)} and C = C(M) (see (3.51)). 
Here, H(IorH(oo)) denotes the e-entropy of the set H(oo) measured in the 
space Eo = C([0, 1]; M2) x £5°°(0, l; La(Q)). 


Remark 3.10. We cannot apply Theorem 3.2 to the hyperbolic equa- 
tion (3.45) because the function y(j) in (3.51) does not satisfy (3.13). 
Consider a hyperbolic equation with quasiperiodic terms. Let 
fo(v,t) = ®(v, art, agt,...,axt) = ®(v, at), 
go(a,t) = G(x, ait, agt,...,axt) = G(x, at), 


where ®(v,@) € C™MP(T*; M2) and G(x,w) € C™MP(T*; Lo(Q)). To obtain 
the inequality (2.74), we assume that |a| <x < 1, where x = x(0). Now, if 
®(v,@) satisfies the inequality 


|5(v,@)| < Pv, o) +01 Yv, o) ERx TS, 
then (2.74) is also valid for a small x. Then 
H(oo) = {(®(v, at + 8), G(x, ds + 0)) | 8 € TY} 
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and hence 
dr(H(oo), Cy(R; M2 x L2(Q)) = drH(oo) < k. 
Using Theorem 3.3 we obtain the following assertion. 


Theorem 3.9. The fractal dimension of the uniform global attrac- 
tor À of the hyperbolic equation (3.45) with quasiperiodic symbol oo(t) = 
(®(v, at), G(x, at)) satisfies the estimate 


C 
drA< Stk. (3.53) 


To illustrate Theorem 3.9, we consider the dissipative sine-Gordon 
equation with quasiperiodic forcing term 


du + yOu = Au — Bsin(u) + Y(at)g(r), ulan=0, RER, (3.54) 


where 4 € C!(T*; R) and g € L2(Q). Observe that the constant C in (3.52) 
and (3.53) does not exceed cf, where c depends on Q (see (1.69) and (1.70)). 
For the global attractor A of the problem (3.54) we have the estimate 


B? 
dr A <c +k. (3.55) 
a 


Remark 3.11. In the autonomous case k = 0, the estimates (3.53) 
and (3.55) coincide with (1.63) and (1.72) respectively. 


3.3.3. Ginzburg—Landau equation. We continue to study the nonau- 
tonomous Ginzburg-Landau equation (2.112) from Section 2.6.3. Consider 
the family of problems with periodic boundary conditions 


du = v(1 + ia)Au + Ru — (1+ iG(t))|ul?u + g(x, t), x € T’, 


ul- =u(x), ur € H = L(T3;C). (3.56) 


For the sake of simplicity, we assume that the coefficients a and R are 
independent of time. The symbol a(t) = (G(t), g(x, t)) of (3.56) belongs to 
the hull H(ao) of the original symbol oo(t) = (Go(t), go(a, t)). We assume 
that oo(t) is a translation compact function in C!°°(R,;R)x L4°°(R1; H) =: 
= and the parameter Ho(t) satisfies the inequality (2.113). 

As in the autonomous case (see Section 1.4.2), we write the problem 
(3.56) in the vector form 


Ou = vaAu + Ru — f(u, 6(t)) +g(x,t), ular = u, u EH. (3.57) 


where a = 7 +. f(v,8) = |v]? (| se v, g(x) = (gı (x), ge(x)) . 
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We know (see Section 2.6.3) that for every ø € H(oo) the problem 
(3.56) has a unique solution u € C(R,;H) 9 LÈC(R,; V) N LEC(R,; La) 
(see also [9, 25, 31]). Thus, for a given symbol o(t), the problem (3.56) 
generates the family of processes {U,(t,7)}, o € H(oo), acting in H. It is 
proved that the process {U,,(t,7)} has the uniform global attractor A and 


A= U K,(0), 
oEH(oo) 
where Ko is the kernel of {U,(t,7)}. The set A is bounded in V. 
In [34], the Lipschitz condition is established for the family of processes 

{Ua (t, T)}, o € H(a0): 

[Uo (h, 0)uo — Usa (h, 0)uo|l et 

< C(h)(||A1 — Balloqo,ny + 1191 — 92ll20(0,n;#))> (3.58) 

Vor = (01,91) € H(00),02 = (82,92) € H(00), uo € À. 
In order to use Theorem 3.1, we need to check that the process {U,,(t,7)} 
corresponding to the problem (3.57) with the original symbol oo(t) is uni- 
formly quasidifferentiable on the kernel K,,. This fact is proved in [34]. 
Recall that the variational equation for (3.57) is as follows: 

dv = vaAv + Rv — fa (u(t), B(t))v =: Acpu(u(t))v, 


3.59 
Vitis = V; € H, ( ) 


where the Jacobi matrix f,(u, 3) is defined in (1.33). As in the autonomous 
case, we prove that 


T+T 


1 
qj =limsup sup sup (= J Tr(Acoulu())dt) 
Too TER urEKog (T) T 


< -v0 j’ + Rj =: pl) =q J=1,2,..., 
where u(t) = Us (t, T)u,. Finally (see (3.11)), 
R \3/2 
Te 
Civ 


where d* is the root of the equation y(x) = 0 and Cı was defined in (1.79). 
Hence Theorem 3.1 is applicable to the problem (3.57) and the following 
assertion holds. 


Theorem 3.10. For any 6 > 0 there exist h > 0, €o > 0, and n < 1 
such that 
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H(A) < (Go) +8) tows (22) + H(A) 
+ Hs, (Mo,n tog, /, (€0/(ne)) H(00)) 


for alle < £o, where C(h ie is taken from (3.58) and H.(H(a0)o,) denotes 
the e-entropy of H(oo) in C([0,1]) x L2(0, l; H). 


Theorem 3.2 implies the following assertion. 


Theorem 3.11. For any h > 0 there are D > 0 and £o > 0 such that 


H.(A) < D log (=) + H, (4) 





5 (To, 10g,(2<0/<) (00)) 


for alle <S £o. 


Consider the Ginzburg-Landau equation with quasiperiodic terms 
Bolt J= B(ait, at, . ., apt) = B(at), 
go(a,t) = G(x, ait, agt,...,axt) = G(a, at), 
where B(@) € C™P(T*; R), |B| < V3, and G(x,ù) € CUP(T*; H). Asume 
that the numbers (a1,02,...,a%) =: à are rationally independent. As we 
know, H(a0) = {(B(at + 6), G(x, at + 0)) | 0 € TE} and 
dr(H(oo), Ci(R) x L2(R; H)) = drH(00) <k 
(see Section 3.2). Using Theorem 3.3 we obtain the following assertion. 


Theorem 3.12. The fractal dimension of the global attractor A of 
the Ginzburg-Landau equation with quasiperiodic symbol o(s) = (B(at), 
G(x, @t)) satisfies the estimate 


3/2 
drA < (=) ss (3.60) 
As in the case of the Navier-Stokes system, we consider the sequence 
of functions B;,(@") and G(x, ©") satisfying the above conditions. Denote 
by A(k) the corresponding uniform global attractors. The inequality (3.60) 
implies 
drA(k) <k+D, (3.61) 
where the constant D is independent of k. 


As at the end of Section 3.3.1, we can construct examples of Ginzburg- 
Landau equations with terms B;,(@*) and G;,(x,@*) and the uniform global 
attractors A(k) such that 

k < dpA(k). 
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Therefore, the main term k in the estimate (3.61) is precise. 


4. Nonautonomous 2D Navier-Stokes System 
with Singularly Oscillating External Force 


We study the global attractor 4° of the nonautonomous 2D Navier-Stokes 
system with singularly oscillating external force of the form 


go(z,t) +e "gi(z/e,t), cre QER’, tEeR, 0<pKl. 


If go(a, t) and gi(z, t) are translation bounded functions in the corresponding 
spaces, then the global attractor Af is bounded in the space H (see Section 
2.6.1). However, the norm |.4f|}x, regarded as a function of €, can be 
unbounded as € — 0+ since the magnitude of the external force is growing. 


Assuming that gi(z,t) admits the divergence representation 
gi(z,t) = 0,,G1(z,t) + 0.,Ga(z,t), z= (21,22) € R’, 


where G;(z,t) € L3(R;Z) (see Section 4.2), we prove that the global at- 
tractors A® of the Navier-Stokes system are uniformly bounded: 


Alla <C V0<e<1. 


We also consider the “limiting” 2D Navier-Stokes system with external 
force go (a, t). We derive an explicit estimate for the deviation of the solution 
u(x,t) of the original Navier-Stokes system from the solution u°(x,t) of 
the “limiting” Navier-Stokes system with the same initial data. If gi(z,t) 
admits the divergence representation and go(x,t), g1(2,t) are translation 
compact functiosn in the corresponding spaces, then we prove that the global 
attractors AF converge to the global attractor A? of the “limiting” system 
as € — 0+ in the norm of H. In Section 4.5, we present the following explicit 
estimate for the Hausdorff deviation of 4° from A? 


dist 7(A®, A?) < C(p)e*~? 


in the case, where the global attractor A? is exponential (providing that the 
Grashof number of the “limiting” 2D Navier-Stokes system is small). 


Some problems related to homogenization and averaging of the global 
attractors for the Navier-Stokes systems and for other evolution equations 
in mathematical physics with rapidly (nonsingularly) oscillating coefficients 
and terms were studied in [70, 79, 80, 126, 131, 128, 53, 36, 17]. 
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4.1. 2D Navier-Stokes system with singularly 
oscillating force. 


We consider the nonautonomous 2D Navier-Stokes system 


1 
à 0 29, u = vAu — V H= t 
yu +u Or u + u Or u = vAu p+ golz, ) + z9 (2/8, ), (4.1) 


Oz, U1 + Oz,U2 =0, ulag = 0, z := (21,22) E Q, Q E€ R?, 


where u = u(x,t) = (u! (x,t), u? (x, t)) is the velocity vector field, p = p(x, t) 
is the pressure, and v is the kinematic viscosity. In (4.1), € is a small 
parameter, 0 < £ < 1, and p is fixed, 0 < p < 1. We assume that 0 € Q. 

The vector-valued functions go(æ,t) = (go1(x,t), goo(a,t)), x € Q, 
t € R, and gi(z,t) = (g11(z,t), gi2(z,t)), z € R?, t € R are given. The 
function go(x, t) + 91(a/e,t) is called the external force. For every fixed € 
the external force is assumed to belong to LÉC(R; L2(Q)”) (we clarify this 
assumption later). Under this condition, the Cauchy problem for (4.1) is 
well studied (see, [96, 87, 117, 40, 9, 34] and Section 2.6.1). 

As usual, we denote by H and V = H! funciton spaces which are the 
closures of the set 


Vo = {v € (Cq°(Q))? | Oe, 01 (x) + Gta) =0 Va €N} 





in the norms | - | and || - || of the spaces L2(Q)? and H4(Q)? respectively. 

We recall that 

lvl? = Vo= flavo + 220" (x)|? + |Oz,0°(x)|? + 107207 (x)|? )dz. 
Q 


The space V’ = V* is dual to V. We denote by P the orthogonal projection 
from L2(Q)? onto H (see Section 1.3.1) and set 


il x 
E(x t) = Pgo(z,t) + —P (=.t). 
g (x,t) = Pgo(z,t) Pat 


Applying the operator P to both sides of the first equation in (4.1), 
we exclude the pressure p(x,t) and obtain the following equation for the 
velocity vector field u(x, t) : 


du + vLu + B(u,u) = gF (x,t), (4.2) 


where L = —PA is the Stokes operator, B(u, v) = P[u!ô,,v + u?0,,v] and 
g°(-,t) € L4°°(R; H). The Stokes operator L is selfadjoint and the minimal 
eigenvalue À of L is positive. 
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We assume that the function go(-,t) belongs to L2(Q)? for almost all 
t € R and has finite norm in the space L3(R; L2(Q)?), i.e., 
T+1 
lolya = lool? = sup f (daot osodd < +00. (4.3 


T 


To describe the vector-valued function gi(z,t), z = (21,22) € R?, 
t € R, we use the space Z = L$ (R2; R?). By definition, 


p(z) = (p1 (21, 22), p2(21, 22)) € Z 


if 
21+1 22+1 
OIB = Olza = su f f ea Pdade < +00. 
É (21,22) €R? 
Z1 22 


We assume that g(:,t) € Z for almost all ¢ € R and has finite norm in the 
space L3(R; Z), i.e., 


T+1 
Ing = su f (lt ss 


T 


T+1 zı+1 22+1 
= sup I ( sup I J |g (Gr, 2, Paide) ds < +00. (4.4) 
TER (z1,z2)ER2 
os Z1 22 


For (4.1) the initial data are imposed at arbitrary 7 € R : 
ulir = Ur, Ur EH. (4.5) 


For fixed € > 0 the Cauchy problem (4.1), (4.5) has a unique solution 
u(t) := u(x,t) in a weak sense, i.e., u(t) € C(R7; H) 0 L°(R,;V), Qu € 
Lee(R,;V"), and u(t) satisfies (4.1) in the sense of distributions in the space 
D'(R,;V’), where R, = |r, +00) (see [96, 87, 40, 9, 34, 119] and Sections 
1.3.1, 2.6.1). 

Recall that every weak solution u(t) of the problem (4.1) satisfies the 
energy equality 


LE UOP + ullu(t) = Ug) E> 7, (4.6) 


where the function |u(t)|? is absolutely continuous in t (see Section 1.3.1). 


We need the following lemma proved in [34]. 
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Lemma 4.1. Let a real-valued function y(t), t > 0, be uniformly 
continuous and satisfy the inequality 


y(t) + yy(t) < f(t) Yt>0, (4.7) 
where y > 0, f(t) > 0 for allt > 0, and f € L1°°(R1). Suppose that 


t+1 
| fow<m wo. (4.8) 


Then 
y(t) <y(O)e"% + M(1+y771) VWtE>0. (4.9) 


Using standard transformations and the Poincaré inequality, from 
(4.6) we obtain the differential inequalities 


LDP +u? < CN ETC (4.10) 
1 
ETUI +u)? < (GA) |). (4.11) 
Applying Lemma 4.1 to (4.11) with 
y(t) = [ut +r)’, EHT) = (Yr) O, 
y=, M= (x) | em 


we obtain the following main a priori estimate for a weak solution u(t) of 
the problem (4.1): 


futé + 7)|? < u(r) Pe + DIg llie; (4.12) 


where D = (vA,)~1(1 + (vA1)~+). The inequality (4.10) implies 
t t 
lult)? +v / lu(s)|2ds < ju(r)[? + (w1)! J \y(s)?ds. (4.13) 


Lemma 4.2. If y(z) € Z = L5(R2R?), then y(x/e) € La(Q)? for all 
e > 0 and 


la < FOI) (4.14) 


where the constant C is independent of € and yp. 
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PROOF. Indeed, making the change of variables x/e = z, dx = e7dz, 


we find 
(Mose {learner ECS 
Q 





e—10 
zitl 22+1 
< Ce? 2 ddd 
<C'e ” sup € Ie(1, C2) dG1dé2 
(21,22) ER? 
Z1 22 


= C’ lly O leer): 


In the last inequality, we used the fact that the domain e719 can be covered 
by at most C?<~? unit squares of the form [z1, z1 + 1] x [22, 22 + 1], where 
C depends only on the area of the domain Q. 


Corollary 4.1. If go(x,t) € L5(R; L2(Q)?) and gi(z,t) € L3(R; Z), 
where Z = L5(IR2;IR?), then the external force 














1 
g (x,t) = Pgo(a,t) + zp Pai(x/e,t) 


belongs to the space L5(R; H) and 


C 
Ilo" ||Lee: < Îgollzec:L2(0)2) + callaillzs@;z)> (4.15) 


where the constant C is independent of €. 


The inequality (4.15) directly follows from Lemma 4.2 and formulas 
(4.3) and (4.4) for the norms in Lb(R; L2(Q)?) and L3(R; Z). 

Using the inequality (4.15) in (4.12), we find 

juft +7)|? < lufr) PeT + CF +e-2c?, (4.16) 
where Co and C, are constants depending on v, A, and ||go|12(m;1, (02); 
lgi |l LÈ(R;Z) respectively. 

We consider the process {U.(t,7)} := {U (t, T), t > 7,7 € R} corre- 
sponding to the problem (4.2), (4.5) and acting in the space H (see Section 
2.6.1). Recall that the mapping U-(t,7) : H — H is defined by the formula 

U:(t, T)ur = u(t) Vu,e H, t>7, TER, (4.17) 
where u(t) is the solution of the problem (4.2), (4.5). 

By the estimate (4.16), for every 0 < € < 1 the process {U.(t,7)} has 

the uniformly (with respect to T € R) absorbing set 


Boe = {v € H | |v| < 2(Co + Cie ?)} (4.18) 
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which is bounded in H for fixed €, i.e., for any bounded (in H) set B there 
exists t’ = t’(B) such that U(t+7,7)B € Bo. for allt > t(B) and T ER. 


Arguing in a standard way, we prove that the process {U.(t,7)} has 
the compact (in H) uniformly absorbing set 


Bie = {v EV | |u| < Ci(v, À, Co + Cie ?)}}, (4.19) 


where C2(y1, y2, y3) is a positive increasing function in each y;,j = 1,2,3 
(see (2.41)). Thus, the process {U-(t,7)} corresponding to the problem 
(4.1), (4.5) is uniformly compact and has the compact uniformly absorb- 
ing set B1, (bounded in V) defined by formula (4.19). Consequently, the 
process {U.(t,7)} has the uniform global attractor AF (see Section 2.6.1) 
and 4° C Bo,e N Bie. 
Since A® C Boe, from (4.16) and (4.18) if follows that 
| A* |] < (Co + Cie~?). (4.20) 


Remark 4.1. For p > 0 the norm in H of the uniform global attractor 
A of the 2D Navier-Stokes system (4.1) may grow up as € > 0+. In the 
next sections, we present conditions providing the uniform boundedness of 
AF in H with respect to e. We also study the convergence of A® to the 
global attractor A? of the corresponding “limiting” equation as € — 0+. 


Along with the original Navier-Stokes system (4.1), we consider the 
“limiting” system 
du + u'r u +u’ Âr u = vAu — Vp + gole, t), (4.21) 
On, U1 + Oro U2 = 0, ulaa = 0, | 
without the term depending on €. Excluding the pressure, we obtain the 
equivalent equation 


du + vLu + B(u, u) = Pgo(z,t), (4.22) 
where Pgo(x,t) € LÈ(R; H). Then the Cauchy problem for (4.22) has a 
unique solution u(t) := u(x,t) in the sense of distributions. Hence there 


exists the “limiting” process {Uo(t,7)} acting in H : Upo(t,r)u, = u(t), 
t >7, 7 € R, where u(t) is the solution of the problem (4.22), (4.5). As in 
the case of (4.12) and (4.13), we have 


u(t + Tr)? < ju(r)| erà + D||Pgoll s;m (4.23) 


u)? +v / u(s)|2ds < ju(r) + (var) / \Pgo(s)2ds. (4.24) 
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From (4.16) it follows that 
lult +7)? < |u(r)|?e-¥™* + CF, (4.25) 
which implies that the set 
Boo = {v € H | [ul < 2Co} (4.26) 


is uniformly absorbing for the process {Uo(t,7)}. (The constant Co is the 
same as in (4.16).) Moreover, this process has the compact (in H) absorbing 
set 


Bio = {v EV | |u| < C2(v, A1, Co) }. (4.27) 


Therefore, the process {Uo(t,7)} is uniformly compact and has the compact 
global attractor A? such that A? C Bo,o N Bio and 


Az < Co. (4.28) 


4.2. Divergence condition and properties 
of global attractors 4°. 


We consider the nonautonomous 2D Navier-Stokes system (4.2) with exter- 
nal force 


1 
g (x,t) = Pgo(a,t) + zp Po (e/t). 


We assume that the function g(x,t), x E€ Q, t € R, satisfies (4.3), i.e., 
lgo Oll e:z) < +00 and the function g1(z,t), z € R?, t € R, satisfies 
2 ; 


(4.4), i.e., Lg CL ce; 29 < +00, where Z = L$ (R2; R°). 


e Divergence condition. There exist vector-valued functions G'(z,t) € 
L3(R; Z), j = 1,2, such that 0,,G;(z,t) € L3(R; Z) and 


02,G1 (21, 22; t) + 0 Go, 22; t) = gı(zı, 22; t) (4.29) 
for all (21,22) € R?, tE R. 


Theorem 4.1. If gi(z,t) satisfies the divergence condition (4.29), 
then for every 0 < p <1 the global attractors A® of the 2D Navier-Stokes 
system are uniformly (with respect to € €]0,1]) bounded in H, i.e., 


|A lla < Co Veo, 1, (4.30) 


where C2 is independent of e. 
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Proor. Taking the inner product of Equation (4.2) and u(t) in H, we 
obtain the equality (4.6), i.e 


Lu (t)? + vllu(t)|l? = (u(t), g0) 


= (gof t) ul, t)) +e? (gi(-/e, t), ul, t)). (4.31) 


The first term on the right-hand side of (4.31) satisfies the inequality 


Sle. 


(olt) u0) < FDI + eo (4.32) 


y (4.29), for the second term on the right-hand side of (4.31) we have 
2 
E (nf t) u(t) ; yard | ( d.,G;( t),u(w,t)) de 
J= 19 
= oy] (anG; (=, 1) ,u(x, t)) de 
Q 


j=1 


= f (G; (2,1) sue, d)de 


j=l Q 


2 2 1 
< 2-H) y I ja; (2,2)| ax + ruo. (4.33) 


In the third equality, we integrated by parts with respect to x taking into 
account the zero boundary condition in (4.1). Substituting (4.33) and (4.32) 
into (4.31), we find 


FOR + vila? < FHH +220 > f Ja, (2,2) 


a= lo 
By the Poincaré inequality, 
d 2 2 
AO + varie) < h(E), (4.34) 


where 


2 2 x 
MO = loot)? + 220-015 f e? 
Q 


j=1 
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By assumption, 
t+1 
f OPa < olma = Mo VER (435) 


t 
By Lemma 4.2, 
t+1 3 
J [EEA eGen ver j=12 (430) 
Q 


where C is independent of €. 

Using Lemma 4.1 with y(t) = [u(t+r)|?, y = vA1, M =2(v\) + Mo + 
2e?) u =1( M; + Mo), we obtain the following main estimate for the func- 
tion u(t): 

lult +7)? < |u(r) Pe" + [2(v)1) Mo 
+220 #0), (M; + M2)] Dı, (4.37) 
where Di = (14+ (vAi)7?). 


Since 0 < p < 1 and 0 < € < 1, the inequality (4.37) implies that the 
process {U.(t,7)} corresponding to (4. 1) has the uniformly absorbing set 


B= {ve H | w| < O}, (4.38) 


where C? = 2[2(v\1)~1Mo +217 1(Mi + M2)]D1. It is clear that the global 
attractor 4° belongs to any absorbing set, i.e., 


|A |a < Co VO<e<1, (4.39) 














provided that the divergence condition (4.29) is satisfied. 


We now estimate the deviation of the solution of the original 2D 
Navier-Stokes system (4.2) from the solution of the “limiting” system (4.22). 
We supplement (4.2) and (4.22) with the same initial data at t = T: 


ul=r = ur, wWhep=Ur, UE B, (4.40) 


where the absorbing ball B is defined by formula (4.38). Recall that the set 
B is independent of O< p<landO<e<l. 

Let u(x,t) and u°(a,t) be solutions of Equations (4.2) and (4.22) re- 
spectively with the same initial data (4.40) taken from the ball B. Let 
us estimate the deviation of u(x,t) from u(x,t) for t > T. Let w(a,t) = 
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u(x,t) — u°(x,t). For the sake of simplicity, we set r = 0. The function 
w(a,t) satisfies the equation 


1 
ðw + vbw + Blu, u) — B(w, u?) = SP (Z, t) (4.41) 
and zero initial data 
wlio = 0. (4.42) 
We note that 
B(u,u) — B(u°,u°) = B(w,u°) + B(u°,w) + B(w, w). 


Taking the inner product of Equation (4.41) and w in H, we find 


E P : 
zg © + v||w(t)||? + (B(w, u°), w) 
E AT LE TAT wipe =(9(2.t).w). (4.43) 


From (1.13) it follows that (B(u°, w), w) = 0 and (B(w, w), w) = 0. There- 
fore, 


ld . F 1 . 
SFO + vw + (Bw, wO) w) = (i(=.t),w). (444) 


Using the divergence condition, similarly to (4.33) we find 


(g(t) w) = ay f (G; (Zt) ðzu(z,t))dz 


i=l Q 
< Laaa f le (2 t) ar + ut]? (4.45) 
3 ~ ae? 2 ` l 
An 
From (1.13) and (1.14) it follows that 
(B(w,u°),w)| = (B(w, w), u?) < élwl|lwl||u°|: (4.46) 


Then 


14 
2 v 


Combining (4.45) and (4.47) in (4.44), we find 





1 
(Bw, u?), w)| < celle lllw] < gelol? + giel lul (447) 


d 


2 

op? < Downe +S f fay (E fa 

dt A à V Fe u E V j = L. 
J=19 
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We set 


z(t) = uw), y(t) = Gr lu, 
b(t) = toy fc (L0) 
=1 à 


Then we obtain the differential inequality 


z(t) < b(t) +020, 2(0) = 0. 
Using the Gronwall lemma, we find 


t t 


z(t) < f 6(s) exp ( fo 6)<0) ds < (use ) exp ( (fr )ds) 


0 s 0 


Recall that u°(t) satisfies (4.24) and uo € B, i.e., 


t 


res = eo | lu°(H) ds 


0 


=? (Juo? + (va f loots) Pas) 


0 


IN 


a "(C2 + (vla) E+ 1) || 90(-)IIZ3@e,24(0)2)) 


<c 
< C3(¢ +1). 
By (4.36), 


t t 


posaria el l'ards 
1.0 


0 j=l 
2 
< ety Ot +1) D GOl 
j=l 
< e20—P)y 1($ + 1)(Mi + M3). 


Replacing (4.50) and (4.51) with (4.49), we find 


|w(t)|? < aus aia (os 1)(M! + Mj)e 5641) 
= et Py (Mt + M3 )ete (+) = e20- C2 ¢2rt, 
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(4.48) 


(4.49) 


(4.50) 


(4.51) 


(4.52) 
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where C? = v—!(M{ + M$)e2, 2r = C3 + 1. The constants C4 and r are 
independent of e. The inequality (4.52) holds for all 0 < p < 1. Thus, we 
proved the following assertion. 


Theorem 4.2. Let gi(z,t) satisfy the divergence condition (4.29). 
Then for every initial data u, € B (see (4.38)) the difference w(x,t) = 
u(x,t) — u(x,t) of the solutions of the Navier-Stokes equations (4.2) and 
(4.22) respectively with the initial data (4.40) taken from the ball B satisfies 
the inequality 


|w(t)| = |u(t) — u (H| < eF-A Gye") Ve, 0 <e< 1, 4.53) 


( 
where the constants C1 and r are independent of €, ur € B, O0<pK<l. 


In Section 4.4 below, using Theorems 4.1 and 4.2, we prove that the 
global attractors 4° converge to A? in the norm of H as e — 0 +. 


4.3. On the structure of global attractors A. 


We start by considering translation compact functions with values in the 
spaces L2(Q)? and Z. The definition of a translation compact function in 
= Lr: E) with values in a Banach space E is given in Section 2.4 
(see Example 2.2). Below, we consider translation compact functions in the 
case, where E = L/°¢(R; L2()?) and E = L}? (R; Z). 

Consider vector-valued functions go(z,t), x € Q, t € R, and g(2,t), 
z € R?, t € R, that appear on the right-hand side of the 2D Navier- 
Stokes system. We assume that go(x,t) € LÉC(R; L2(Q)?) and gi(z,t) € 
LY(R; Z). 





Proposition 4.1. If gi(z,t) is a translation compact function in 
LY:(R; Z), then for every fired 0 < € < 1 the gi(a/e,t) is a translation 
compact function in LÈC(R; L(Q)?), Q € R?. 











PROOF. We need to establish that the set {g1(x/e,t +h) | h € R} 
is precompact in LÉC(R; L2(Q)?). Let {hn, n = 1,2,...} be an arbitrary 
sequence of real numbers. Since g1(2,t) is a translation compact function 
in LÉC(R; Z), there is a subsequence {hy} C {hn} such that gi(z,t + hw) 
converge to a function 91 (z, t) as n’ — oo in LEC(R; Z), i.e., for every interval 
[t1,t2] CR 

t2 


Jlncss +n) — Gi(-, 8)|Zds —0 as n° — 00. 
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Using the inequality (4.14), we conclude that 


t2 
a . 2 
Slas) (9) 
A E 
ti 


ds 





L2(Q)2 
t2 

< of janaria -ati 
tı 


i.e., gi(x/e,t + hw) converge to 91(x/e,t) as n! — œ in LÉC(R; L2(Q)?). 
Thus, {g1(x/e,t+h)|hEeR} is precompact in LY: (R; L2(Q)?). 














Proposition 4.2. Suppose that go(x,t) is a translation compact func- 
tion in L£C(R; L2(Q)?) and gi(z,t) is a translation compact function in 
L\C(R; Z). Consider the function 


go (x,t) = go(a,t) +€ Pgi(a/e, t) 
as an element of the space LÉ(R; L2(Q)?). Then g° is a translation compact 
function in L£ÉC(R; L(Q)?) and the hull H(g°(x,t)) (in LEC(R; L2(Q)?)) 
consists of (translation compact in L$: (R; L2(Q)?)) functions 9° (x,t) of the 
form 

g (x,t) = Gol, t) +e °F (2/8, t) 
with some go(x,t) € H(go(z,t)), Gilz,t) € H(gi(z,t)), where H(go(z,t)) 
and H(gi(z,t)) are the hulls of nite x,t) and gi(z,t) respectively. 


Proor. By Proposition 4.1, for fixed € € (0,1] the function g°(x,t) 
= go(a,t) + e791 (a/e,t) is translation compact in L}°¢(R; L2(Q)?) (as the 
sum of two translation compact functions). Let g° (x,t) € H(g°(x,t)), i.e., 
there is a sequence {h,,} such that g°(x,t+hn) = go(a,t+hn)+e gi (a/e, t+ 
hn) — 9 (x,t) in LÉC(R; L2(Q)”) as n — œ. Since go(x,t) and gi(z,t) 
are translation compact functions in L}°(IR; L2(Q)?) and L°¢(R; Z) respec- 
tively, we can assume, passing to a subsequence {hw} C {hn} if necesary, 
that go(z,t+hn’) — Go(z, t) in LÉC(R; L2(Q)?) and gi(z,t+hn’) > Ja (z, t) 
in Liec(R;Z) as n! — oo. Therefore, g°(x,t + hn’) = go(r,t + hw) + 
e-°gi(a/e,tt+hn’) — Go(a, t) +e-°91(2/e, t) in LÉC(R; L2(Q)") as n! > œ. 
Therefore, 


9 (2, t) = lim [go(w,t + hn) +P gi (w/e,t + hn)] 


lim golt, t+ hw) + lim € ?gi(a/e,t + hv) 


Folz, t) +e "Oi (z/e, 3 
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Thus, every function g(x,t) € H(g°(x,t)) has the form 
g (x,t) = Jo(x, t) +e °F (2/8, t) 
for some Go(z,t) € H(golx,t)) and Jı(z,t) € H(gi(z,t)). 














Consider Equation (4.2) 
du + vLu + B(u,u) = gF (x,t), (4.54) 


where g°(a,t) = Pgo(x,t) + e-PPgi(x/e,t) and € is fixed. Assume that 
go(x,t) is a translation compact function in LÉC(R; L2(Q)?) and gi(z,t) 
is a translation compact function in LÉC(R;Z). In particular, g(x,t) € 
L4(R; La(9)?) and gi (2,t) € ER(R; Z). 
Let H(g°) be the hull of the function g°(x,t) in the space L}?°(R; H) : 
H(g°) = Hg (st +h) | h € R} zeeer) (4.55) 
Recall that H(g°) is compact in L$°(R; H) and, by Proposition 4.2, each 
element g° (x,t) E€ H(g°(x,t)) can be written in the form 
g (x,t) = PGo(«, t) +e ?PGi(2/e,t) (4.56) 


with some functions Jo(x, t) € H(go(x,t)) and gi(z,t) € H(gi(z,t)), where 
H(go(x,t)) and H(gi(z,t)) are the hulls of the functions go(x,t) and gi (z,t) 
in LC(R; L2(Q)?) and L£C(R; Z) respectively. 
We note that 
Il Goll 12 m:22(9)2) < gollzemiz.çoy2) + VGo € H (go), 
Gilleem.z) <lgillismz Vor € H(g1)- 
By Corollary 4.1, 


C 
See) < lIgoll ze ce;to(ay2) + ca l1llz m2) Vg EH(g*), (4.57) 
where the constant C is independent of go,gi, p, and € (see (4.14) and 
(4.15)). 


It was shown in Section 4.1 that the process {U-(t,7)} := {Uge(t, T)} 
corresponding to Equation (4.54) has the uniform global attractor 4° C 
Bo,e N B1e, (see (4.18) and (4.19)) and 


Aa < (Co + Cie ?), (4.58) 


where the constants Co and C1 depend on ||go|| 72 (@;24(a)2) and [gi] ze (R:2) 
respectively. 
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Now, we describe the structure of the attractor 4°. Along with Equa- 
tion (4.54), we consider the family of equations 


Où + vL@ + BA, 0) =G(x.t) (4.59) 


with external forces 9° € H(g°). It is clear that for every 9° € H(g°) Equa- 
tion (4.59) generates the process {Ug-(t,7)} acting in H. We note that 
the processes {Uj-(t,7)} possess properties similar to the properties of the 
process {U,<(t,7)} corresponding to the 2D Navier-Stokes system (4.54) 
with original external force g* (x,t) = Pgo(x,t) +e ?Pgi(a/e,t). In partic- 
ular, the sets Be and B1, are absorbing for every process {Ug (t, T)}, 9° € 
H(g°) (see (4.57)). Moreover, every process {U3-(t,7)} has a uniform global 
attractor Age which belongs to the global attractor A® = Age of the 2D 
Navier-Stokes system (4.54) with initial external force g°(x,t), Age C Age, 
where the inclusion can be strict (see Proposition 2.3). 


Proposition 4.3. Suppose that go(x,t) is a translation compact func- 
tion in L£C(R; L2(Q)?) and gi(z,t) is a translation compact function in 
L° (R; Z). Then for any fixed 0 < € < 1 the family of processes {Ue (t, T)}, 
g € H(g°), corresponding to Equation (4.59) has an absorbing set Bı e 
which is bounded in H and V and satisfies the inequality 


| Brel < (Co + Cie“ *). (4.60) 
The family {Ug-(t,7)}, 9° € H(g*), is (H x H(g°); H)-continuous, i.e., 


JE —g in LÊ(R; H) as n > œ, 
>F mL (R; H) (4.61) 
Urn — Ur in H as n— 0, 
implies 
Uge (t, T)Urn > Uge (t, Thu. in H as n — oo. (4.62) 


The proof is similar to that of the corresponding assertions in [34] in 
the case of a nonoscillating translation compact external force in LÉC(R; H)). 


We denote by Koe the kernel of Equation (4.59) (and of the process 
{Ug-(t,7)}) with external force 9° € H(g*). Recall that the kernel Ke is 
the family of all complete solutions w(t), t € R, of (4.59) which are bounded 
in the norm of H : 

a| < Ma VteER. (4.63) 
The set Kge(s) = {u(s) | U € Ke}, s € R, in H is called the kernel section 
at time t = s. 


We formulate the theorem (see the proof in [34]) about the structure 
of the uniform global attractor 4° of the 2D Navier-Stokes system (4.54) 
(see also (2.44)). 
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Theorem 4.3. If g°(x,t) is a translation compact function in the 
space LI°°(R; H), then the process {Ug-(t,r)} corresponding to Equation 
(4.59) has the uniform global attractor A€ and the following equality holds: 


A= |]J Kge(0). (4.64) 
F EH(g°) 


Moreover, the kernel Koe is nonempty for all g° € H(g°). 


We note that the attractor A® is given by the formula 
=W (Bo) = N | U Uge (t, T )Bo Pi 
h20 t-r>h 
which means that for constructing the attractor A® of the entire family 
of processes {U3-(t,7)}, 9° € H(g*), it is possible to use only the process 
{U (t, T)} of the original equation (4.54) with external force 
g = Pgo(a,t) +e ?Pai(a/e, t). 
All the above-mentioned results remain valid for the “limiting” 2D Navier- 
Stokes system (4.22) 
du + vLu + B(u, u) = g°(x,t) (4.65) 
with translation compact external force g°(t) := Pgo(:,t) € LÉR; H). 
Equation (4.65) generates the “limiting” process {Uo(t,7)} = {U,o(t,7)} 
which has the uniform global attractor A? (see Section 4.1). 
Consider the family of equations 
0,4 + v Là + B(A, à) = 9 (x,t) (4.66) 
with external forces 9 € H(g°) (the hull H(g°) is taken in the space 
Lig°(R; H)) and the corresponding family of processes {Uo(t,r)}, 9? € 
H(g°). 

We can directly apply Proposition 4.3 and Theorem 4.3 to (4.65) and 
(4.66) by setting g1(2,t) = 0. Therefore, the family {Uo(t, T)}, 9° € H(g°), 
has a uniformly absorbing set B1,0 (bounded in V), 

| Bi olla < Co, (4.67) 
and the family {Uz0 (t, T)}, g° € H(g°), is (H x H(g°); H)-continuous. More- 
over, the attractor A? of the “limiting” equation (4.65) has the form 

A= |] Kpp(0), (4.68) 
G EH(9°) 


where Ko is the kernel of Equation (4.66) with external force g° € H(g°). 
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Formulas (4.64) and (4.68) will be used in the following section, where 
we study the strong convergence of 4° to A? ase — 0+. 


4.4. Convergence of the global attractors 4° to A®. 


Consider Equations (4.54) and (4.65), where go(, t) and gi(z,t) are transla- 
tion compact functions in LÉC(R; L2(Q)?) and L°(R; Z) respectively. As- 
sume that the function gi(z,t) satisfies the divergence condition (4.29). 
Then, by Theorem 4.1, the uniform global attractors A° of Equations 
(4.54) with external forces g(x, t) = Pgo(x,t)+e ?Pgi(x/et) are uniformly 
bounded in H with respect to € : 


Alu <C2 VO<e<1, (4.69) 


where the constant C2 is independent of €. We also consider the global 
attractor A’ of the “limiting” equation (4.65) with external force g°(t) = 
Pgo(-, t). It is clear that the set A? is bounded in H (see (4.67)). 

We need a generalization of Theorem 4.2 which can be applied to the 
solutions of the entire families of equations (4.59) and (4.66). 

We choose an arbitrary element u, € B. Let @(-,t) = Uze (t, Tur, t > 
T, be the solution of (4.59) with external force 9° = Pÿo+e PP € H(g°), 
and let w°(-,t) = Ugo(t,7)u,, t > T, be the solution of (4.66) with external 
force g° € H(g°). We assume that the initial data at t = 7 for both solutions 
are the same: @(-,T) = %°(-,7) = uo, uo € B, where the absorbing ball B is 
defined in (4.38). (Note that g° can be different from the term g° = Po, 
the first summand in the representation 9° = Pgo + ¢~°Pg1.) Consider the 
difference 

Olx, t) = U(x, t) — W (x,t), t>r. 


Proposition 4.4. Let the original functions go(x,t) and gi(z,t) in 
(4.1) be translation compact functions in L£C(R; L2(Q)?) and L}°¢(R; Z) 
respectively. Let g1(2,t) satisfy the divergence condition (4.29). Let 

gF (x,t) = Pa(x,t)+e PPa(x/et), g°(x,t) = Pgolz,t). 
Then for every external force JF = Pÿo +€ P Pÿ € H(g°) there exists an 
external force J? € H(g°) such that for every initial data u, € B (see (4.38)) 
the difference 
O(t) = (t) — W (t) = Uze (t, T)ur — Uzo (t, T)ur 


of the solutions of the 2D Navier-Stokes systems (4.59) and (4.66) with 
external forces JF (x,t) = PGo(x,t) +e? PGi(a/e,t) and J? (x,t) respectively 
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and with the same initial data u, satisfies the inequality 
BHI = a(t) — (4) < etc) VOK<e <1, (4.70) 


where the constant C4 and r are the same as in Theorem 4.2 and are inde- 
pendent ofe and0 <p<1. 


PROOF. Consider the functions 
u(t) = Uge (t, T)ur, (0 = ru, Yt > T, (4.71) 
where g°(t) = Pgo(t) + €~?Pgi(t) and g°(t) = Pgo(t) are the original ex- 
ternal forces. Using (4.71), we write the inequality (4.53) in the form 

[Uge (t, T)ur — Ugo (t, T)ur| < e07? Caern. (4.72) 
By Theorem 4.2, the inequality (4.72) holds for all u, € B. We claim that 
(4.72) also holds for the time-shifted external forces 

glt) = g(t +h) = Pglt+h) +e ’Pagi(t +h), 
gn(t) = g(t +h) = Pgolt + h) 
with arbitrary h € R, i.e., 

[Ug (t, T)ur — Ugo (t, 7)ur| < etA cert, (4.73) 
where the constants C4 and r are independent of h. Indeed, for every 
h € R the time-shifted function gn(z,t) = gi(z,t + h) apparently satis- 
fies the divergence condition (4.29) for the time-shifted functions G? (z, t) = 


Gj(z,t+h) € L3(R; Z), j = 1,2. Thus, (4.73) directly follows from Theorem 
4.2. 


We recall that the family of processes {Uj-(t,7)}, 9° € H(g°), is (H x 
H(g°); H)-continuous. In particular (see (4.61) and (4.62)), for fixed u, € B 
JE —g in LÉC(R;H) as n — co 

implies 

Uze (t, T)ur > Uge(t,r)u, in H as n — oo (4.74) 
and, similarly, 

Uzo (t, T)ur — Uzo (t, Thu in H as n — oo (4.75) 
if 9? — J? as n — co in L£C(R; H) for some J? € H(g°). 

We now fix an external force 9° = PJo +e P Pı € H(g°). Since JF (t) 

is a translation compact function in LÉC(R; H), there exists a sequence 
{hi} C R such that 


g, ~ G9 in LS (R;H)asn— 0, (4.76) 
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where gj, (t) = g°(t + hi). Consider a sequence of external forces gf, = 
g? (t+ h;i). Since g°(t) is a translation compact function in L/°°(R; H), there 
exists a function J? € H(g°) such that 


g, >J? in LP(R; H) as n — oo (4.77) 


(where we can pass to a subsequence of h;, if necessary). From (4.73) it 
follows that 


Uze (t; Tjur — Uz0 (4,Tjur| < ele) Cert) VEEN, 4.78 
9h; Gn; 


Using (4.76) and (4.77) in (4.74) and (4.75), we pass to the limit in (4.78) 
as à — oo and obtain the required inequality: 


|Uge (t, T)ur — Uzo (t, T)ur| < et“) Cie), (4.79) 











Thus, the inequality (4.70) is proved. 





We formulate the main result of this section. 


Theorem 4.4. Assume that 0 < p < 1. Let go(x,t) and gi(z,t) in 
(4.1) be translation compact functions in the L$: (R; L2(Q)?) and L$: (R; Z) 
respectively, and let g1(z,t) satisfy the divergence condition (4.29). Then the 
global attractors A€ of Equations (4.54) converge to the global attractor A? 
of the “limiting” equation (4.65) in the norm of H as € — 0+, i.e., 


distr(A°, A?) — 0 ase — 0+. (4.80) 


PROOF. Denote by u° an arbitrary element of A. By (4.64), there 
exists a bounded complete solution &(t), t € R, of Equation (4.59) with 
some external force JF = Pÿo + € PP € H(g°), go € H(go), À € H(g), 
such that 

© = ü°(0). (4.81) 


u 
Consider the point 4°(—R) which clearly belongs to 4° and hence 
a (-R) € B (4.82) 


(see (4.38)). Recall that B is an absorbing set and the global attractor A® 
belongs to B. The number R will be chosen later. 


For the constructed external force g° we apply Proposition 4.4: there 
is a “limiting” external force J? € H(g°) such that for any T € R and u, € B 
the following inequality holds: 


[Uz (t, T)ur — Uzo (t, r)ur| < eC Cer Yt >r. (4.83) 
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Consider the “limiting” equation (4.65) with the chosen “limiting” 
external force g°. We set 7 = —R. Let ù? (t), t > —R, be the solution of 
this equation with initial data 


Wle=-r = U(—R). (4.84) 

Taking —R in place of r and —R + t in place of t, from (4.83) (see also 
(4.82)) we find 

G (-R++t)-W(-R+H| <eO-Cye™ vi>0, (4.85) 

where &(—R+t) = Uge(—R+t, —R)G*(—R) and W(—R + t) = Ujo(—R+ 
t, —R)u®(—R). 

The set A? attracts Ugo(t + 7,7)B in H as t — +00 (uniformly with 


respect to T € R and g° € H(g°), see [34]). Therefore, for any 6 > 0 there 
exists a number T = T (ô) such that 








~ ô 
dist (Ugo (t ET T)B, A?) < 3 


Hence for r = —R and u*(—R) € B 





= ô 
dist y (Ugo(—R + t, —R)a*(—R), A?) < 5 va € H(g°), t > T(6). 
In particular, for J? specified above we have 


dist y (P (—R + t), A?) = dist y (Uzo (—R + t, —R)a*(—R), A?) 
< 8/2 Vt>T(6). (4.86) 





Recall that T (ô) is independent of uë € A. 
From (4.86) and (4.85) it follows that 


dist y (° (—R + t), A?) 
< [RF (-R + t) — W (—R + t)| + dist (@P (—R + t), A?) 


< ECTP Cie + È Vt > T(6). (4.87) 
We set t = R = T(6) in (4.87). Since &°(0) = uf, we have 
dist y (uf, A?) = distyr(@°(0), A?) < en) Czer FO + ° Vu € A. 


Consequently, 


DIS 


dise (AF, A?) < eA Ce LS Vas 0: (4.88) 
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Finally, for arbitrary 6 > 0 we take £o = €9(0) such that 
CATO — 5/2, 


ô Tz 
Thus, if € < Eo(Ô) = (rT) 5 , then dista (A, A?) < 6. Therefore, 


dist (AF, A?) — 0 as € — 0+. 














4.5. Estimate for the distance from 4° to A®. 


Consider the 2D Navier-Stokes system (4.54) in the case, where the Grashof 
number of the corresponding “limiting” Navier-Stokes system (4.65) is small. 
In this case, the global attractor A? is exponential, i.e., A? attracts bounded 
sets of initial data with exponential rate as time tends to infinity. This prop- 
erty allows us to estimate explicitly the distance from AE to 4°. 


We consider the “limiting” system (4.65) with external force g°(t) := 
Pgo(-,t) € Lie°(R; H). Let the Grashof number G of this 2D Navier-Stokes 
system satisfy the inequality 





loll 1 
= mr < a (4.89) 


where the constant c is taken from the inequality (1.14). 


Then, by Proposition 2.4, Equation (4.65) has a unique solution z,o(t), 
t € R, bounded in H, i.e., the kernel Ko consists of a single trajectory zgo (t). 


This solution z,0(t) is enonenially stable, i.e., for every solution u,o(t) of 


Equation (4.65) 
|ugo(t +7) — zg (t +7)| < Colur — zço(r)le À Yt > 0, (4.90) 
where ujo(t + 7) = Ugo (t +7,7)u, and Co, p are independent of u+, T 
The property (4.90) implies that the set 
=[{zo(t) ltERHJa = LU {40) (4.91) 
gEH(g°) 
is the global attractor of Equation (4.65) under the condition (4.89) (see 
(2.54)). 
Remark 4.2. As was shown in [16], the inequality (1.14) holds with 


1/2 
C= (>) = 0.3071 .... Based on the numerical result from [134], it 
T 


was also shown in [16] that c = 0.2924. ... This value is possibly the best 
one for the inequality (1.14). Thus, (4.90) and (4.91) are valid if G < 3.42. 
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Remark 4.3. The inequality (4.90) implies that the global attractor 
A of the system (4.65) is exponential under the condition (4.89), i.e., for 
any bounded set B in H 
sup dist y (Upo (t +7,7)B,A°) < Ci(|Blje-“#, (4.92) 
TER 
where C depends on the norm of B in H 


The following assertion concerns the distance from 4° to AP. 


Theorem 4.5. Let the assumptions of Theorem 4.4 be satisfied. Sup- 
pose that the Grashof number G of the “limiting” 2D Navier-Stokes system 
satisfies (4.89). Then the Hausdorff distance (in H) from the global attrac- 
tor A€ of the original 2D Navier-Stokes system (4.54) to the global attractor 
A? of the corresponding “limiting” system (4.65) satisfies the inequality 


distz(A®,A°) < C(A) VO<e<1, 
where 0 < p< 1 and C(p) > 0 depends on v, ||gol| ze, and ||g1l|z2- 


The proof of Theorem 4.5 is similar to that of the corresponding as- 
sertion concerning the complex Ginzburg-Landau equation with singularly 
oscillating terms (see Section 5.4). 


Remark 4.4. In this section, we consider nonautonomous 2D Navier— 
Stokes systems with singularly oscillating external forces and prove results 
concerning the behavior of their global attractors. Similar assertions holds 
for other nonautonomous evolution equations in mathematical physics with 
singularly oscillating terms, for example, for the damped wave equation 


3u + yOu = Au — f(u) + go(a,t) +e Pa(x,t/e), ulon = 0, 


where y > 0,0<p<p,0<Ee<1,tER, x Ee eR”, and go(z,t), 
gi(z,t) are translation compact functions in the corresponding spaces (see 
[130])). 


5. Uniform Global Attractor of Ginzburg-Landau 
Equation with Singularly Oscillating Terms 


In this section, we study the global attractor A® of the nonautonomous 
complex Ginzburg-Landau equation with constant dispersion parameters a, 
B and singularly oscillating external force of the form go(a, t)+e7°gi(a/e, t), 
xr ENQ € R", n> 3,0 < p < 1. We assume that |8| < V3 In this 
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case, the Cauchy problem for the Ginzburg-Landau equation has a unique 
solution and the corresponding process {U.(t,7)} acting in the space H = 
L2(Q;C) has the global attractor AF (see Sections 1.3.3 and 2.6.3). Along 
with the Ginzburg-Landau equation, we consider the “limiting” equation 
with external force go(x,t). We assume that the function gi(z,t) admits 
the divergence presentation 


gi(z,t) = > dat), z2=(21,...,2n) € RY, 
i=1 


where the norms of G;(z,t) are bounded in L3(R;Z), Z = L3(R®;C) (see 
Section 5.1). 

We estimate the deviation (in H) of the solutions of the original 
Ginzburg-Landau equation from the solution of the corresponding “lim- 
iting” equation with the same initial data. 

If gi(z, t) admits the divergence representation and g(x,t) and g1(z, t) 
are translation compact functions in the corresponding spaces, we prove 
that the global attractors 4° converge to the global attractor A? of the 
“limiting” system as € — 0+ in the norm of H. We also study the case, 
where the global attractor A? of the “limiting” Ginzburg-Landau equation 
is exponential. In such a situation, we obtain the following estimate for the 
deviation of the global attractor 4° from 4°: 


disty(A®, A?) < C(p)e*? VO<e< 1, 


where the constant C(p) is independent of e. 


5.1. Ginzburg—Landau equation with 
singularly oscillating external force. 


We consider the nonautonomous Ginzburg-Landau equation 
du = (1+ ia)Aut Ru — (1+46)|ul?u + go(x, t) 


1 x 
+ n(=.t), ulag =0, 
EP E 


where u = u(x,t) + iu2(x,t) is the unknown complex function of x € Q € 
R” and t € R (see Sections 1.3.3 and 2.6.3). We assume that 0 € Q and 


81 < v3. (5.2) 


In (5.1), 0 < p <1 and € is a small positive parameter. Let H = L2(Q;C) 
and Z = L$ (R”; C). The norm in H is denoted by || - ||. A function f(z) 


(5.1) 
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belongs to Z = L3(R®;C), z = (21,22,...,2n) € R”, if 
ONE = IFOR) 


zitl 2n+1 


= sup J vee i IFG,- Ga) PG ++ de, < +00. (5.3) 


We assume that go(a,t) = goi(a,t) + igoa(x,t), £ = (£1, £2,..., 2n) € R”, 
belongs to the space Z5(R;H) and gi(z,t) = gii(z,t) + igio(z,t), z = 
(21, 22,---;2n) € R”, belongs to the space L}(R; Z), i.e., these functions 
have finite norms 


T+1 
lootan = sup f latsa (5.4) 


F 
T+1 


= sup f ( J lol, s)Pdæ} ds < +00, 
TER 5 


T 


T+1 


In. lirez = sup | [lni(,s)]2ds (5.5) 
2(R;Z) TER 
T+1 21+1 Zn +1 
= sup / ( sup J H / l1 (1+ -s Cms 8)PdG: ++ + den ) ds < +00, 
TER zER” 
T zı Zi 
where z = (21,22,...,2n). 


Equation (5.1) is equivalent to the following system of two equations 
for the real vector-valued function u = (u1, ug)! : 


ou = P a) Au + Ru— e fa jul?u 


1 x 


where go = (go1, 902)’ and gi = (911,912) + 
Under the above assumption, for every fixed 0 < e < 1 the Cauchy 


problem for (5.1) with initial data 


Ultar = U(x), u-(-) EH, (5.7) 
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where 7 is arbitrary and fixed, has a unique solution u(t) := u(x,t) such 
that 


u(-) € C(Rr;H) N LR; V) N LÉ(R,; La), 


i (5.8) 
V = H (0), La = £4(0;C), R = [7, +00). 


and u(t) satisfies (5.1) in the sense of distributions in the space D' (R+; H7”), 
where H7” = H~"(Q;C) and r = max{1,n/4} (recall that n = dim(Q)). 
In particular, 


du(-) € La(r, T; H7}) + Lay3(T, T; Lays) VT >T. 


The proof of the existence of such a solution u(t) is based on the Galerkin 
approximation method (see, for example, [119, 9, 34]). The proof of the 
uniqueness uses the inequality (5.2) (see, for example, [34]). 

We recall that if (5.2) fails, for n > 3 and arbitrary values of the 
dispersion parameters a and ( the uniqueness is not proved yet (see [101, 
102, 136] for known uniqueness theorems). 

We set ||- || := || - |m for brevity. Any solution u(t), t > 7, of (5.1) 
satisfies the differential identity 


1 d 
sq lel’ + Vel? + luli — RON? = (9° @),u) (69) 
for all t > 7, where g°(t) := go(x,t)+e Pg(x/e,t). The function ||u(t)||? is 
absolutely continuous for t > r. The proof of (5.9) is similar to that of the 
corresponding identity for weak solutions of the reaction-diffusion systems 
considered in [34, 32] (see also [129]). 

Using standard transformations and the Gronwall lemma, from (5.9) 
we deduce that any solution u(t) of (5.1) satisfies the inequality 


lult + 7) ||? < |lu(r)||2e-24* + C2 +0 Vt > 0,7 ER, (5.10) 
where A; is the first eigenvalue of the operator {—Au, ulan = 0}, the 


constant Co depends on R and ||go||z»(e,42), and the constant C1 depends 
on [gi zèm;z) (see (5.4) and (5.5)). We also have the inequality 


t 
x 2 ae 

AED] er dads < C|lgilliece;z) Vt>7,7ER, (5.11) 

T A 


244 Vladimir Chepyzhov and Mark Vishik 


where C is independent of €. Indeed, 


J fleEs)Pemeranas = f eaen e / ln (2,5) Paz) ds 
T Q 
t 


T ETIQ 
zı+1 Zn+1 
<o fO sop f f loaa) da) 


zeR” 


T Z1 Zn 


< Call eez 


—n 


since the domain ¢~'( can be covered by C’e—” unit boxes (see the proof 


of Lemma 4.2). Hence (5.11) is true. 
Integrating (5.9) with respect to time from 7 to 7+¢ and using (5.10), 
we find (see (5.4) and (5.5)) 
T+t 
1 
slur +O? + J (Vus)? + Ilu(s)II£,)ds 


T 


T+t T+t 
<sluIP +R f lju(syl2as+ f No) lu(olas, 
Jul? + lus), pas (5.12) 


T 


1 = 
< gle 24 Ca(t + 1) + Ca(Igol Ze cr) +E APTPT EL 





We consider the process {U-(t,7)} := {Uz(t,7) | t > 7,7 € R} corre- 
sponding to the problem (5.1), (5.7) and acting in the space H (see formula 
(2.118)). By (5.10), the process {U.(t,7)} has the uniformly absorbing set 


Boe = {v € H | |lul] < 2Co + Cie ?)} (5.13) 


which is bounded in H for every fixed € > 0. 


We now prove that the process {U-(t,7)} has the compact (in H) 
uniformly absorbing set 


Bye = {v € V | llullv < C4 + Cle}. (5.14) 
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For this purpose, we take the inner product of the first equation in (5.1) 
and —tAu in H. Making standard transformations, we find 


d 1 

ae a t 2 2 2 

5 aa Vull) 5llVull + t| Aull — Rt||Vul] 

— ((1 + iß)ļu|?u, tAu) = —(go, tAu) — & P(g(x/e),tAu). (5.15) 


Introduce the notation 
1 — 
flv) =|vP F 5) v, v= (vv). 


Since |8| < V3, the matrix f! (v) is positive definite, i.e., 
Kiv)w-w>0 Vv = (v1, v2), w = (w1, w2), t> 0 (5.16) 


(see (1.34)). Therefore, the term in (5.15) containing 8 is also positive. 
Indeed, 


— ((1 + iß)|u|?u, tAu) = —(f(u), tAu) 


=? Ja. 0, war >0 W>0. (5.17) 
i=1 Q 


Integrating both sides of the equality (5.15) with respect to ¢ and taking 
into account (5.17), we find 


t t t 
SPA 5 f uolas + f s|jAu(s)[Pas~ Rf s|Vu(s)|Pas 
0 0 0 
t t 
< — | (go(s),sAu(s))as— e= f (gu(x/e,8),sAu(s))al (5.18) 
0 0 
Using (5.12), from (5.18) we obtain the inequality 
t t 
HVU? + Cs f slAu(s)|Pds < R f sVu(s)|Pas 
0 0 
t t 
+C4( f sllgo(s)Pds + f silo (a/2,s)IPds). (5.19) 
0 0 


Using an inequality similar to (5.11) in (5.19), we find 
Vu? < Cr(t\u(O)|? +t +1 + tllgollxcean + tE” llez) 
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Assuming that u(0) € Boe and setting t = 1, we obtain 
AVu(L) I < Cs(1 + |lgoll rem + € Îgillzecm:;z))- (5.20) 
It is clear that the same inequalities hold if we replace 0 and t with 7 and 
Tt: 
Var + #12 < Cy(tllu(r)|? + t+ 1+ tllgol2ycaany + telal zy). 
Thus, if u(T) € Bo, then 
|[Vu(r + 1)|] < Cs(1+1|gol 1eme + € ?Îgillzecmz)) Vr 20. (5.21) 
By (5.21), the set 
Bie = {v € V | llullv < Cal + |lgollzg + €°lgllz)} (5.22) 


is uniformly absorbing for the process {U;(t,7)} corresponding to the Ginz- 
burg-Landau equation (5.1). The set B1, is bounded in V and compact 
in H since the embedding V € H is compact. Thus, we have proved the 
following assertion. 


Proposition 5.1. For any fixed € > 0 the process {U-(t,T)} corre- 
sponding to Equation (5.1) is uniformly compact in the space H and has the 
compact uniformly absorbing set B1< defined by formula (5.22). 


Along with the Ginzburg-Landau equation (see (5.1)), we consider the 
“limiting” equation 
du? = (1 + ia)Au® + Ru? — (1 + 46)|u°|?u? + go(x, t), wlan = 0, (5.23) 
where the coefficients a, 3, R and the external force go(x,t) are the same as 
in (5.1). In particular, the conditions (5.2) and (5.4) are satisfied. Therefore, 
the Cauchy problem for this equation with initial data 
Whar =ur(x), url) EH, (5.24) 


has a unique solution u°(a,t) and there exists the corresponding process 
{Uo(t,7)} in H: Uo(t,r)ur = u(t), t > T € R, where u9(t), t > 7, is a 
solution of (5.23) with initial data ul;=, = ur. As in the case of (5.10), the 
main a priory estimate for (5.23) reads 

lu? (r +8? < u(r) e? + CG. (5.25) 


Following the above reasoning, we prove that the process {Uo(t,7)} 
has the uniformly absorbing set 


Bo,o = {v E H | lvl] < 2Co}. (5.26) 
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(Comparing (5.26) with (5.13), we see that the parameter € is missing in 
(5.26) since the term € ’g1(x/e,t) is missing in Equation (5.23).) Moreover, 
the process also has the uniformly absorbing set 


Bio = {v € V | ||Vollv < Cs(1 + |I9oll ce cet) t (5.27) 


which is bounded in V and is compact in H. Hence the process {Uo(t, 7)} 
corresponding to the “limiting” equation (5.23) is uniformly compact in H 
and Proposition 5.1 holds for the “limit” case € = 0. 


Based on this result, it is easy to see that the processes {U.(t,7)}, € > 
0, and {Uo(t,7)} have the uniform global attractors As and Ao respectively 
(see [34] and Section 2.6.3) such that 


Alla < Co + Cie”, | Aollx < Co. 
However, the above conditions on g1(z,t) are not sufficient for establishing 
the uniform boundedness of A, in H with respect to € > 0. 


Now, we formulate a condition providing the uniform boundedness 
of the global attractors As, 0 < € < 1. Assume that gi(z,t) satisfies the 
following condition. 


e Divergence condition. There exist vector-valued functions G;(z,t) € 
L3(R; Z), j =1,n, such that 0,,G;(z,t) € L3(R; Z) and 


S > 02,G;(z,t) = gi(z,t) VzeER", tER. (5.28) 


j=1 


Theorem 5.1. If gi(z,t) satisfies the divergence condition (5.28), 
then for every 0 < p <S 1 the global attractors A® of the Ginzburg-Landau 
equations are uniformly (with respect to € €]0,1]) bounded in H, i.e., 


All < Cz Ve €]0, 1. (5.29) 


The proof is similar to that of Theorem 4.1. 


5.2. Deviation of solutions of the Ginzburg-Landau 
equation. 


In this section, we consider the equation (see (5.1)) 


Ou = (1 + ia) Au + Ru — (1+%8)|ul?u + go(a, t) 
1 ex (5.30) 
+50(=,t), ulaa = 0, 
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where the coefficients satisfy the conditions (5.2)-(5.5) and 0 < p < 1. The 
corresponding “limiting” equation has the form 
du = (1+ ia)Au® + Ru? — (1 + %8)|u°|?u? + go(x,t), wlan = 0. (5.31) 
The initial data are imposed at t = 7: 
uli=r = ur(x), ulz =u,(x), u-(-) EH. (5.32) 


Suppose that u(x,t), t > 7, and u’ (x,t), t > T, are solutions of the problems 
(5.30), (5.32) and (5.31), (5.32) respectively. We set w(x,t) = u(x,t) — 
u? (x,t). The function w(t) := w(-,t) satisfies the equations 


dw = (1 + ia)Aw + Rw — (1 + 48)(Jul?u — |u?|?u°) 
1 x (5.33) 

+sa(=,t), wlao =0 

with initial data w(r) = 0. 


Theorem 5.2. Under the divergence condition (5.28), the difference 
w(t) = u(-,t) — u9(-, t) of the solutions u(x,t) and u°(x,t) of the problems 
(5.30) and (5.31) respectively with the same initial data (5.32) satisfies the 
inequality 


||w(t)|| = lul, t) -— uC, HI] < Cet Me") Vt >r, (5.34) 
where 
0 R< À 
fen” nae (5.35) 
R—-\+0, REA, 


ô > 0 is arbitrarily small, and C = C(6) for R > À. 


PROOF. For the sake of simplicity, we assume that r = 0. Taking the 
inner product of Equation (5.33) and w in H, we find 


ld 2 2 2 

> le + Vel — Rlwl 

+ ((1 +4) (\ul2u — Ju?|2u°), u — u?) = (a (Z, t) | w). (5.36) 
Since |8| < v3, from (5.16) it follows that 


(1 + i) (\ul?u — [u?|?u?), u — u?) > 0 (5.37) 
(see also (1.34) and [34]). From (5.36) and (5.37) we obtain 


d 2 2 2 _ x 
— < P — è x 
qel + 2|| Vw] < 2R|w|* + 2€ (a (2t) w) (5.38) 
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Using (5.28), we find 
E i 7 n ï 
2e *(n(=,t),w)ds = 2€ >, (2,6, (Z, t),w) 
j=l 
ar) (a,,6;(2,2),w) = -201 (a, (2,1), asw) 
= “Or € = J € i 


eo 2u- "JE (=.t) Jar a f mle as 6>0. (5.39) 


3 


We claim that 


[lo [de =" J IG; (z,t)P2dx < CIG DIZ. (5.40) 
e-1Q 


Here, we used an n-dimensional analog of Lemma 4.2. Hence 


AE Zt) l'a < DAC DIZ VEER. (5.41) 
By (5.39) and (5.41), we have 
= T A 2(1— 20 
p = < e edp) A 2 
2e-*(gi(,t),w) < (Fert Ma)n(t) + Elw’, 6 > 0 
where h(t) = Ð ||G;(-, t)||Z. From (5.38) it follows that 
j=l 


d 2 —1 2 2 À 2(1— 
se = < 2 p) | i 
Flw? + (2 — 28AT) Vw? < 2R? + (Fe). (5.42) 
Let ô < À1. By the Poincaré inequality, 
d 2< 24 At <21- p) 
lwl? < AR- Ar + ò)? + (Fec). (543) 
If R > 41, then r = R— àı + ô > 0 and, consequently, 
d 2 2 À 2(1—p) Dr 
OP < rl + (Seer) h(t), lwo = 0 


By the Gronwall inequality (see (4.48) and (4.49)), 


t 


|| w(t) ||? < (0-10) fheas. (5.44) 


0 
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Recall that G;(z,t) € LB(R; Z) since gı satisfies the divergence condition. 
Therefore, 


t+1 à 
J h(s)ds < X` ICE om =: M (5.45) 
t j= 


and, consequently, 
t 


t 1 2 
froe as = f hs) ™as + | h(sje"as+ Le + f h(sje"as 
0 0 1 fe] 


1 2 
< fms )ds + e7 n | ied 
0 [él 

<M(i+e"+...+e 4) <M(1+e7 +...) 


M 
= < M(1+r-). 
l-—e 7 





Using this estimate in (5.45), we obtain 
À 
\|w(t)||? < (SoM à r))ert Vt > 0, (5.46) 
i.e., 


lwll < C80 e", 


where r = R — À +ô and C(6) = (6-12-1),CM(1 + r71))/?. If R < M, 
then —rı = R— À1 +ô < 0 for sufficiently small 6 > 0. Then from (5.43) we 
deduce 


L lul? < -rillel/? + (Sec). (5.47) 
By Lemma 4.1 and (5.45), 
lwl? < w0) e +2718 ACM (1 + rr") vt > 0, 
and, since w(0) = 0, 
lwll < CeO), 


where C(6) = (27181A CM(1 + r7'*))!/ and rı = à — R— ô > 0. The 
inequality (5.34) is proved. 
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5.3. On the structure of attractors 4° and A®. 


Consider the Ginzburg-Landau equation (see (5.30)) 
du = (1 + ia)Au + Ru — (1+46)|ul?ut g° (x,t), ulan=0, (5.48) 


where € is fixed and g°(x,t) = go(x,t) +e Pgi(x/e,t) is the time symbol 
(see Section 2.4). Assume that go(x, t) is a translation compact function in 
L£C(R; H) and gı(z,t) is a translation compact function in L'°°(R;Z). In 
particular, go(x,t) € Lè(R; H) and gi(z,t) € LÈ(R; Z). 

Let H(g°) be the hull of the symbol g°(x,t) in the space LPC(R; H) : 


H(g°) = Hg Cst +h) | h © RY] pc cen). (5.49) 


Recall that H(g*) is compact in LÉC(R; H) and every element 9°(z,t) € 
H(g*(x,t)) can be written in the form 


g (x,t) = go(a,t) +e ?Gi(a/e, t) (5.50) 


with some functions Jo € H(go) and Jı € H(g1), where H(go) and H(g1) are 
the hulls of the functions go(x,t) and gi(z,t) in LÉC(R; H) and L°¢(R; Z) 
respectively (see Proposition 4.2 which remains true for the n-dimensional 
complex spaces H and Z). 


As was shown in Section 5.1, the process {U-(t,7)} := {Uge(t,7)} 
corresponding to (5.48) has the uniform global attractor A® € Bo. Bi. 
(see (5.13) and (5.14)) and 


|| Af lex < (Co + Cie” ?). (5.51) 


Now, we describe the structure of the attractor 4°. Along with Equa- 
tion (5.48), we consider the family of equations 


OR = (1 + ia) AG + RE — (1+ ibaa +g (e,t), Gloag =0 (5.52) 


with symbols 9° € H(g*). It is clear that for every JF € H(g°) Equa- 
tion (5.52) generates the process {Uj-(t,7)} acting in H. We note that 
the processes {Uj (t, T)} possess properties similar to the properties of the 
process {U,<(t,7)} corresponding to the Ginzburg-Landau equation (5.48) 
with original symbol g*(a,t) = go(a,t) + €7?gi(x/e,t). In particular, the 
sets Bo and B,,- are absorbing for each process of the family {Ue (t, T)}, 
g° € H(g°). 

We denote by Kg the kernel of the system (5.52) (and of the process 
{Ug(t,7)}) with symbol 9° € H(g°). 
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We formulate the theorem on the structure of the uniform global at- 
tractor A® of the Ginzburg-Landau equation (5.48) (see Section 2.6.3 and 
(2.122)). 


Theorem 5.3. If g°(x,t) is a translation compact function in the 
space LÉ(R; H), then the process {Uge (t, T)} corresponding to (5.52) has 
the uniform global attractor A° and 

A= |] Kz(0); (5.53) 
F EH(g°) 


moreover, the kernel Kge is nonempty for every JF € H(g°). 


All the above results are valid for the “limiting” Ginzburg-Landau 
equation (see (5.31)) 
du = (1+ ia)Au® + Ru? — (1 + 78)|u°|?u° + g°(x,t), wlan =0, (5.54) 
with translation compact symbol g°(t) := go(-,t) € LÉC(R; H). Equation 
(5.54) generates the “limiting” process {Uo(t,7)} := {U,o(t,7)} which has 
the uniform global attractor A? (see Section 5.2). 
Consider the family of equations 
a = (1 + ia) AR? + RQ — (1 + 48)|a°|?a° + 9°(z, t), @ lag =0, (5.55) 
with symbols 9° € H(g°) and the family of processes {Uj0(t,r)}, g° € 
H(g°). Note that we can apply Theorem 5.3 directly to (5.54) and (5.55) by 
setting gi(z,t) = 0. Therefore, the attractor A? of the “limiting” equation 
(5.54) has the form 
A= |] K(0), (5.56) 
GP EH(g°) 
where Ko is the kernel of (5.55) with symbol g° € H(g°). 


5.4. Convergence of 4° to A? and estimate for deviation. 


All the results of Sections 4.3 and 4.4 can be also established for the Ginz- 
burg-Landau equation. We consider (5.48) and (5.54), where go(a,t) and 
gi(z,t) are translation compact functions in LÉC(R; H) and L°¢(R; Z) re- 
spectively. Assume that gi(z,t) satisfies the divergence condition (5.28). 
Then, by Theorem 5.1, the uniform global attractors A® of (5.48) with ex- 
ternal forces g(x, t) = go(a,t) + © °gi(a/e,t) are uniformly (with respect 
to €) bounded in H: 


Arla <C VO<e<1. (5.57) 
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We also consider the global attractor A? of the “limiting” equation (5.54) 
with external force g°(t) = go(-,t). 

We need to generalize Theorem 5.2 in order to apply the estimate 
(5.34) to the families of equations (5.52) and (5.55). 

Consider an arbitrary initial data u, € H. Let u®(-,t) = Uge (t, Tu, 
t > 7, be the solution of (5.52) with symbol 9 = go +e "gi € H(g°), 
and let &°(-,t) = Uzo (t, T)u+, t > 7, be the solution of (5.55) with symbol 
J? € H(g°) and the same initial data. We note that the symbol J? can be 
different from the function g° = go in the representation g° = go + e PJ. 
Consider the difference 


D(x, t) = U (x,t) —W(a,t), tr. 
Proposition 5.2. Let go(x,t) and gi(z,t) in (5.1) be translation com- 


pact functions in the spaces LÉC(R; H) and LÉ(R; Z) respectively, and let 
gı(z,t) satisfy the divergence condition (5.28). Let 


9° (x,t) = go(x,t) +e Pgr(x/e,t), g'(x, t) = go(z,t). 
Then for every symbol JE = Go + € gi € H(g°) there exists a symbol J? € 
H(g°) such that for every initial data u, € H the difference 
O(t) = W(t) — W (t) = Uze (t, T)ur — Uzo (t, Tur 

of the solutions of the Ginzburg-Landau equations (5.52) and (5.55) with 
symbols g° (x,t) = Folz, t) +e-°Gi(x/e,t) and J (x,t) respectively and the 
same initial data u- satisfies the inequality 

IEE = NEC, — W(t) < CeO MED WED r, (5.58) 


where the constants C andr are the same as in Theorem 5.2 and are inde- 
pendent ofe and0 <p<1. 


The proof is similar to that of Proposition 4.4. 


We formulate an analog of Theorem 4.4 about the strong convergence 
of the global attractors As of the Ginzburg-Landau equation (5.30) to the 
global attractor Ao of the “limiting” equation (5.31) as € — 0+. 


Theorem 5.4. Assume that 0 < p < 1. Let go(x,t) and gi(z,t) 
in (5.30) be translation compact functions in the spaces L}°°(IR;H) and 
LY:(R; Z) respectively, and let g1(z,t),z € R”, satisfy the divergence con- 
dition (5.28). Then the global attractors Æ of (5.30) converge to the global 
attractor A? of the “limiting” equation (5.31) in the norm of H as € > 0+, 
ie., 


dister(A°, A?) —0 ase— 0+. (5.59) 
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The proof is similar to that of Theorem 4.4. 
Using Proposition 2.13, we estimate dist (AF, A?) explicitly under the 
assumption that the global attractor A? is exponential. Let 
R<rA-x VER, (5.60) 


where x > 0 and À is the first eigenvalue of the operator {—A, ulag = 
0}. Then the global attractor has simple structure. We reformulate the 
corresponding results from Section 2.6.3. 


Proposition 5.3. Let the assumptions of Theorem 5.4 hold, and let 
R satisfy the inequality (5.60). Then the following assertions hold. 


(i) For every g° € H(g°) there exists a unique bounded (in H) com- 
plete solution zgo(t), t € R, of (5.55) with symbol 9°, i.e., the kernel Koo 
consists of a single element zgo and, in this case, formula (5.56) for the 
global attractor A? has the form 


A = |] {z(0)}. (5.61) 
g9EH(g°) 
(ii) The complete solution zgo(t), t € R, attracts any solution tigo(t) = 
Uzo(t,T)ur, t > T, with exponential rate: 
laso (t) = za (01 < lgl) — ze(r) WED 7, TER, (562) 
and, consequently, the global attractor A° is exponential, i.e., 


sup distn (Ușo(t, T)B, A) < Ce™*"-, C=C(|Blm), (5.63) 
GP EH(g°) 


where B is a bounded (in H) set of initial data and x is taken from the 
condition (5.60). 


From Propositions 5.2 and 5.3, we obtain the following assertion. 


Theorem 5.5. Let 0 < p< 1. Suppose that the assumptions of Theo- 
rem 5.4 and the condition (5.60) are satisfied. Then the Hausdorff distance 
(in H) from the global attractor A€ to the “limiting” global attractor A? 
satisfies the inequality 


distyz(A®, A?) < Clp) VO<e <1. (5.64) 
PROOF. We fix €. Let uë be an arbitrary element of 4°. By (5.53), 


there exists a bounded complete solution w*(t), t € R, of (5.48) with some 
symbol g° = go(x,t) +e ?gi(x/e,t) € H(g°) such that 


&° (0) =u. (5.65) 
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Consider the point u*(—T) which clearly belongs to A®. From (5.57) it 
follows that 


Au (—-T)|| < C2, (5.66) 
where C2 is independent of € and T. 


We apply Proposition 5.2 for the constructed external force 4°: there 
is a “limiting” external force g° € H(g°) such that for any T € Rand u, € H 


[Uze (t +7, Tur — Uzo (t + T, T)ur|| < Cel) vt > 0, (5.67) 


where r = 0 since R < A, (see (5.35)). Here, C is independent of u+. 


Consider the “limiting” equation (5.55) with the chosen “limiting” 
external force g°. We set 7 = —R. Let w(t), t > —T, be the solution of 
this equation with initial data 


TPh--r = 2 (-T). (5.68) 


By Proposition 5.3, there exists a unique bounded complete solution 2°(t), 
t € R, of (5.55) with symbol g° such that 


CT + t) = PCT + Hll < NT) = Te VEe> 0 (5.69) 
Recall that z°(t) € A? for all t € R. Therefore, 


l (CT) < IA < C, (5.70) 
where C” is independent of 2° and T. By (5.68) and (5.66), 
Aa (TI = @*(-T)|| < C2. (5.71) 


From (5.69), (5.70), and (5.71) it follows that 
I(T + €) — 2°(-T +A < Ce ve > 0, (5.72) 
where C” = C' + Co. 
Setting 7 = —T in (5.67), we have 
\|a°(—T + t) — D (-T ++) 
= ||Uge(t +7, T)ur — Ugo(t+7,7)uz|| < Cel) Yt > 0. (5.73) 
Using (5.72) and (5.73), we find 
OCT +4) — 2°(—T +2)|| 
< |2 (-T + t) — DT + £| + A (-T + t) — 2°(-T + 8) 
Ges Oe, (5.74) 











256 Vladimir Chepyzhov and Mark Vishik 





= 

We choose T from the equation e477) = e~*T i.e., T = 4 log(1/e) and 
x 

substitute t = T in (5.74). Then 


[a 0 — z°(0)|| < (C AO nA 
and, consequently, 
dister(u®, A?) < |lu® — 2°(0)|] = []2°(0) — 2°(0)|| < Cp}? 


where C(p) = (C + C”). Since uf is an arbitrary point of 4°, we have 
dist (A, A?) < C(p)eO-?). 














Remark 5.1. In the case R < Ay, Proposition 5.3 holds for (5.48) with 
symbols gf(x,t) = go(x,t) +€e-Pgi(x/e,t) and for the family of equations 
(5.52) with symbols Jf € H(g*) (see Proposition 2.13 and Corollary 2.9). 
In particular, the global attractor 4° of (5.48) is exponential, as well as the 
global attractor A°, and the attraction rate is the same. 


Remark 5.2. In fact, the inequality (5.64) holds (with some other 
constant C) for the symmetric distance dists;(A®,A°) = disty(A®,A°) + 
distes(A° ;.A™): 


distå (AF, A?) < Cilp) VO<e <1. 


This result relies on the property of the exponential attraction of solutions 
to the global attractor 4°, mentioned in Remark 5.1. 
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Monophase Nonlinear Geometric Optics 
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Rennes, France 


For quasilinear first order systems the standard regime is weakly nonlinear geomet- 
ric optics which considers near some background state perturbations of amplitude 
€ with wave length e €]0, 1] (e — 0). However, when the oscillations are associ- 
ated to a linearly degenerate mode, stronger waves can also be considered. The 
question of the existence, propagation, and interaction of such larger amplitude 
waves is the matter of supercritical Wentzel-Kramers-Brillouin analysis. Some 
recent results in this direction and, in particular, the case of incompressible Euler 
equations are described. Bibliography: 22 titles. 


1. Introduction 
We start with a general presentation. 
1.1. Background results in nonlinear geometric optics. 


Many works are devoted to the study of high frequency oscillatory waves 


u(t, x) ~ u(t, x) := X Uj (t,x, y*(t,)/e), e> 0, (1.1) 
j=0 
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which satisfy quasilinear first order systems 


d 
jut > Aj(t,2,u)d.,ut f(t, £, u) = 0. (1.2) 
j=l 
Here, € €]0, 1] is a small parameter (going to 0), the profiles U;(t,x,0) are 
periodic in the 0 variable, the phase f(t, x) is a real function, / and d are 
positive fixed integers. We will work with oscillations in the space variable, 
assuming that 


1-1 


F(t, x£) = > ello (t,x), Vego #0. (1.3) 


j=0 


In the notation 
uf (t,x) = US (t,x, p° (t,x)/e), Uf(t,x,0) = Der, i(t, x, 0), 


the expression uf is interpreted as a monophase io. Since y* can 
depend on € €]0, 1] through (1.3), we have 


x) = D eÜ; (t, x, goln) pı(t, x) aes pi-1(#, 2) (1.4) 
j=0 


1-70? > eal 








with 
U;(t, £, 00,01, °° 01-1) := U;(t, 2,00 +601 + +--+ 01) VI EN. (1.5) 


We see in (1.4) that multiphase and multiscale features are also present. Of 
course, due to (1.5), they are organized in a very particular manner. 


The goal is to construct families {u°} which are solutions to (1.2) on 
some open domain 2 C R x R? independent of € €]0, 1] and which satisfy 
the asymptotic behavior (1.1). This requires to identify the terms U; and 
yj in order to build approximate solutions uf meaning that 


d 
fe := Qué + X A(t, x, ug) ug + F(t, 2, us) = O(e%) 
j=l 

for some N > 1. This includes also to study the validity of the nonlinear 
geometric optics approximation us. We want to know if there exists some 
solution u® of (1.2) corresponding to u£. 

Looking at oscillations such as uf is a way to point some special mech- 
anisms of nonlinear interaction. These mechanisms can be hidden in the 
original full set of Equations (1.2). On the other hand, they can be visible 
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at the level of the transport equations giving rise to the profiles U; or even 
at the level of the eikonal equations yielding the phases ;. 


The use of (1.1) implies that the smallest wavelength in uf is fixed: it 
is e. Then the analysis depends crucially on the amplitude of the oscillation. 


(i) If 


| 


the regime is called supercritical. The problem may as well be ill-posed. 
Due, for instance, to the formation of shocks, it could be not possible to find 
smooth solutions uf of (1.2) satisfying (1.1) on some open set Q C R x R4 
with Q independent of € €]0, 1]. 

(ii) If 





OU; =0 Vj € {0,--- , Uf, (1.7) 
the analysis is of reduced interest: the transport equations for all U; are 
linear and expansions similar to (1.1) are easily justified. 

(ii) If 
ðU #0, OU; =0 Vj € {0,--- ,1-1}, (1.8) 


the regime is called critical. This situation is more interesting. It is the 
matter of weakly nonlinear geometric optics, a theory which seems mainly 
achieved (see [16, 17, 13, 14, 21] and the related references). 


However, the above general picture, insisting on the relevance of (1.8), 
is proving to be not convenient in many physical situations. This happens 
when the transport equation for U; is linear instead of being nonlinear, 
meaning that some interaction coefficients are trivial. Then to exhibit non- 
linear phenomena, waves of larger amplitude must be involved. The super- 
critical regime becomes the situation to deal with. This typically occurs 
when the wave uf is associated to a linearly degenerate mode. 


1.2. Propagation of oscillations on a linearly degenerate field. 


All linearly degenerate modes do not share the same properties. They can 
be classified according to the transparency conditions which they induce [7]. 
Consider, for instance, the model of entropic gas dynamics 


do + (u - Vz)o + odivz u = 0, 
du + (u : Vz)u +0 'Vzp=0, (1.9) 
Os + (u - Vz)s = 0, 
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where the pressure p is given by a state relation p = P(o,s). In (1.9), 
entropy waves (carried by the component s) must be distinguished from 
speed waves (related to some well polarized components of u). 


Concerning entropy waves, a complete discussion is accessible [8]. We 
can face (1.9) in the case (1.6) even if we deal with large amplitude oscilla- 
tions (0gS9 Æ 0). This includes some sort of stability results. 


On the contrary, the study of speed waves can lead to violent insta- 
bility phenomena. Fix l = 2. Suppose that Uo(t, x, 0) = uo(t, x) is a given 
solution of (1.2). Seek U1 with 0gU, # 0. Select any m € N.. Then it is 
possible to find two families {uf} and {u°}_ of solutions to (1.2) adjusted 
in such a way that 


|| u°(0,-) — à (0, -) |lz2= O(e™), (1.10) 
whereas, at the time të = —melne, we find 
|| u(t", -) — UE, -) 124 0(e). (1.11) 


In fact, the linearized equations of (1.2) along u£ give rise to an amplification 
factor of size O(e/*) with c > 0. Small O(e™) error terms can therefore 
be multiplied by e“/* yielding an O(1) modification at the time t°. In [7], 
this linear mechanism is shown to pass to the nonlinear framework (1.2). 


The amplification phenomenon (1.10), (1.11) can be due to various 
reasons. The structure of the background solution ug can suffice to engage 
it. Even if uo is some constant basic state, the arbitrary oscillations con- 
tained in the small remainder f£ (especially the oscillations according to 
phases which are transversal to yo) can interact with u in a way to affect 
at the time tf the leading order term in the expansion uf. Such phenomena 
have motivated many recent contributions, all issued from the pioneering 
works [11, 15, 20]. The situation is still far to be completely understood. 


A common idea in science texts is that partial differential equations 
depend on parameters which are only known approximately. Therefore, 
an infinitely accurate approximation is for all practical purposes as good 
as an exact solution. Following this remark, the justification of nonlinear 
geometric optics is often regarded as working only towards mathematical 
ends. 


The instability results alluded above seem to go in the opposite direc- 
tion. Their interpretation is that, in supercritical WKB regimes, the replies 
given by nonlinear systems are very sensitive to the selection of the para- 
meters or initial data which are involved. This would incline to stop from 
making determinist predictions. 
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For all that, these considerations do not mean that exact or even for- 
mal supercritical WKB expansions have no signification. Certainly, nothing 
guarantees that the behavior coded in u or uf is physically selected. Yet, 
the nonlinear phenomena which intervene in the construction of uf or uf, 
are susceptible of occurring. This is the reason why they have not only 


theoretical consequences, but also practical interests. 


2. Case of Incompressible Euler Equations 


The incompressible Euler equations 
dGu+(u-V,ju+V;p=0, div,u=0 (2.1) 


do not fall exactly within the scope (1.2). Yet, the evolution of u in (2.1) 
can inherit some analogies with the evolution of the speed waves alluded 
above. Up to certain extent, we can say that the divergence free condition 
forces the wave u to have the behavior of a linearly degenerate speed mode 
(even if this mechanism is distorted by the influence of the pressure term). 
This fact is clear below when examining (2.1) in the case (1.8). 


2.1. Weakly nonlinear geometric optics. 


Weakly nonlinear geometric optics for (2.1) has not attracted many atten- 
tion, probably because this is just an adaptation of general results stated 
about (1.2). Yet, let us recall briefly what happens when doing formal 
computations. Look at expansions uf(t,x) and p*(t,xz) having the form 
(1.1) in the case (1.8). In other words, u(t, x) ~ U*(t, x, p° (t,x)/£) and 
p‘(t,x) ~ P*(t, x, p° (t, 7)/e) as € — 0 with 


US (t, 2,0) = uo(t, £) + eUi(t, x, 0) + O(eD"), 
P(t, 2,0) = po(t,x) + epi(t, £) + €?Pa(t, 2,0) + O(eR40/), 


We want to adjust the various ingredients composing u° and pê so that they 
furnish a solution of (2.1). Select some background solution of (2.1) made 
of uo(t, x) and po(t, x). Keep in mind to impose the eikonal equation 


dy + (UF - Vz) = 0, (2.3) 


where Ü® is the mean value of the profile U®, i.e., 


(2.2) 


UF (t,x) = f tza, U* (t, 2, 0) := US (t, x, 0) — UF (t, x). 
T 
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Observe that (2.3) contains 
po + (uo: Va) yo = 0. (2.4) 
Now, formal computations indicate that the divergence free condition im- 
plies 
divs UÙ, =0, Va2vo-OoU* =0. (2.5) 
Plug uf and pf as above in (2.1). Expand with respect to the powers of 


e€ €]0,1]. Use (2.3), (2.4), and (2.5) to simplify. The contribution which 
remains with € in factor is 


OU, + (uo + V2)Ui + (Ui: Va)uo + Vapi + Oo Pa Vapo = 0. (2.6) 
There is no difficulty to solve the system (2.5), (2.6). Start by extracting 
U, and p; from 

Ü, + (uo + Va) + (Ur + Va )uo + Vapi =0, dive T = 0. (2.7) 


Then, noting that IIo(t, x) is the orthogonal projector onto the hyper- 
plane Vz¥o0(t,z)+ := {v € R4; Vzyo(t, £): v = 0}, it suffices to identify 
ILbU through the transport equation 

(ô: + uo: Vz)IIoUř + (IIo U;* G Vx)uo — (Ilo + (uo . Vx)IIo)IIoU;* = 0), 
By (2.5), we have Uy = IgU;. 

Observe that these manipulations involve only linear equations (to 
identify the main profile U;). This indicates that the regime (1.8) is not 
optimal within the framework (2.1). Again, this brings to consider stronger 


waves (i.e., waves of larger amplitudes). Keeping in mind the specific struc- 
ture of (2.1), some special supercritical WKB analysis is needed to do that. 


Precisely, the purpose of the next two sections is to review recent 
results in this direction, revealing in particular new nonlinear effects. From 
now on, the task is to construct expressions uf which are given by (1.1) in 
the case (1.6) and which are solutions to (2.1). 


2.2. Creation of new scales by nonlinear interaction. 


The hypothesis (1.6) can be separated in situations corresponding to grow- 
ing difficulties. The first case to appear is when 


1=2, Uy =0, 3U: £0. (2.8) 


This regime (2.8) is the one of strong oscillations. The WKB construction 
can still be achieved in full generality (see [7]). However, phenomena of 
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amplification like (1.10), (1.11) do occur and they prevent to show by usual 
methods the existence of exact solutions u° close to ug. 


A way to get round this difficulty consists in adding some well adjusted 
anisotropic vanishing viscosity. On one hand, the viscosity is small enough 
in the direction V,y*(t,x) to allow us the propagation of oscillations like 
(1.1). On the other hand, it is large enough in all the other directions to 
kill by dissipation the transversal oscillations. It follows that it becomes 
possible to justify the nonlinear geometric optics. This is basically this 
argument which is exploited in [3, Theorem 1] and [4, Theorem 5.1]. 

Consider again (2.1), but now in the case 


1>3, Oly =0, æU, £0. (2.9) 


The situation (2.9) is more captivating for two main reasons: 


i) Mathematically, WKB constructions involving (2.9) used to be in- 
complete. For instance, the transport equations derived in [2, 19] rely on 
some heuristic hypothesis which is not rigorously justified. The underlying 
difficulty is related to closure problems. 


ii) Physically, expressions u£ satisfying (2.9) give rise to characteristic 
rates of eddy dissipation which do not vanish when € — 0. Thereby, as it 
is explained in [2, 19], the description is concerned with turbulent flows. It 
must be connected to the general discussion of [1]. 


An analysis taking into account (2.9) within the framework (2.1) is 
proposed in the recent article [4]. We observe that: 


i) To get round the mathematical difficulty (the closure problems), 
it is necessary to perform the WKB calculus with a phase including more 
terms than in (1.3). More precisely, we do not plug in (2.1) an expression 
uf with 4° as in (1.3). Instead, we appeal to 


way Use (t, £)/8), (2.10) 
j=0 
where ~* is given by some complete expansion 
p (t,x) = p (t,£) + X ° "G, (t,x). (2.11) 
j=l 


The supplementary terms @;, j > l, are called adjusting phases. As was 
explained in [5], they are crucial to put the system of formal equations in a 
triangular form. They are the key to obtain an algorithm which allows us 
to compute the profiles U; step by step. 
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Of course, once uf as in (2.10) has been identified, the adjusting phases 
can be removed from uf, just by performing Taylor expansions with respect 
to £ € [0,1] in the expressions 


U; (t,x, p° (t,£)/e + Pit, x) Sir Soe" G14 5(t,2)), J € N,, 
j=l 


in order to recover the form 





” AU, (t z, LE) , vill, 2) 
uf (t,x) ~ u(t, £) + ae U; (tx, - + yf 
j= 


pi-2(t,x) yi-1(t, x) 


Por e2/t + EI 


), «0, (2.12) 


Briefly, the construction of infinite accurate approximate solutions uf and 
p$ of (2.1) satisfying 


Opus, + (u$ - V,)uf + Vip, = O(e%), div. us = 0 (2.13) 


with u£ as in (1.1) can be completed (see [4, Theorem 2.1}). 

ii) The main physical phenomenon is the following: The scales associ- 
ated with the phase shifts yj, 7 € {2,--- ,J—1}, can be created by nonlinear 
interaction. For instance (case | = 3), initial data like 
Po (0, x) ) 


u? (0, £) ~ uo(0, x) + etU: (0, z, LOF) e—>0, (2.14) 


can become at a time t > 0 





t t 
(2.15) 
The condition 


Vapo(0, +) - P diva (Uz (0,-) & Uy (0, -)) # 0 (2.16) 


is necessary and sufficient to see a nontrivial phase shift p2 appearing. This 
is explained in Remark 4.3.6 of [4]. Above, the notation P designates the 
Leray projector, whereas the symbol (-) (as for ~) means that we extract the 
mean value of a profile. 
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3. Large Amplitude Waves 


Consider the oscillating problem made of (2.1) and the initial data 
u(0,x) = ug (0,2) = D eU}(x,d(x)/e), € €]0, 1). (3.1) 
j=0 


We work here in the (supercritical) regime of large amplitude high frequency 
waves, meaning that ŒUS # 0. The first approach would be to seek the 
corresponding solution uf in the form (1.1) with 


1=1, OU, É 0. (3.2) 


But, in general, this comes to nothing. We explain why in Section 3.1 by 
looking at some links between the situations (2.9) and (3.2). 


3.1. Preliminaries. 


First look at (2.1) under the condition (2.9). Suppose that U;(0,-) = 0 for 
all j g {1+ lp,p € N}, yi(0,-) = y2(0,-) = --- = vi-1(0,-) = 0. In the 
notation ~(-) := 40(0,-), Up(-) := Ursip(0,-) forall p € N., this means to 
start with 





uf (0, £) = u£ (0, x) = e!/! ‘2 EU? (x, p(x) /e), € €]0,1]. (3.3) 
j=0 


According to Section 2, whatever the data w and UP? with p € N are, we 
can construct supercritical WKB expansions 


u(t, z) = $ A Ut, e g (t, a)/e), (b2)eR* XR, (34) 


j=1 


which satisfy 


uz (0, £) = X EtU; (0, x, go(0,2)/e) = eV UD (x, W(x)/e) 
j=1 5=0 
and which are infinite accurate approximate solutions of (2.1). More pre- 
cisely, the expression u£ is divergence free (div, us, = 0) and furnishes the 
source term ff := buf + (us - V,)uf + Vep which, for all T €]0, +00, 
s € R, and N € N is subjected to 


AC(T,s,N); sup || ££ (¢,-) lasas C(T, 8, N)e™. (3.5) 
te[0,T] 
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Now, the incompressible Euler equations (2.1) are invariant under the change 
u(t, x) /Au(At, £), p(t, z)/A2p(At, x), À > 0. If we take À = e71}, formula 
(3.4) is transformed into 


< < j lf —1/l yo(e7 lit, x) p1(e- lt, x) 
D re = 
j= 
pi—2(€7 1t, £) pi- (E7 lt, x) 
FOR a aor}: (3.6) 
In (3.6), we have U; = U;4, for all j > 1. In particular, at the initial 
j j+ J 


time t = 0, we recover the large amplitude oscillation (3.1). The expression 
Ù$ (t, x) gives rise to the error term ff := dus + (ùf - V,)us + Vep3. Due 
to the change of time scale, the bound (3.5) becomes 


AC(T,s,N); sup | £5(¢,-) lasas C(T, 8, N)”. (3.7) 
te[0,e1/1T] 


In other words, the preceding manipulations allow us to convert u§(t, x) 
into some large amplitude oscillation ŭ£ (t, x) which is proved to be an ap- 
proximate solution of (2.1) on the time interval (0, e!/’T]. By this way, they 
bring informations about the oscillating Cauchy problem made of (2.1) as- 
sociated with the initial data (3.1). Indeed, select any a €]0,1]. To seek 
a WKB expansion which is issued from (2.1), (3.1) and which makes sense 
on the time interval [0,¢°], it suffices to select | > 1/a and to proceed as 
above, i.e., to use US (t, x). 

Note that the structure of ug becomes more and more complicated 
when / is increasing. Gradually, all the adjusting phases y;, 1 < j < oo, 
play a part at the level of the leading oscillating term. This confirms that 
all the terms yj, 1 < j < œ, have straight off some intrinsic sense. 


Observe also that times O(1) are not reached by this method. On one 
hand, we do not know how the terms y; and U; go together as | — +00. 
On the other hand, even if Uf is globally defined (and therefore is a good 
candidate to deal with), no control on the size (the smallness as € — 0) of 
C(e-/'T, s, N)eN has yet been obtained. Therefore, the pertinence of ù 
for times O(1) is not sure to hold. 


In short, concerning (2.1), general large amplitude WKB computations 
based on the standard formula 


u°(t,z) ~ uf(t,2):= SY IU; (t,x, yo(t,z)/e), © — 0, 3.8 
a J 
j=0 
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do not work. À way to proceed is to pass as above through (2.9) in order to 
reach times O(e'/’) for any l € N,. What happens for times O(1) is not yet 
clear. By (3.6), structures more complicated than (3.8) can spontaneously 
appear. 


In what follows, we still work with (3.8), but we take into account only 
special situations. The purpose now is indeed t o prepare w and the initial 
profiles U? in a way to be sure that the incoming wave (3.8) can be pertinent. 
To understand the underlying matter, we advise the reader to refer to the 
recent work [6]. Our goal here is only to illustrate through specific examples, 
in a way as simple as possible, a few ideas already contained in [6]. 


3.2. Special oscillating initial data. 


To simplify, we work in space dimension two (d = 2). This is a much more 
easier case since the global in time existence is then guaranteed by standard 
results. Note however that, due to (1.6), we have || curl u*(0,-) |,= O(1/e) 
for all L? norms || - ||». Therefore, the situations under study get out (as 
€ — 0) the context of [9]. 


We will moreover limit our study to very special data. Select two 
arbitrary scalar functions f € C°(R;R) and g € C®(R; R). Choose a Ct 
initial phase 7 which is defined on some open set w C R?, is bounded on w 
with the bounded derivatives 


sup [Y(x)| <œ, sup |Vz%(zx)| < 00, 
TEW xEw 


and is such that 


dv(x) = f(w(x))Oow(a) Va Ew. (3.9) 
For instance, we can impose 
(0,22) = Vo(xo) Vt2ER, Yo € CH (R) (3.10) 


and obtain #(x) by solving (3.9), (3.10) on the strip w =] — X1, X1[XR for 
some suitable X3 > 0. 


Consider also scalar profiles p° (r, 0) €C™(RXT; R), gf(r,0) € C (Rx 
T; R), € € [0,1], which are smooth with respect to the parameter € € [0,1]. 
Note that pë = p° + ep! + O(e?) and q€ = q? + eq! + O(e?). 
Suppose that 09p° Æ 0 and p° and q° are linked together by the relation 
d = gf FA ere LE Pau 
+e(1+ f?)d,¢° + ef f’g® =0. (3.11) 
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At the initial time t = 0, we impose 


ole) [FO e e 
woa) = =( )+ Ga) 00/2) (pe) 


+ e (u(x), v(x we) (F ( v Yr Ew. (3.12) 


We recover the form (3.1) with, in particular, 


WO [ FO) a 
U80) = D = ( } +2". ( EADE 


0 7. F(Y(x)) 1 —1 
ueo) = be) EO ) +2. ga) 
By (3.9), the relation (3.11) is exactly what is needed to guarantee the 
divergence free condition 


div, u°(0,x)=0 Va ew. (3.13) 


Example 3.2.1 (linear phases). The choices f =a € R and g = b € 
R are compatible with the selection of 
y(x) = x(ax1 + x2), x E€ C°(R;R). (3.14) 
Then, if we take qf = 0, we can choose any profile p° without any contra- 
diction with (3.11). It remains the oscillating initial data 


ü°(0,x) = U5 (x (arr + x2), xlazı + x2)/€) (3.15) 


Us(r,0) = "a 5 ( +0 e ): 


The Cauchy problem (2.1), (3.15) is easy to solve. The solution is explicit. 
It is the simple wave a* (t, x) = Uf(x(ax1 + x2 — bt)), P(t, x) = 0. Observe 
that the weak limit of the family {u®}. is 


(û) (t, x) := ee ( i ) + p° (xlazı + z2 — bt)) ( z ) 


1 +a? 


with 


which is obviously still a solution of (2.1) with p = 0. 


Remark 3.2.1 (nonlinear phases). By (3.9), linear phases such as 
(3.14) are possible only if f’ = 0. Equation (3.9) allows us to take into 
account functions f with f’ 4 0, Therefore, it contains many generalizations 
of (3.15). The relation (3.9) means that 4 is constant on pieces of lines. The 
geometrical interpretation of the condition f’ Æ 0 is that w is not constant 
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on parallel lines. When f’ # 0, because of the formation of shocks, smooth 
solutions of (3.9) can exist only locally, on some open domain w strictly 
included in R?. Moreover, if f’ is nowhere zero, the function pë can be 
deduced from qF through (3.11). 


Remark 3.2.2 (no creation of phase shifts). It is interesting to test 
the condition (2.16) in the case (3.12). This means to replace yo(0,-) by 
w(-) and U*(0,:) by U}*(-). First, use (3.9) to obtain 


diva (Up" ® Up") = ( Babe) 


where y(r) is a function such that x/(r) = f’(r)(p*(r,-)?) for all r € R. It 
is obvious that P div, (U$* @ U$*) = divz(U$* @ U$*), so that it remains 


Vath: P diva (U0* @ U5*) = X' (Y) (A, 824%) - ( P ) =); 


The conclusion is that data like (3.12) do not give rise to the phe- 
nomenon of cascade of phase shifts quoted in Section 2. This is already 
an indication that the monophase large amplitude structure (3.1) can be 
preserved when it is issued from data as in (3.12). 


3.3. Special local solutions. 


Introduce the functions s°(r) := g(r) +e(14+ f(r)?)q®(r,r/e), € €]0, 1], and 
compute 
da[s°(b)] = g'(W)Oxb + (1+ F(W)?)O0g° (V, /e)O2v 
+e(1+ F(Y) (th, b/e)Oob + 2ef (W) F E h, W/E) Oa. 


By the above assumptions on f, g, and Y, we have 


Mı := sup sup|s*(7(x))| <œ, M2:= sup sup |02[s°((zx))]| < co. 
e€]0,1] crew e€]0,1] rEw 


It follows that the Cauchy problem 
np + E(P) =0, (0, x) = Y(x) Va eu, (3.16) 


can be solved on the domain of determinacy 2 := {(t,x) € R*xR?;0<t< 
M3 ', (a1, £2 +85M1) € w Vs € [-t, t]}. It is obvious that Q is independent of 
e €]0, 1] and is such that QN({0}«R?) = w, ON(R} xR?) 4 Ø. With (3.16), 
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we find [0,+s°(4°)02] (16° — f(y" )O29*) = —d2[s"(p°)(016°— f (4°) d2w°). 
This implies that the relation (3.9) is preserved during the evolution 


Ap — f(y )oyp =0 V(e,t,x) €]0,1] x Q. (3.17) 
Consider the expression 
u(t, 2) = a (9° (t, £)) = ÚF (9° (t, 2), ° (t, 2)/e) (3.18) 
with 
PTE g(r) f(r) € =l E f(r) 
Tno- 1 )+» (pq) ) +24 6,0) ( 1 ) 
(3.19) 
Consider 


Ou + ue» Vay’ = up + (1+ F(H°)?) “aH )(F(*)O1¥* + ag) 
+p (p p E) + f(y )Oae*) + ed (0, EEN FE a + Oop"). 
Using (3.16) and (3.17), simplify it as follows: 
Op +ul- Vip’ = vp + 5° (yoy =0. 
Therefore, for all (t, x) € Q we have 
Opus + ue: V,uf = (Qf + ue - V.y*)(0,1*)(y*) = 0 (3.20) 
and, exploiting again (3.11), we find 
div, u°(t,x) =0 V(t,x) EQ. (3.21) 


In other words, the expressions uf are on w pressureless solutions of (2.1). 
Note that the functions uf are uniformly bounded: 
sup sup [u‘(t,x)| < M < œ. 
£€]0,1] (t,x)EQ 
On one hand, this majoration implies that the speed of propagation is uni- 
formly bounded. On the other hand, following [10], it gives rise to a Young 
measure 
v Q — ProbM (R?) (t,£) — Va, (u) 
which is a (locally) measure-valued solution of (2.1). In other words, the 
following equation is satisfied in the weak sense: 


oiv, u) + divs (v, u 8 u) +Vzp=0, divz(v, u) = 0. (3.22) 


In the next section, in order to capture v, we study more precisely the family 
{uf }eejo,u as € — 0. 


Nonlinear Geometric Optics 281 


3.4. The asymptotic behavior of the family {u°}.. 


Consider the expression yp € C1(Q;R) which is obtained by solving the 
Cauchy problem 


dpo + g(v0)02v0 = 9, wo(0,x) = W(x) Vr ew. (3.23) 
Either directly from (3.9), (3.23) or from (3.17) we can extract 
O1Y0 = f (yo) O20 =0 V(t, x) EQ. (3.24) 


Then decompose p° into y€ (t, x) = yo(t, x) +e®5(t, x, po(t, 7) /e). By (3.16), 
the profile f(t, x, 0) must satisfy 
®1(0,2,0) =0 V(E,x,0) €]0,1] x w x T. (3.25) 

Plug yf as above in (3.16). Use (3.23) to make simplifications. It remains 
to consider the equation 

PT + glyo + EB} )02 84 

+e(1 + (po +eB1)")g (po + E81, 0 + Si) 

+ w(t, x, 0, BF) + w(t, 7,0, DE) = 0 (3.26) 
where 


w? (t, T, 0, À) =e" [A:L0 F s° (po + €À)d2pol] 
1 
= ( [oe + ssh) 020 
0 

+ (1+ f(po + €A)*)a* (po + EX, 0 + X)02p0. (3.27) 
The function w® is smooth with respect to (t, x,0, A) € Q x T x R and also 
e € [0,1]. Therefore, the solution ®{ of (3.25)-(3.26) is smooth with respect 
to the same variables. In particular, we can get a complete expansion of ®{ 
in powers of €: 


N 
Dil, r, 0) =) Gi (t,2,0)+O(e%), N>1 
j=0 


In particular, the first contribution ®9(t,2,0) is subjected to the scalar 
conservation law 


3D) + g(yo)O289 + w(t, x, 0, BY)Op 89 + w(t, x, 0, 8?) = 0, (3.28) 
where w? (t, £, 0, A) = g'(p0)02goÀ + (1 + f(#0)°)a° (Yo, 8 + A)O2¥0- 
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By (3.25), the evolution equation (3.28) must be completed with the 
following initial data: 


D°(0,x,0)=0 V(r,0)Ew XT. (3.29) 
Coming back to (3.18), we can associate to {u°} the following monophase 


description: u°(t,x) = U°(t, x, yo(t,x)/e) + O(E), where the main profile 
U’ is defined according to 


g(go(t, x)) ( f(vo(t, x) ) 
U(t, 2, 0 ee 
OOO TE Hot 1 
—1 

+ P(oolt2).0+ 0262.9) À pore yy Je B80) 
Of course, at the initial time t = 0, we recover U°(0, 2,0) = UŸ(x,0) for 
all (x,@) € w x T. On the other hand, for all g € C°(R?;R?) and for all 
p € Co(Q), we have 


Jim aJ] E(t, x))o(t, x)dtdx - [ft Vi x), g(u))p(t,x)dtdx 


= j | g(U(t, x, 6) p(t, x)dtdrdO. 


QxT 


By construction, the Young measure v is a measure valued solution of 
(2.1). But is it possible to use it for defining a solution u(t, x) of (2.1) in 
the classical weak sense? This question is discussed in Section 3.5 and in 
other issues concerning U°. 


3.5. Conclusion and remarks. 


The Navier-Stokes equations (with Reynolds number £7!) are given by 
Ov’ + (vE - Vr) v? + Vip =cArv’, div, v° =0. (3.31) 


Fix initial data 

v° (0,2) = vo(x). (3.32) 
The structure of v°(t,x) as € — 0 is a problem of wide current interest 
[1, 9, 10, 18]. The same comment applies to other approximations of the 
Euler equations (2.1). If vo is smooth, say vo € C§°(R4), there exists a 
fixed interval of time [0,7], T > 0, where the Navier-Stokes solutions v° 
converge strongly in L?. Moreover, the limiting fields v are on the strip 
[0, T] x RŸ conventional solutions of (2.1). 


Nonlinear Geometric Optics 283 


Now, the complexity of the flow can increase as time evolves. After the 
time T, the solutions vê may converge weakly in L? (instead of converging 
strongly in L?) due to the development of oscillations or concentrations. 
The following majoration 

sup sup || v°(¢,-) ||z2”~R2)< 00 (3.33) 
e€]0,1] te[0,T] 
is the only control which is known to be uniform in € €]0,1]. Of course, it 
suffices to extract a Young measure v (see [10]) and, in particular, to isolate 
a weak limit v(t,x) € L?. But is v still a weak solution of (2.1)? 


Our goal is to show that the following local version of (3.33) 


sup sup || uf ||zz(9)< ©, + is an open domain of R x R?, (3.34) 
€€]0,1] (t,x)en 


is not sufficient to deduce that v is still a weak solution of (2.1). 


We will not deal directly with (3.31), (3.32). Instead, we consider 
Equation (2.1). We want to model the situation which is alluded above 
(after the time T). For this purpose,, instead of fixing the initial data (as in 
(3.32)), we look at a family {u*(0,-)}-ejo,1] of initial data such that u* (0, -) 
converges (as € — 0) weakly (but not strongly) in L?. 

In fact, we consider the family {uf }e constructed in the previous sec- 
tions. The functions uf satisfy (2.1) and (3.34). The corresponding weak 
limit has been identified. It is 


ült, r) = We, 0) =U Ee) = f Tta, 
T 


Therefore, if it would be possible (through some kind of compensated com- 
pactness argument) to pass to the limit as € — 0 from (3.31) to (2.1) by 
using only Equation (3.31) and estimates like (3.34), then both v(t, x) and 
u(t, x) should be weak solutions of (2.1). 


However, this is not always the case. Objections can come from the 
presence of oscillations as these contained in {u°}. To see this, we have to 
compute 

f(t, x) := Opu(t, x) + [(u- Va )u](t, £). (3.35) 


Because of the explicit formula (3.30) and Equations (3.23) and (3.24), the 
function f can be reduced to 


e= ( Gh) = pleo 0 + ODA a: VD) y 
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By (3.28) and (3.29), we have 0,69(0, x, 0) = —w°(0, x, 0,0) and u-V,,)®9(0, x, 0) = 
0. It follows that 


£(0,2) = -0 + No Dont À 1) ). B36) 
The constraint (3.11) implies that 
g'—gff/A+F)+ Fr + (+ f)deg? = 0. (3.37) 
This relation (3.37) can be split in two conditions 
d = gf F/A F) FR =0, (3.38) 
f'p™ + (1+ f?)deq° = 0. (3.39) 





Equation (3.38) means that p° can be determined from f and g. Equation 
(3.39) imposes a link between p°* and d9q°. Since (Ogp°q°) = —(p°*deq°), 
we have, in fact, to deal with 


£(0,2) = FH)", 6)*)000 (Fy )- (3.40) 


Introduce a function K € C'(R;R) such that K’(r) = —f’(r)(p*(r, 6)?) 
for all r € R. Use (3.9) to interpret (3.40) according to 


f(0, x) = nl ). (3.41) 


Both function u(t, x) and source term f(t, x) are smooth (at least, of class 
C+). Therefore, we can state that the weak limit u(t, x) is not a solution of 
(2.1) if and only if there exists no scalar function p such that f = Vzp, or 
if and only if 

curlf := fz = Of: = Az [K(w)] x 0. (3.42) 
It remains to check this condition on formula (3.40). We find 


curl £(0, x) = d{[1 + f(v(2))]O2[K ((2))]}- 
Recall that the data f, g, p°* and also Wp = W\e,=0 can be chosen arbitrar- 
ily. In particular, they can be adjusted so that there exists x2 € R such 
that curlf(0,0,x2) Æ 0, showing that the weak limit u is not necessarily a 
solution of (2.1). 
The preceding reasoning underlies a result which is pushed forward in 
[6]. For the sake of completeness, we recall it below. 


Theorem 1.1 (see [6]). There is a bounded open domain Q C R x R? 
and a family of functions {u° }- such that 


(i) uf € C1(Q), sup{|| u£ I|z-(a)3 € €]0,1]} < 00, 
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(ii) u® is a solution of (2.1) on Q, 
(iii) u° converges weakly to u? € C'(Q) as € — 0. 


But u? is not a solution of (2.1). 


This result must be connected with the question raised in [18, p. 479] 
since it produces local obstructions to the concentration-cancellation prop- 
erty. We refer to [6] for details. In [6], the goal is to put in place a nonlinear 
geometric optics under constraint for Burger type equations. Many new phe- 
nomena, including the creation of O(e~?) scales by interaction of O(e~*) 
transversal oscillations, are revealed in [6]. 


Remark 3.5.1 (on nonlinearity of f). Note that if f’ = 0, we have 
f(0,-) = 0. This is the reason why the preceding arguments do not apply 
when appealing only to simple waves involving linear phases, like in (3.15). 
In fact [6], weak limits of the families {ù°}- are always still solutions of 
(2.1) (see Example 3.2.1). 


Consider a general sequence {&°}- uniformly bounded in L? and made 
of approximate or exact solutions ü° of (2.1). It would be very helpful 
to find a criterion allowing us to decide if the weak extracted limits are 
still solutions of (2.1) or not. For instance, this could be applied when 
passing to the limit by vanishing viscosity (€ — 0) in the Navier-Stokes 
equations (3.31). The above discussion does not furnish such a criterion. 
The constraint (3.42) can be expressed explicitly only in the case of the 
families {u°} under consideration. Yet, it indicates that, in order to have 
(3.42), it is necessary to impose the nonlinearity of the phase (induced here 
by the condition f’ Æ 0) that is rapid variations in moving directions. 


Remark 3.5.2 (on interdependence between O(1) and O(<) terms). 
The above construction also attracts attention to another more subtle im- 
plemented effect which is important to notice. Seeking an equation on u 
like (3.35) or, more generally, writing some closed set of equations in order 
to deduce U°(t, -) from U (-) (as it is proposed, for instance, in [22]) means 
implicitly that the time evolution respects the hierarchy between the first 
order contributions (i.e., of size °) and the lower order terms (say, of size 
el or less): the first ones can be determined before the second ones. 


However, in supercritical regimes such a separation between O(1) and 
O(E) contributions turns to be artificial. A similar observation has already 
been made in the context of time oscillations [12]. Let us explain how it 
can be put in a specific form when dealing with space oscillations. To do 
this, we examine more carefully what tells the study of U°. 
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The preliminary remark is concerned with the preparation of the initial 
data U°(0, -) = US (see Section 3.2). The definition of U can already not be 
dissociated from what happens at the level of the O(E) remainders. Indeed, 
do not forget (3.11) and its consequence (3.37): the profiles U? and UP? 
cannot be fixed independently. 

Otherwise, the definition of U°(t,-) involves ©9(t,-) which itself de- 
pends on q? through (3.28). To verify that the influence of q? on U°(t, -) 
actually occurs, it suffices to measure it for small times. From (3.26) deduce 
that ®9(t, 2,0) = —(1 + f(v(x))?)¢°(w(a), 0)t + O(t?). It follows that 


P (volt, x), 0+ a(t, T, 9)) = PU(pol(t, z), 0) 
— t(1 + f((x))?)dep" (polt, x), 8)a° (x), 0) + O). 


Then it suffices to plug this time expansion inside (3.30). In particular, if 
g = 0, we have yo(t,-) = (-) for all t € [0, T] and it remains 


U’ (t,x, 0) = p°(W(a), 0) ( fla) ) 
-1 


— t(1 + f(a(x))”) (30px), 0) ( Fla) ) + O(*). (3.43) 


We recover here, in factor of t, the expression Ogp°q° which has already been 
observed at the level of (3.36). This product Ogp°q° combines the term p°* 
with e° in factor at the level of u°(0, -) and the term q? with et in factor at 
the level of u® (0, -). 

This mixing during the time evolution between an O(1) term and 
an O(E) term was partly responsible for (3.42). It shows definitely that 
O(E) perturbations at the initial time t = 0 can have some nontrivial O(1) 
influence at a further time t > 0. This expresses a very strong instability. 


Of course, this interpretation could be contested in view of the relation 
(3.37). Indeed, the constraint (3.37) indicates that the preceding distinction 
between the orders of p°* and p™ is debatable: in practice, we cannot modify 


q°* without touching p™. 


But it is still possible to make (at t = 0) arbitrary perturbations of q? 
with p° (and, therefore, U fixed). By (3.43), this modify (at a time t > 0) 
the expression U°(t, -) and, therefore, the Young measure v. This allows us 
to give a certain sense to what is said above in italics. 


Remark 3.5.3 (the weak limit is a more rigid object). Recall that 
the weak limit of {uf }e is as follows: 
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uto) = A (I Viney (gy ) 


with x(t) = f plott, 2), 8 + O%(0,6))ab 
T 
Suppose that g = 0. Simple computations indicate that the function 
x satisfies the equation 


dx = —F'(W)Oov(v™ (V, 8)”), 
where the influence of q° is removed. Therefore, the preceding construction 
does not imply that O(¢) perturbations can modify the weak limit. It only 
means that the profile, the Young measure and other quantities (like the 
energy) can be changed by this way. 


In conclusion, we have made a review of recent progresses [3]-[8] in 
large amplitude nonlinear geometric optics. We have also lay stress on the 
construction (directly extracted from [6]) of extensions u® of the classical 
simple waves u*. On this occasion, we have observed new phenomena which 
indicate that the study of weak solutions of (2.1) should require both mi- 
crolocal and nonlinear tools within the framework of a supercritical WKB 
analysis. Applications could be a better understanding of turbulent flows. 
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We study the 3-dimensional Navier-Stokes system on R° without external forcing 
and prove local and global existence theorems for initial conditions which are the 
Fourier transforms of finite linear combinations of functions. Bibliography: 8 
titles. 


1. Formulation of the result. We consider the 3D Navier-Stokes system 
on R for incompressible fluids. The viscosity is taken to be 1, and no 
external forcing is assumed. After the Fourier transform the system takes 
the form 
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u(k, t) = exp{—t|k|?}u(k, 0) 
+i fete — sia? }ds f (olk — k's), k) Polk’, s)dk', (1) 


0 R3 
where v(k,0) is the initial condition, P4 is the orthogonal projection to the 


k 
+ ; k. The values v(k, s) € C3, 
the incompressibility means that (v(k,t), k) = 0. If v(k,t) is the Fourier 
transform of a real-valued function u(x,t), then 


u(—k,t) = v(k, t). (2) 

However, in this paper, we consider arbitrary v(k,t) not assuming (2) (see 
also [5]). 

Beginning with the works of Leray [1], Hopf [3], Kato [4], people 


considered the problem of local and global existence of solutions of (1) with 
initial conditions having finite energy 


subspace orthogonal to k, i.e., Pv = v — 








E(0) = [0.0.0 Tate za 


R3 


In this paper, we deal with another class of initial conditions having 
infinite energy. Namely, we consider the initial condition of the form 


= BER: (3) 


where the sum is taken over a finite set {k;} of points k; 4 0, (B;,k;) = 0 
for any j, and 6(k — kj) is the delta-function concentrated at kj. Since 
6(k — kj) ¢ L? (RÌ), the initial condition v(k,0) has infinite energy. 
Denote by G(k1,..., kn) the semigroup generated by a finite set {kj}, 
e., k € G(k1,...,kn) if and only if k = J, p;k; for some nonnegative 
j=1 


integers p;. The main results of this paper are the following theorems. 


Theorem 1. Let v(k,0) = 2 Bjô(k — kj). There exists T > 0 


depending on {k;}, {B;} such ia 1. exists a solution v(k,t) of (1) 
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on the interval 0 < t <S T which can be written as a signed measure 
v(k,t) = 5 B,(t)d(k — g). (4) 
g€G(k1,...kn), 940 
The coefficients B,(t) satisfy the inequalities: 


P(g) 


n n —1 
P(g) 1 
Bol <P o (SB) (1-#05 183) -A 
j=1 j=1 


n 
where p(g) = min > p;, C depends only on kj. 
X pikj=9 i=1 


Theorem 2. Let kj, 1 <j < n, belong to some cone with angle less 
than 7, i.e., the angle between any kj, and kj, is less than m. Then for a 


sufficiently small B and an initial condition v(k,0) such that >> |B;| < B 
j=1 


there exists a global solution of (1) having the form (4) for which 


5 |B,(t)| < 00. 


gEG(k1,....kn), g0 


Some existence results for a similar class of initial conditions can be 
found in [2, 8]. 


2. Proof of Theorems 1 and 2. The proofs of both theorems are based 
on the method of power series introduced in [6, 7]. We consider a one- 
parameter family of initial conditions Av(k,0) = va(k,0) and write down 
the solution of (1) as a power series with respect to the complex parame- 
ter A: 

t 


uD = Aha(k,t) + > A? f exp{—(t = s)Ik?}holk, s)ds, (6) 


p>1 0 
where h1(k,t) = exp{—t|k|?}u(k,0). Substituting (6) into (1), we obtain 
the following system of recurrent relations between the functions h,(k, t): 
ha(k,t) = if (ook — k’,0), k) Pyv(k’, 0) exp{—t|k — k’|? — t|k'|?}d°k' 
R3 
and for p > 2 


hp(k, t) = i f dsa fo — k',0), k) Pehp—1(k', 82) 
0 


R3 


292 Efim Dinaburg and Yakov Sinai 





x exp{—t|k — k’|? — (t — s2)|k'| }d?k' 


t t 
+i ` Jasi | dsa f (hoy (k= K, 51), 8) Prhe (K, 82) 
pipast 0 0 R 





x exp{—(t — s1 )|k — k'|? — (t — 82)|k’|?}aPk’ 


t 
+i fasi fak- k’, 81), k)}Pku(k’, 0) 
0 R3 


x exp{—(t— s,)|k—k' |? — +14 |? }d k. (7) 





In our case of solutions of type (4), the convolutions given by the 
integrals in (7) are well defined, and we can write 


hı(k,t) = X` exp{—t|k;|?}.Bj6(k — ky). 
j=l 


Recall that B; are 3-dimensional vectors (B;,k;) = 0. Further, 


ho(k, t) =i] 5y (Bib) (Ba = — 


Rs J12=1 
x exp{—tlk — k'|? — t]k!|2}6(ke — k' — ky, )6(K! — heyy)’ 


= > By ja(t)ó(k — (kj, + kj>)) 


J1,32=1 
with 

B;; 52 (t) = (Bj, ’ kja) exp{—t|kj |? a tk |?} 

. (z; _ (Bias (kj + kja)) (kj + t), 
(Cha + kja), (kj + kja)) 
If kj, + kja = 0, then the corresponding term in the last sum is zero. 
From the last formula it easily follows that 
|B ja (0) < Ci1B;11B52|, (8) 

Ci = ma |k;|, and 


n 


D [Built <a(s Bil) - (9) 


J1,32=1 
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The proof of Theorem 1 is based on the following assertion. 


Lemma 1. Assume that for any initial condition (3) and 0 < t <1 
the functions hy(k,t), 2 < q < p, can be written in the form 


halk) = S Ex (1)3(K = 3 ky), (10) 


where B;,...5,(t) are continuous functions of t and 


| Bix ig (D < C3 t TTB) (11) 


C2 is another constant which depends only on the vectors kj, 1 Sj <n. 
Then (8) and (9) are valid for q =p. 


Using Lemma 1, we derive Theorem 1. We have 


= > Bj exp{—t|k|?}6(k — kj) 


FD ae BE. on(s-5u) (12) 


and 


By .iplt) = | exp{—(t SEPH., (8)ds- 
0 
If B;,...;,(t) satisfies (8), then from Lemma 1 it follows that 


lB.. © < Zop f [La 


l=1 


and 
n 


` 2 5e 
D Bagle (S12 1) (13) 


n im 
Therefore, the series ` D |B;.,(t)| converges absolutely if 
p>l ji,- jp=1 


tt < min (1, (51B) ). 
j=1 
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Taking together all terms with the same value of the sum kj, +--+ + kjp, 
we get the representation of the solution v(k, t) as 











where for each B,(t) we have the estimate (5). Theorem 1 is proved. 





PROOF OF LEMMA 1. For p = 2 the statement of the lemma is already 
proved (see (8), (9)). For p > 3 we use the recurrent relation (7). Denote 


by pape) (x t) the term in (7) which corresponds to pi, p2. Consider the 
case p1, p2 > 2. We have 


h&PuP2) (k, t) ~i fin f aa fo p(k — k', s1), k) 


x Php, (k', 52) exp{—(t A RE (t 82) |k’ |? }d2k’ 





ifn fan À | (Bi ..jp (81): k) 


Jjı.-jp=1 


(Bip, sais (82), k) k 
x (sa (s2) ~~ ——— 


x (exp{—(t— s1)1k2}6 (x - 
@ (exp{—(t = s2)|kl?} (k — > k)) | 


n Pp 
= D Ben ohr- Yom), 


i---Ip 


Sa 
3 
E 
a 
S 
Der 
VS 


where ® is the convolution and 


Bee ~i fan fal nant À ky) 


l=pit+l 


x exp{ =| (t— s1)| DE (t — s2)| Ta T 


l=pı+1 
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Din iz len, Dh ki) oy 


l=1 
x (Bissel) - =). 
| z kj, |? 
1=1 
Here, we used the incompressibility condition 


Pl 


(Bidet) kj) oO 


{=i 


It is clear that BPP?) (t) is continuous as a function of t € [0,1]. By the 
assumption of Lemma 1, 


S 











= pı 
pe: oe ) sja” exp{—(s— s1)|X ka|” }dsı 
4 l=1 
4 
aaa p 2 p 
x [a exp{—(s — s2)| 5 ks, | }| 5 kj, |ds2 
0 l=pit+l l=pi+1 
Pı p 
RO TEE Il |B;l. 
t= l=pı+1 


In the integral with respect to sı, we replace the exponent by 1, and we 
estimate the integral with respect to s2 with the help of the Cauchy-Schwarz 
inequality: 





p2-2 = = 
Je exot- — 52)IRP Fld 
0 


S S 1 


L 3 
< (i: f asa f exp(—2(s - 52) RP) 


0 0 


Thus, we get 











BRIE (8) < 


ji Jp 





2 2 
pi aa ae IT < [piel 


At the last step, we used the fact that 0 < s < 1. The first and last terms 
in (7) are estimated in a similar way: 
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1,p—1 
Be "Ole 





SE À 
ce TT Bal 
yo À 





and 
2-2 p 
1i sS 2 = 
Be 5, (8) <0? TT Bi 
VES i=! 
For h,(k,s) we have the representation: 
=F nro E D amor) 
pial pı=1 ji..-jp=l i=l 
> te 
jre-dp=1 1=1 
where 
Bj.. jo( M Be A i 
pı=1 


For B;,...;,(8) we have the estimate 


|B ji- Jal 2" pop s)| 


pi=l 





ane v2 2/2 
= He (SE; 1/p— ee 


It is easy to see that for 3 the sum 





p2 
TE Pıyp— Pi mn p —2 


is bounded by some constant C1. Taking C2 = max(C1, max |k;|), we get 
SISN 











the required inequality for g = p. The lemma is proved. 





PROOF OF THEOREM 2. We use the following lemma. 


Lemma 2. Let {k;} be contained in a cone whose angle is less than 
m. Assume that for 2 <q < p the functions hq(k,s) have the representation 
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(10) and for some constant D depending on initial conditions 
[Ba (8) < DT TT 
Then the same representation is valid for q = p. 


PROOF. Using the notation from Lemma 1, we can write 


P 



































parua < fan fa S pT, |p- [[ |B 
l=p1 l=pi+1 
Pl 2 
x exp { — (s = 51) So ky | — (s — s2) 5 kj, } 
I=1 l=pitl 
p 
+ Ra 
< DP- Tl Bi ~*~ 
D kj k;, 
f= l=pı+1 





By the assumption of the lemma, E ajk] > dł aj, where a; > 0 and 
j 


d > 0 is some constant depending on the initial vectors kj. Indeed, under 
some rotation of R, the vectors kj can be brought inside a cone of angle 
less than 7 belonging to the subspace k® > 0. Then 


kil = 5 ak; > >. Qj mink,” 
J J 


where kj is the image of kj under the above-mentioned rotation. 














= 
Put d = min B I, Now, we can write 
j 


P p2 max |k;| 
Es, ON < DIE 
l=1 
Similarly, for pı = 1 
p (p — 1) max|k;| 
Bi, O< DPI 
l=1 


and for pə = 1 
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p (p — 1) max |k;| 


1,2 
eae Far )| < BP er 
t=1 


As in the proof of Lemma 1, we have 


BON < S 1B (s)| 


pial 
2 p 1 
<= PT 2 B vere k; — as 
care x lkl gopa 2 TES 


The expression in the square brackets is bounded by some constant 
Do depending on initial conditions. Taking D > Do max |k;|, we get the 
SIS 











required inequality for q = p. The lemma is proved. 





Now, we derive Theorem 2 from Lemma 2. Using the notation from 
the proof of Theorem 1, we can write 


|B; co < pr- Hi |B;,| < De- “LE 1 |B;,| 
J1---Jp T — a eR 








3 ky, (pa)? 
l=1 
and | 
n Dr- 1 n 
D Bil < (>) 


Therefore, if 


then the series 


TI Pui 


p>0 ji...jp=l 
converges absolutely for all t. The end of the proof is the same as in Theo- 
rem 1. 














3. Example. We consider n = 2 and the initial condition 
U(k,0) = Biô(k — kı) + Bod(k — ke), (14) 


where the vectors kı and kə are linearly independent and Bı is orthogonal 
to kı and ko. 


3D-Navier-Stokes System 299 


Theorem 3. For the initial condition (14) the system (1) has a global 
solution. 


PROOF. In this case, 


hi(k, 8) = X exp{—slk;l?}B;ô(k — ky), 


j=l 
2 
ha(k,s) =i >> (i Ba) (2; - ey) 
J1,92=1 
X exp{—s|k;, |? = s|kja|°}ô(k an (kj, + kja) 


2 


(kj, + kja, Biz) (kj + kja) 
=i DO (n + hia Bn) (Bp - Sa Se Bt ita) 
jı, j2=1 Jı J2 


x exp{—slk; |? — 5]kjg|?}5(k — (kj, + kja). 
It is easy to see that only the term with jı = 2, jı = 1 is different 
from zero. Therefore, 
ha(k, s) = (kı, Bz) Bo exp{—s|k,|? = s|k2|°}6(k = (ky + k2)). 
From the recurrent relation it easily follows that, in the sum (7), only the 
term with pı = p — 1 is different from zero. If 
halk, 8) = BO (s)6(k — (kı + (4 — 1)k2) 

and 

om 

(q— 2)! 


then the same inequality is valid for q = p (see the proof of Lemma 1). 
Theorem 3 is proved. 


|B (s)| < |Bi||B2|7~", 














Remark. Theorem 3 is equivalent to the estimates of simple diagrams 
in [7]. 
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Beltrami waves deplete the Euler nonlinearity. These waves are exact solutions of 
the 3D Euler equations. We construct the 3D resonant Euler systems; the latter 
are countable uncoupled and coupled SO(3; C) and SO(3; R) rigid body systems. 
They conserve both energy and helicity. The 3D resonant Euler systems are vested 
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with bursting dynamics, where the ratio of the enstrophy at time t = t* to the 
enstrophy at t = 0 of some remarkable orbits becomes very large for very small 
times t*; similarly for higher norms Hê, s > 2. These orbits are topologically close 
to homoclinic cycles. For the time intervals, where H° norms, s > 7/2, of the 
limit resonant orbits do not blow up, we prove that the full 3D Euler equations 
possess smooth solutions close to the resonant orbits uniformly in strong norms. 
Bibliography: 41 titles. 


1. Introduction 


The issues of blowup of smooth solutions and finite time singularities of 
the vorticity field for 3D incompressible Euler equations are still a major 
open question. The Cauchy problem in 3D bounded axisymmetric cylin- 
drical domains is attracting considerable attention: with bounded smooth 
non-axisymmetric 3D initial data, under the constraints of conservation of 
bounded energy, can the vorticity field blow up in finite time? Outstand- 
ing numerical claims for this were recently disproved [25, 14, 23]. The 
classical analytical criterion of Beale-Kato-Majda [8] for non-blow up in 
finite time requires the time integrability of the L° norm of the vorticity. 
DiPerna and Lions [27] gave examples of global weak solutions of the 3D 
Euler equations which are smooth (hence unique) if the initial conditions 
are smooth (specifically in W!?(D), p > 1). However, these flows are really 
2-dimensional in x1, £2, 3-components flows, independent from the third co- 
ordinate x3. Their examples [15] show that solutions (even smooth ones) of 
the 3D Euler equations cannot be estimated in WŁ? for 1 < p < œ on any 
time interval (0, T) if the initial data are only assumed to be bounded in 
W!. Classical local existence theorems in 3D bounded or periodic domains 
by Kato [24], Bourguignon-Brézis [11] and Yudovich [38, 39] require some 
minimal smoothness for the initial conditions (IC), for example, in H*(D), 
s > à. 


The classical formulation for the Euler equations is as follows: 


ŒV +(V-V)V =—-Vp, V-V =0, (1.1) 
V-N=0 on OD, (1.2) 


where OD is the boundary of a bounded connected domain D, N the normal 
to OD, V(t, y) = (Vi, V2, V3) the velocity field, y = (y1, Y2, Y3), and p is the 
pressure. 
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The equivalent Lamé form [3] 


1 
V + curl V x V+V (r+ žive) = 0), (1.3) 
V-V =0, (1.4) 
Ow + curl (w x V) = 0, (1.5a) 
w = curl V, (1.5b) 


implies conservation of energy 
1 
EO = 5 [IV teu) dy. (1.6) 
D 
The helicity Hel (t) [3, 33], is conserved: 


Hel (t) = | V-w dy, (1.7) 
/ 


for D = R? and when D is a periodic lattice. Helicity is also conserved 
for cylindrical domains, provided that w - N = 0 on the cylinder lateral 
boundary at t = 0 (see [29]). 


From the theoretical point of view, the principal difficulty in the analy- 
sis of 3D Euler equations is due to the presence of the vortex stretching term 
(w-V)V in the vorticity equation (1.5a). Equations (1.3) and (1.5a) are 
equivalent to the following: 


Ow + [w, V] = 0, (1.8) 


where [a, b] = curl (a x b) is the commutator in the infinite dimensional Lie 
algebra of divergence-free vector fields [3]. This point of view has led to 
celebrated developments in topological methods in hydrodynamics [3, 33]. 
The striking analogy between the Euler equations for hydrodynamics and 
the Euler equations for a rigid body (the latter associated to the Lie algebra 
of the Lie group SO(3, R)) was already pointed out by Moreau [31]; Moreau 
was the first to demonstrate conservation of helicity (1961) [32]. This has led 
to extensive speculations to what extent/in what cases are the solutions of 
the 3D Euler equations “close” to those of coupled 3D rigid body equations 
in some asymptotic sense. Recall that the Euler equations for a rigid body 
in R? is as follows: 


m+wxm=0, m= Aw, 1.9a) 


m; + [w,m] = 0, (1.9b) 
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where m is the vector of angular momentum relative to the body, w the 
angular velocity in the body, and A the inertia operator [1, 3]. 


The Russian school of Gledzer, Dolzhanskij, Obukhov [20] and Visik 
[36] has extensively investigated dynamical systems of hydrodynamic type 
and their applications. They considered hydrodynamical models built upon 
generalized rigid body systems in SO(n, R), following Manakov [30]. In- 
spired by turbulence physics, they investigated “shell” dynamical systems 
modeling turbulence cascades; albeit such systems are flawed as they only 
preserve energy, not helicity. To address this, they constructed and stud- 
ied in depth n-dimensional dynamical systems with quadratic homogeneous 
nonlinearities and two quadratic first integrals F1, F2. Such systems can be 
written using sums of Poisson brackets: 


dx" 1 a ; OF, OF» OF, OF» 

= — flars tn i i a oe a ee 5 1.1 

dt Di > € Dia. in (= Oris ris Axi2 (1.10) 
12 tn 





where constants p;,.:, are antisymmetric in 44,...,n. 


A simple version of such a quadratic hydrodynamic system was in- 
troduced by Gledzer [19] in 1973. A deep open issue of the work by the 
Gledzer-Obukhov school is whether there exist indeed classes of I.C. for the 
3D Cauchy Euler problem (1.1) for which solutions are actually asymptot- 
ically close in strong norm, on arbitrary large time intervals to solutions 
of such hydrodynamic systems, with conservation of both energy and he- 
licity. Another unresolved issue is the blowup or global regularity for the 
“enstrophy” of such systems when their dimension n — oo. 


This article reviews some current new results of a research program 
in the spirit of the Gledzer-Obukhov school; this program builds-up on the 
results of [29] for 3D Euler in bounded cylindrical domains. Following the 
original approach of [4]-[7] in periodic domains, [29] prove the non blowup 
of the 3D incompressible Euler equations for a class of three-dimensional ini- 
tial data characterized by uniformly large vorticity in bounded cylindrical 
domains. There are no conditional assumptions on the properties of solu- 
tions at later times, nor are the global solutions close to some 2D manifold. 
The initial vortex stretching is large. The approach of proving regularity is 
based on investigation of fast singular oscillating limits and nonlinear av- 
eraging methods in the context of almost periodic functions [10, 9, 13]. 
Harmonic analysis tools based on curl eigenfunctions and eigenvalues are 
crucial. One establishes the global regularity of the 3D limit resonant Euler 
equations without any restriction on the size of 3D initial data. The res- 
onant Euler equations are characterized by a depleted nonlinearity. After 
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establishing strong convergence to the limit resonant equations, one boot- 
straps this into the regularity on arbitrary large time intervals of the solu- 
tions of 3D Euler Equations with weakly aligned uniformly large vorticity 
at t = 0. The theorems in [29] hold for generic cylindrical domains, for a 
set of height/radius ratios of full Lebesgue measure. For such cylinders the 
3D limit resonant Euler equations are restricted to two-wave resonances of 
the vorticity waves and are vested with an infinite countable number of new 
conservation laws. The latter are adiabatic invariants for the original 3D 
Euler equations. 


Three-wave resonances exist for a nonempty countable set of h/R (h 
height, R radius of the cylinder) and moreover accumulate in the limit of 
vanishingly small vertical (axial) scales. This is akin to Arnold tongues [2] 
for the Mathieu—Hill equations and raises nontrivial issues of possible singu- 
larities/lack thereof for dynamics ruled by infinitely many resonant triads 
at vanishingly small axial scales. In such a context, the 3D resonant Euler 
equations do conserve the energy and helicity of the field. 


In this review, we consider cylindrical domains with parametric reso- 
nances in h/R and investigate in depth the structure and dynamics of 3D 
resonant Euler systems. These parametric resonances in h/R are proved 
to be non-empty. Solutions to Euler equations with uniformly large initial 
vorticity are expanded along a full complete basis of elementary swirling 
waves (T? in time). Each such quasiperiodic, dispersive vorticity wave is a 
quasiperiodic Beltrami flow; these are exact solutions of 3D Euler equations 
with vorticity parallel to velocity. There are no Galerkin-like truncations 
in the decomposition of the full 3D Euler field. The Euler equations, re- 
stricted to resonant triplets of these dispersive Beltrami waves, determine 
the “resonant Euler systems.” The basic “building block” of these (a pri- 
ori co-dimensional) systems are proved to be SO(3; C) and SO(3;R) rigid 
body systems 


Ug + (Am = An)UmUn = 0, 
Ùm On = Ak)UnUk = 0, (1.11) 
Ùn + (Ak — Am)UkUm = 0. 





These A’s are eigenvalues of the curl operator in the cylinder, curl P7 = 


+An 7; the curl eigenfunctions are steady elementary Beltrami flows, and 
h n3 
E—,n 
mE Àn” À 
vertical wave number (vertical shear), 0 < e < 1. Physicists [12] computa- 
tionally demonstrated the physical impact of the polarization of Beltrami 














the dispersive Beltrami waves oscillate with the frequencies 4 
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modes P= on intermittency in the joint cascade of energy and helicity in 
turbulence. 

Another “building block” for resonant Euler systems is a pair of SO(3; C) 
or SO(3;R) rigid bodies coupled via a common principal axis of iner- 
tia/moment of inertia: 


åk = (Am — Àn l'aman, (1.12a) 
dm = (An — Ak )V anak, (1.12b) 
ån = (Ak — Àm lakam + Ag — Am)Vazam, (1.12c) 
åm = (An — Az )Tanaz, (1.12d) 
az = (Am — An)l'aman, (1.12e) 


where T and Î are parameters in R defined in Theorem 4.10. Both reso- 
nant systems (1.11) and (1.12) conserve energy and helicity. We prove that 
the dynamics of these resonant systems admit equivariant families of homo- 
clinic cycles connecting hyperbolic critical points. We demonstrate bursting 
dynamics: the ratio 


\u(0)||F, s > 1, 


llall / 


can burst arbitrarily large on arbitrarily small times, for properly chosen 
parametric domain resonances h/R. Here, 


[DI lire = D An)” lunt). (1:13) 


n 





The case s = 1 is the enstrophy. The “bursting” orbits are topologically 
close to the homoclinic cycles. 


Are such dynamics for the resonant systems relevant to the full 3D 
Euler equations (1.1)-(1.8)? The answer lies in the following crucial “shad- 
owing” Theorem 2.10. Given the same initial conditions, given the maximal 
time interval 0 < t < Tm where the resonant orbits of the resonant Euler 
equations do not blow up, then the strong norm H® of the difference be- 
tween the exact Euler orbit and the resonant orbit is uniformly small on 
0 < t < Tm, provided that the vorticity of the I.C. is large enough. Para- 
doxically, the larger the vortex stretching of the I.C., the better the uniform 
approximation. This deep result is based on cancellation of fast oscillations 
in strong norms, in the context of almost periodic functions of time with 
values in Banach spaces [29, Sec. 4]. It includes uniform approximation in 
the spaces H*, s > 5/2. For instance, given a quasiperiodic orbit on some 
time torus T! for the resonant Euler systems, the exact solutions to the 
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Euler equations will remain e-close to the resonant quasiperiodic orbit on 
a time interval 0 < t < maxT;, 1 <i < l, T; elementary periods, for large 
enough initial vorticity. If orbits of the resonant Euler systems admit burst- 
ing dynamics in the strong norms H5, s > 7/2, so do some exact solutions 
of the full 83D Euler equations, for properly chosen parametrically resonant 
cylinders. 


2. Vorticity Waves and Resonances 
of Elementary Swirling Flows 


We study the initial value problem for the three-dimensional Euler equations 
with initial data characterized by uniformly large vorticity 


ON AV IV S298. VV =O, (2.1) 
_ Q 
V(t, y)l=0 = V(0) = Vo(y) + 7e XY, (2.2) 


where y = (y1,y2,y3), V(t, y) = (Vi, V2, V3) is the velocity field, and p is 
the pressure. In Equations (1.1), e3 denotes the vertical unit vector and Q 
is a constant parameter. The field Vo(y) depends on three variables y1, y2, 
and y3. Since curl (Les x y) = Qez, the vorticity vector at initial time t = 0 
is 

curl V(0, y) = curl Vo(y) + Mes, (2.3) 
and the initial vorticity has a large component weakly aligned along es, 
when Q >> 1. These are fully three-dimensional large initial data with 
large initial 3D vortex stretching. We denote by H$ the usual Sobolev 
space of solenoidal vector fields. 


The base flow 
Q 
V.(y)= 73 XY, curl Vs (y) = Qe3 (2.4) 


is called a steady swirling flow and is a steady state solution (1.1)-(1.4), 
as curl (Qes x V;(y)) = 0. In (2.2) and (2.3), we consider I.C. which are 
an arbitrary (not small) perturbation of the base swirling flow V,(y) and 
introduce 


Vit.) = Ses x y + Ült, y), (2.5) 

curl V(t, y) = Nez + curl V(t, y), (2.6) 

3V + curl V x V + Nez x V + curl V x V,(y) + Vp’ = 0, V- V =0,(2.7) 
V(t, y)lt=0 = Vo(y). (2.8) 
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Equations (2.1) and (2.7) are studied in cylindrical domains 
C = {(y1,¥2,ys) E R? : 0 < ys <2r/a, y? +y3 < ER}, (29) 


where a and R are positive real numbers. If h is the height of the cylinder, 
a = 2n/h. Let 


T = {(y1, yo, y3) € R? : 0 < y3 < 2T/a, y? + y2 = R’}. (2.10) 


Without loss of generality, we can assume that R = 1. Equations (2.1) are 
considered with periodic boundary conditions in y3 


V (y1, Ya, ¥3) = V (y1, Y2, Y3 + 27/a) (2.11) 
and vanishing normal component of velocity on T 
V-N=V-N=ODonI, (2.12) 


where N is the normal vector to I. From the invariance of 3D Euler equa- 
tions under the symmetry y3 > —y3, Vi > Vi, V2 > Va, V3 > —V3, all 
results in this article extend to cylindrical domains bounded by two hori- 
zontal plates. Then the boundary conditions in the vertical direction are 
zero flux on the vertical boundaries (zero vertical velocity on the plates). 
One only needs to restrict vector fields to be even in y3 for Vj, V2 and odd 
in y3 for V3, and double the cylindrical domain to —h < y3 < +h. 


We choose Vo(y) in H°(C), s > 5/2. In [29], for the case of “non- 
resonant cylinders,” i.e., non-resonant a = 27/h, we have established regu- 
larity for arbitrarily large finite times for the 3D Euler solutions for Q large, 
but finite. Our solutions are not close in any sense to those of the 2D or 
“quasi 2D” Euler and they are characterized by fast oscillations in the e3 
direction, together with a large vortex stretching term 


OV OV OV 
w(t, y) : VV(t,y) = Sn To Fu t > 0 


o 
with leading component NVE, y)| > 1. There are no assumptions on 
Y3 


oscillations in y1, y2 for our solutions (nor for the initial condition Vo(y)). 


Our approach is entirely based on fast singular oscillating limits of 
Equations (1.1)-(1.5a), nonlinear averaging, and cancelation of oscillations 
in the nonlinear interactions for the vorticity field for large Q. This was 
developed in [5, 6, 7] for the cases of periodic lattice domains and the 
infinite space R3. 

It is well known that fully three-dimensional initial conditions with 
uniformly large vorticity excite fast Poincaré vorticity waves [5, 6, 7, 34]. 
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Since individual Poincaré wave modes are related to the eigenfunctions of 
the curl operator, they are exact time-dependent solutions of the full non- 
linear 3D Euler equations. Of course, their linear superposition does not 
preserve this property. Expanding solutions of (2.1)-(2.8) along such vortic- 
ity waves demonstrates potential nonlinear resonances of such waves. First 
recall spectral properties of the curl operator in bounded connected do- 
mains. 


Proposition 2.1 ([29]). The curl operator admits a self-adjoint ex- 
tension under the zero flux boundary conditions, with a discrete real spec- 
trum An = £\An|, |An| > 0 for every n and |An| > +œ as |n| — œ. The 


corresponding eigenfunctions P7 














curl PË = AnDi 


n n 





(2.13) 


are complete in the space 
h 
= {u € L?(D): V-U=0,U-Nlap = 0, [Uaz = o}. (2.14) 


Remark 2.2. In cylindrical domains, with cylindrical coordinates 
(r,0, z), the eigenfunctions admit the representation 
in20 Liansz 

(2.15) 

with ng = 0, +1, 2,..., n3 = +1, +2,..., and nı = 0,1,2,.... Here, nı in- 
dexes the eigenvalues of the equivalent Sturm-Liouville problem in the radial 
coordinates and n = (n1, n2, n3) (see [29] for technical details). From now 
on, we use the generic variable z for any vertical (axial) coordinate y3 or £3. 
For n3 = 0 (vertical averaging along the axis of the cylinder) 2-dimensional 
3-component solenoidal fields must be expanded along a complete basis for 
fields derived from 2D stream functions: 


Pry nains = (rni nans (r), 6,n1,n2,n3 (r), Poni n2,n3 (r)) e 


























®,, = (( curl (Yne3), Pnes)): Pn = Pn(r, 0), 
ru An = HnPn; Ynlar = 0, 
curl ®, = ((curl (Pne3), UnPne3)). 
Here, ((a, bes)) denotes a 3-component vector whose horizontal projection 


is a and vertical projection is be3. 


Let us explicit elementary swirling wave flows which are exact solutions 
to (2.1) and (2.7). 


310 Francois Golse, Alex Mahalov, and Basil Nicolaenko 


Lemma 2.3. For every n = (n1,n2,n3) the following quasiperiodic 
(T? in time) solenoidal fields are exact solution of the full 3D nonlinear 
Euler equations (2.1) 
Vit,y) = De, x y + exp (Sr) Pa ( exp ( — i) y) exp ( + it att), 
2 2 2 Anl 
(2.16) 
ng is the vertical wave number of ®, and exp(2Jt) the unitary group of 
rigid body rotations: 





0 —1 0 cos( $) — sin(%) 0 
J=|1 0 0 e° | sin(St) cos(%) 0 |. (2.7) 
0 0 0 0 0 1 


Remark 2.4. These fields are exact quasiperiodic, nonaxisymmetric 
swirling flow solutions of the 3D Euler equations. For n3 4 0 their second 
components 





~ Q Q 

V(t, y) = exp (=) Ba ( exp ( — =J) y) exp ( Æ ne) (2.18) 

are Beltrami flows (curl V x V = 0) exact solutions of (2.7) with V(t = 
; F | | f _ Q 

In Equation (2.18), V(t,y) are dispersive waves with frequencies 5 

n3@ 


Dal 


Q 
cylinder axis since it contains the factor exp (ians( z ny): Note that 
n 


2 ~ 
Q,a= ail} Moreover, each V(t, y) is a traveling wave along the 


and 7, 














ng large corresponds to small axial (vertical) scales, albeit 0 < aln3/An| < 1. 


PROOF OF LEMMA 2.3. Through the canonical rigid body transforma- 
tion for both the field V(t, y) and the space coordinates y = (y1, Y2, ys): 


Q 
V(t, y) = etU (t, ey) + Ty, z= ey, (2.19) 
the 3D Euler equations (2.1), (2.2) transform into 


oo a , (UP 
dU + (curl U + Qe3) x U = -V p- -y (ll + |z2] LE , (2.20) 


V-U=0, U(t, x)l=0 = U(0) = Vo(x), (2.21) 
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For Beltrami flows such that curl U x U = 0 these Euler equations 
(2.20), (2.21) in a rotating frame reduce to 


3U + Nes x U+ Vr =0, V-U=0, 


which are identical to the Poincaré-Sobolev nonlocal wave equations in the 
cylinder [29, 34, 35, 3] 

Ow + Nez x V+ Vr =0, V- Y =0, (2.22) 
a cule — 9? w =0 W -Niap =0 (2.23) 
Ot OZ ODT | 


It suffices to verify that the Beltrami flows 





W(t, £) = P,(x)exp ( Be rw nt), 











where F(x) and +|A,,| are curl eigenfunctions and eigenvalues, are exact 
solutions to the Poincaré-Sobolev wave equation, in such a rotating frame 


of reference. 


Remark 2.5. The frequency spectrum of the Poincaré vorticity waves 





(solutions to (2.22)) is exactly 4 Q, n = (n1,n2,n3), indexing the spec- 


La 3 
[nl 
trum of curl. Note that n3 = 0 (zero frequency of rotating waves) corre- 
sponds to 2-dimensional 3-components solenoidal vector fields. 


We now transform the Cauchy problem for the 3D Euler equations 
(2.1), (2.2) into an infinite dimensional nonlinear dynamical system by ex- 
panding V(t, y) along the swirling wave flows (2.16)—(2.18) 


Q Q 
Vit,y) = 33 XY + exp (£x) 


x { JS mtap (=o) æ, (exp (-53*) v) k (2.24a) 


n=(n1,n2,n3) 





Q a 
V(t =0,y) = 7e x y + Vo(y) (2.24b) 


Vo(y) = y un (0)®n (y), (2.24c) 


n=(n1,n2,n3) 


where ®,, denotes the curl eigenfunctions of Proposition 2.1 if n3 0, and 
BP, = ((curl (Ynes), Pne3)) if n3 = 0 (2D case, Remark 2.2). 
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As we focus on the case, where helicity is conserved for (2.1), (2.2), 
we consider the class of initial data Vo such that (see [29]) curl Vo- N = 
on I, where T is the lateral boundary of the cylinder. 


The infinite dimensional dynamical system is then equivalent to the 
3D Euler equations (2.1), (2.2) in the cylinder, with n = (n1, n2, ng) ranging 
over the whole spectrum of curl, i.e., 
dun (i ( n3 k3 m3 ) ) 

= — exp | à — + — + — | ant 

a > Dal Pal Dml 
k3+ms3=n3 
ko+m2=n2 


x (curl Bp x Pm, Pr) uz (tum (t). (2.25) 























Here, 











curl BE = HAE if k3 £0, 
curl ®; = ((curl (pres), Lrpres)) if k3 = 0 





(2D, 3-components, Remark 2.2), similarly for m3 = 0 and n3 = 0. The 
inner product ( , ) denotes the L? complex-valued inner product in D. 


This is an infinite dimensional system of coupled equations with qua- 
dratic nonlinearities, which conserve both the energy 


B(t) = > un) 


and the helicity 











+4 12 
Hel (#) = D An | [uz (6). 
n 
The quadratic nonlinearities split into resonant terms, where the exponen- 
tial oscillating phase factor in (2.25) reduces to unity and fast oscillating 
non-resonant terms (Q >> 1). The resonant set K is defined in terms of 
vertical wave numbers k3, Mm3, ng and eigenvalues Az, Am, EAn of curl: 

















k 
K = { kg, Ms Z3 = 0,ng = ks + main = ko + meh. (2.27) 
Ak Am An 


Here, k2, M2, N2 are azimuthal wave numbers. 

















We call the “resonant Euler equations” the following oo-dimensional 
dynamical system restricted to (k, m,n) € K: 


dun 
aE + (curl Py x Pm, ®,)ugum = 0, (2.28a) 


d 
(kym,n)EK 
un(0) = (Vo, Pn). (2.28b) 
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Here, curl PE = +A,®; if kg A 0, curl ®, = ((curl (yes), Lk PKes) ) if 
ka = 0; similarly for m3 = 0 and ng = 0 (2D components, Remark 2.2). If 
there are no terms in (2.28a) satisfying the resonance conditions, then there 


will be some modes for which = = 0. 

Lemma 2.6. The resonant 3D Euler equations (2.28) conserve both 
energy E(t) and helicity Hel(t). The energy and helicity are identical to 
that of the full exact 3D Euler equations (2.1), (2.2). 


The set of resonances K is studied in depth in [29]. To summarize, K 
splits into 


(i) O-wave resonances, with ng = k3 = m3 = 0; the corresponding res- 
onant equations are identical to the 2-dimensional 3-components 
Euler equations with I.C. 


Sle 


h 
f» oly, Y2, Y3 ) dyz. 
0 


(ii) Two-wave resonances, with k3m3n3 = 0, but two of them are 
not null; the corresponding resonant equations (called “catalytic 
equations” ) are proved to possess an infinite countable set of new 
conservation laws [29]. 

(iii) Strict three-wave resonances for a subset K* C K. 


Definition 2.7. The set K* of strict 3 wave resonances is: 


k 
K =R + TS — 0, kgmgns Æ 0, n3 = kg + Ma,n2 = ko + Ma 
Apr Am An 
(2.29) 

















2 
Note that K* is parameterized by h/R since a = = parameterizes 


the eigenvalues An, Àk, Am of the curl operator. 


Proposition 2.8. There exists a countable nonempty set of parame- 
ters 4 for which K* 4 Ø. 


PROOF. The technical details, together with a more precise statement, 
are postponed to the proof of Lemma 3.7. Concrete examples of resonant 
axisymmetric and helical waves are discussed in [28] (see Fig. 2 in [28]). 
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Corollary 2.9. Let 
h 


[Wola y3) dy3 = 0, 
0 


i.e., zero vertical mean for the I.C. Vo(y) in (2.2), (2.8), (2.24c), and 
(2.28b). Then the resonant 3D Euler equations are invariant on K* : 





dun 
= + ND Alex Bin, Pijurus = 0, kgmanz3 #0,  (2.30a) 
(kym,n)EK* 


Un(0) = (Vo, En), (2.30b) 
where Vo has spectrum restricted to ng Æ 0. 


PROOF. This is an immediate consequence of the “operator splitting” 
theorem (see [29, Theorem 3.2]). 














We call the above dynamical systems the “strictly resonant Euler sys- 
tem.” This is an co-dimensional Riccati system which conserves energy and 
helicity. It corresponds to nonlinear interactions depleted on K*. 


How do dynamics of the resonant Euler equations (2.28) or (2.30) ap- 
proximate exact solutions of the Cauchy problem for the full Euler equations 
in strong norms? This is answered by the following theorem proved in [29, 
Sec. 4]. 


Theorem 2.10. Consider the initial value problem 


Q ae = 
Vit =0,y) = 3°83 x y + Vo(y), Vo € He s> 7/2, 


for the full 3D Euler equations, with Volles < M? and curl Vo - N = 0 
on T. 


e Let V(t,y) = Les x y+ V(t,y) denote the solution to the exact Euler 
equations. 

e Let w(t, x) denote the solution to the resonant 3D Euler equations with 
the initial condition w(0,x) = w(0,y) = Vo(y). 

o Let ||w(t,y)|lns < Ms(Tm, M?) on 0 <t < Tm, s > 7/2. 


Then for all e > 0 there exists Q*(Tu, M°,€) such that for all Q > Q* 


IMC) (Te HE ete Fata, (e— Joe o}| „<e 
H 


on0<t<Tm forall ß 21, 8B<s-—2. Here, ||- ||ze is defined in (1.13). 


Bursting Dynamics of the 3D Euler Equations 315 


The 3D Euler flow preserves the condition curl Vo-N=0on I, i.e., 
curl V(t,y)- N = 0 on T, for every t > 0 [29]. The proof of this “error- 
shadowing” theorem is delicate, beyond the usual Gronwall differential in- 
equalities and involves estimates of oscillating integrals of almost periodic 
functions of time with values in Banach spaces. Its importance lies in that 
solutions of the resonant Euler equations (2.28) and/or (2.30) are uniformly 
close in strong norms to those of the exact Euler equations (2.1), (2.2), on 
any time interval of existence of smooth solutions of the resonant system. 
The infinite dimensional Riccati systems (2.28) and (2.30) are not just hy- 
drodynamic models, but exact asymptotic limit systems for Q >> 1. This 
is in contrast to all previous literature on conservative 3D hydrodynamic 
models such as in [20]. 


3. The Strictly Resonant Euler Systems: 
the SO(3) Case 


We investigate the structure and the dynamics of the “strictly resonant 
Euler systems” (2.30). Recall that the set of 3-wave resonances is: 


k3 m3 n3 
Ak Am An 7 


ns = k3 + mana = k2 + m2). (3.1) 

















0, kgm3ng3 4 0, 





K” ={ (k,m,n) i 


From the symmetries of the curl eigenfunctions ®„ and eigenvalues À, in 
the cylinder, we have 


if 

n2 > —N2, N3 > —N3, (3.2a) 
then 

(n1, —n2, —n3) = ®*(n1,n2,n3) (3.2b) 
and 

A(n1, —N2, —N3) = A(n1, N2, n3), (3.2c) 


where * designates the complex conjugate (see [29, Sec. 3] for details). The 
eigenfunctions ® (n1, n2, ng) involve the radial functions Jn, (G(n1, n2, ans)r) 
and J}, (8(n1, n2,an3)r), with 


A? (n, no, na) = B?(n1,n2, ans) + ni; 
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B(n1,n2,an3) are discrete, countable roots of Equation (3.30) in [29], ob- 
tained via an equivalent Sturm-Liouville radial problem. Since the curl 
eigenfunctions are even in r — —r, ny — —n1, we extend the indices 
nı = 1,2,..., +00 to —n; = —1,—2,... with the above radial symmetry in 
mind. 





Corollary 3.1. The 3-wave resonance set K* is invariant under the 
symmetries oj, j = 0,1,2,3, where 


Jo(m1,N2,n3) = (n1, n2;,n3), 71(M1,N2,N3) = (=n1, n2, n3), 
o2(n1, n2, N3) = (ni, —N2, nz), 03(N1, n2, na) = (ni, n2, —n3). 
Remark 3.2. For 0 < i < 3,0 < j < 3,0 < 1 < 3, of = Id, 


ojo; = —o1, if i Aj and o;ojoy = —Id, for i £ j Al. The gj do preserve 
the convolution conditions in K*. 


We choose an a for which the set K* is not empty. We further take 
the hypothesis of a single triple wave resonance (k,m,n), modulo the sym- 
metries gj. 


Hypothesis 3.3. K* is such that there exists a single triple wave 
number resonance (n,k,m), modulo the symmetries gj, 7 = 1,2,3, and 
aj(k) Æ£ k, oj(m) £ m, oj(n) #n for j = 2 and j = 3. 

Under the above assumption, one can demonstrate that the strictly 
resonant Euler system splits into three uncoupled systems in C?: 


Theorem 3.4. Under the hypothesis 3.3, the resonant Euler system 
reduces to three uncoupled rigid body systems in C3 





dn. 
= =F i(Àk = Âm)Crmn Uk Um = 0, (3.3a) 
dU, 
Wim . 
a ~ i(\n — E a a) (3.30) 


where Crmn = Pr X Pm, BX), Ckmn real and the other two uncoupled sys- 
tems obtained with the symmetries o2(k,m,n) and o3(k,m,n). The energy 
and the helicity of each subsystem are conserved: 


d 
g UUK + UmU% + UnUZ) = 0, 


LMU + AmUmU-, + AnUnU;Z) = 0. 
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PROOF. From U_, = U% it follows that A(—k) = A(+k), similarly 
for m and n; and in a very essential way from the antisymmetry of (®, x 
Pm, ®*), together with curl By = AkPp. That Ckmn is real follows from 
the eigenfunctions detailed in [29, Sec. 3]. 














Remark 3.5. This deep structure, i.e., SO(3; C) rigid body systems 
in C? is a direct consequence of the Lamé form of the full 3D Euler equations, 
see Equations (1.3) and (2.7), and the nonlinearity curl V x V. 


The system (3.3) is equivariant with respect to the symmetry operators 


(21, 22, 23) — (27, 29, 23), (21, 22, 23) — (exp(ix1)21,exp(ix2)22, exp(ixs)z3) 


provided xı = v2+x3. It admits other integrals known as the Manley-Rowe 
relations (see, for instance [37]). It differs from the usual 3-wave resonance 
systems investigated in the literature such as in [40, 41, 22] in that 


(1) helicity is conserved, 
(2) dynamics of these resonant systems rigorously “shadow” those of 
the exact 3D Euler equations, see Theorem 2.10. 


Real forms of the system (3.3) are found in [20], corresponding to 
the exact invariant manifold Uk € iR, Um € R,U, € R, albeit without 
any rigorous asymptotic justification. The C? systems (3.3) with helicity 
conservation laws are not discussed in [20]. 


The only nontrivial Manley—Rowe conservation laws for the resonant 
system (3.3), rigid body SO(3;C), which are independent from energy and 
helicity, are as follows: 


a (rer mTn Sin(On — Ok — 0m)) = 9, 


where U; = r; exp(i6;), j = k,m,n, and 


Ey = (Ae — Am)? — Am — An)r?, 
E> = (Am = dale = (An = Ae loss 


The resonant system (3.3) is well known to possess hyperbolic equilib- 
ria and heteroclinic/homoclinic orbits on the energy surface. We are inter- 
ested in rigorously proving arbitrary large bursts of enstrophy and higher 
norms on arbitrarily small time intervals, for properly chosen h/R. To 
simplify the presentation, we establish the results for the simpler invariant 
manifold Uk € iR, and Um, Un € R. 
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Rescale time as t > t/Ckmn. Start from the system 
Ùn + i(Ak — Am)UkUm = 0, 
Uz — i(Am — An)UnU}, = 0, (3.4) 
Domi — àp)Un Už = 0. 


Assume that Ux € iR and Um, Un € R. Set p = iUk, q = Um, and r = Un, 
as well as Ap = À, Am = 4, and A, =v. Then 


p+ (u -—v)qgr =0, 
g+(v—A)rp = 0, (3.5) 
+ (À = p)pq = 0. 
This system admits two first integrals 
B=p+@t+r? (energy) 
H = Xp? + pq? + vr? (helicity) 





(3.6) 


The system (3.5) is exactly the SO(3, R) rigid body dynamics Euler 

equations, with inertia momenta I; = Dal’ j=k,m,n [1]. 
J 

Lemma 3.6 ([1, 20]). With the ordering Ak > Am > An; ie, À > 
u > v, the equilibria (0, +1,0) are hyperbolic saddles on the unit energy 
sphere, and the equilibria (+1,0,0), (0,0, +1) are centers. There exist equi- 
variant families of heteroclinic connections between (0, +1,0) and (0, —1, 0). 
Each pair of such connections correspond to equivariant homoclinic cycles 


at (0,1,0) and (0, —1, 0). 











We investigate bursting dynamics along orbits with large periods, with 
initial conditions close to the hyperbolic point (0, E(0),0) on the energy 
sphere Æ. We choose resonant triads such that Ag > 0,An < 0,àk ~ 
[An], [Am| & àk, equivalently: 


A\>u>v, Av <0, |u| & À and À ~ jo]. (3.7) 
Lemma 3.7. There exists h/R with K* #4 Ø such that 
Ak > Am > Any AkAn <0, [Am] K Ak, Ar ~ An. 





Remark 3.8. Together with the polarity + of the curl eigenvalues, 
these are 3-wave resonances where two of the eigenvalues are much larger in 
moduli than the third one. In the limit |k|, |m], |n| > 1,8 ~ |k], Am ~ 
|m], An ~ |n], the eigenfunctions ® have leading asymptotic terms which 
involve cosines and sines periodic in r (see [29, Sec. 3]). In the strictly 
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resonant equations (2.30), the summation over the quadratic terms becomes 
an asymptotic convolution in ny = kı + nı. The resonant three waves in 
Lemma 3.7 are equivalent to Fourier triads k + m = n, with |k| ~ |n| and 
|m| < |k|,|n|, in periodic lattices. In the physics of spectral theory of 
turbulence [17, 26], these are exactly the triads responsible from transfer 
of energy between large scales and small scales. These are the triads which 
have hampered mathematical efforts at proving the global regularity of the 
Cauchy problem for 3D Navier-Stokes equations in periodic lattices [16]. 


PROOF OF LEMMA 3.7 (see [29]). The transcendental dispersion law 


for 3-waves in K™* for cylindrical domains, is a polynomial of degree four in 
V3 = 1/h?: 





P(83) = Pio + P303 + Pod? + Pis + Po = 0, (3.8) 


with no = k2 + m2 and n3 = k3 + m3. 


Then with 
B?(mi,m2,ams3) B’ (n1, n2, ans) 


2(k1, ko, ak 
p a athe ( a 3) he = 2 > i = 5 
3 m3 n3 


(see the radial Sturm-Liouville problem in [29, Sec. 3], the coefficients of 


P(Ÿ3) are given by the formula 


Po = -3, 

Ps = —4(hk + hm + hn), 

Py = —6(Aghm + huhn + hmhn), 

Pi = —12hghmhn, 

Py = hè h? + nth? +h? hb? —2(hghmh? + hghyh?, + hmhnh?). 


Similar formulas for the periodic lattice domain were first derived in [5, 6, 
7]. In cylindrical domains, the resonance condition for K* is identical to 


1 1 1 
e a e —= =], 
Vs +hk výs +hħm V03+hn 


with da = 1/h?, hy = 87 (k)/k2, hm = B? (m) /m3, hn = 8? (n) /n2}; Equation 
(3.8) is the equivalent rational form. 











From the asymptotic formula (3.44) in [29] for large 8 


Br, n2, n3) ~ nın + nas an “ +4, (3.9) 
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h 
where 4 = 0 if lim 2 = 0 (for example, h fixed, “2 0) andy = +2 if 
m3 2T m3 2 
h 
lim 22 = +o% (for example, Le fixed, h — co). The proof is completed 
m3 2T m3 


" ` 1 
by taking leading terms P + 03P1 in (3.8), V3 = 72 < 1, and m2 = 0, 
ko = O(1), ng = O(1). 














We now state a theorem for bursting of the H? norm in arbitrarily 
small times, for initial data close to the hyperbolic point (0, £(0), 0). 


Theorem 3.9 (bursting dynamics in H°). Suppose that À > u > v, 
Ay < 0, |u| & A, and A = |v]. Let W(t) = A®p(t)? + $q(t)? + ver(t)? 
be the H?-norm squared of an orbit of (3.5). Choose initial data such that 
W(0) = A®p(0)? + %q(0)? with A®p(0)? ~ $W(0) and uŝq(0)? ~ SW(0). 
Then there exists t* > 0 such that 


W(t) > I (*) wo, 


pe Ln(A/|pl)(A/|HI) 





where t* < 
W(0) 

Remark 3.10. Under the conditions of Lemma 3.7, (A/u)° > 1, 
whereas p?(Ln(A/|u|))(A/|u|)~! < 1. Therefore, over a small time interval 
of length O(y?(Ln(A/|pl))(A/|u|)~*) < 1, the ratio ||U(¢)||x9/|[U(0)|| zs 
grows to reach a maximal value O ((A/|p|)?) > 1. Since the orbit is periodic, 
the H? semi-norm eventually relaxes to its initial state after some time (this 
being a manifestation of the time-reversibility of the Euler flow on the energy 
sphere). The “shadowing” Theorem 2.10 with s > 7/2 ensures that the full, 
original 3D Euler dynamics, with the same initial conditions, will undergo 
the same type of burst. Notice that, with the definition (1.13) of ||- || zs, 
one has 

Res x ylle = || cur (Qes x y)llz2 = 0. 


Hence the solid rotation part of the original 3D Euler solution does not 
contribute to the ratio ||V(t)|| as /||V(0)|| 2. 


Theorem 3.11 (bursting dynamics of the enstrophy). Under the 
same conditions for the 3-wave resonance, let E(t) = \*p(t)? + qalt)? + 
v?r(t)? be the enstrophy. Choose initial data such that =(0) = A?p(0)? + 
u?q(0)?+v?r(0)? with Xp(0)? ~ $3 (0), u2q(0)? ~ $5 (0). Then there exists 
t** > 0 such that 





E(t) > (M/W, 
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where t™ < <5 san" n(/lal)/la) 2 

Remark 3.12. It is interesting to compare this mechanism for bursts 
with earlier results in the same direction obtained by DiPerna and Lions. 
Indeed, for each p € (1,00), each 6 € (0,1) and each t > 0, DiPerna and 
Lions [15] constructed examples of 2D-3 components solutions to Euler 
equations such that 


IVO) lwi Se while IVE llw > 1/6. 
Their examples essentially correspond to shear flows of the form 


u(x2) 
V(t, x1, £2) = 0 


w(a1 — tu(x2), £2) 
where u € W}? while w € WP. It is obvious that 
(32 — tu'(x2)ð1)w(x1 — tu(x2), £2) 


curl V(t, 21,22) = —O,w (x1 — tu(x2), £2) 
—u' (x2) 
Thus, all the components in curl V(t, x1, £2) belong to LẸ į, except for the 
term —tu'(r2)0,w(a1 — tu(x2), £2). For each t > 0 this term belongs to 
L? for any choice of u € WE? and w € WEP, if and only if p = oo. 
Whenever p < oo, DiPerna and Lions construct their examples as some 
smooth approximation of the situation above in the strong W!” topology. 


In other words, the DiPerna—Lions construction works only in cases 
where the initial vorticity does not belong to an algebra — specifically to 
LP, which is not an algebra unless p = oo. 


The type of burst obtained in our construction above is different: in 
that case, the original vorticity belongs to the Sobolev space H?, which 
is an algebra in space dimension 3. Similar phenomena are observed in all 
Sobolev spaces HÊ with 8 > 2 — which are also algebras in space dimension 
3. 


In other words, our results complement those of DiPerna—Lions on 
bursts in higher order Sobolev spaces, however at the expense of using more 
intricate dynamics. 


We proceed to the proofs of Theorems 3.9 and 3.11. We are interested 
in the evolution of 


E = Xp? + pq? + v?r? (enstrophy) (3.10) 
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Compute 

È = —2 (X° (u — v) + pv — À) +700 — p)) par. (3.11) 
Then 

(pgr) = —(u—v)q?r? — (v — A)r? p? — (A= p)p?@. (3.12) 


Using the first integrals above, one has 


p? 
Van | q? | = 
ye 


where Van is the Vandermonde matrix 


1 1 1 
Van= | à pw vy. 
X y? 1? 


For À Zu £ v Æ À this matrix is invertible and 


E 
n) i (3.13) 





pv -u +v) 1 
A= aA) A-p(A-v) (A-p)(A-v) 
Van- = vÀ —(v + À) 1 
CJG-vGu-X (u—v)(u-— A) (u—v)(u— A) 
Ap (A +4) 1 
&G—AG-u) GA (Guy) (—A (vu) 
Hence 
2 = ae _— a V v 
2 — ee =—(v v 
P = pg y EW HAH +B), (3.14) 
hi HSE 


(v— A)(v — u) 
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so that 
bee se POP PERS CREME) 
D =o g 
(v — A)r?p? = _E- + WH + ME) (E (u+v)H +uvE) 
(A — p)(A-v)(u— v) i 
De je E A AE, 


(A— uA- v)u- v) | 
Later on, we use the notation 

z_(A uv) =(u+v)H — pE, 

xo (A, y, v) = (u + A) — HE, (3.15) 
z4 (à, u, v) = (A+v)H — \vE. 





Therefore, we find that = satisfies the second order ODE 
5 => 2K uv (€ — T- (À, H, v))(E = ro(A, H, v)) 
+(E — 20(A, y, v))(E — z4 (A, p, v)) + (E — £4 (A, p, v))(E — (À, y, v))) 
which can be put in the form 
E= 2K ypu P l=) (3.16) 
where P) u,v is the cubic 
Piuv(X) = (X — (A, p, v))(X — ror, u, v))(X — z4 (å, p, v)) (3.17) 
and 
X (u-v) +p- APA- u) 
(A — uA- v)u- v) 
In the sequel, we assume that the initial data for (p,q,r) are such that 
r(0) = 0, p(0)(q(0) Æ 0. Let us compute 
z- (A, p, v) = Avp(0)* + u’q(0)? + u(à — v)p(0)?. 
zo (A, p, v) = Xp(0) + u?q(0)’, 


v+X À 
x4 (À, u, v) = X*p(0)? + ( he 2) n’q(0)°. 


Kypru = (3.18) 


(3.19) 





We also assume that 


à\>u>rv, Av <0, ul Kà, A~ |v}. (3.20) 
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Then Ky, > 0. In fact, Ky... ~ 2, and E is a periodic function of t such 
that 


inf E(t) = xzo(à, u,v), supa(t) = 2+(, u,v) (3.21) 
tER tER 


with half-period 


i z4 (A u,v) d 
T 
i. E (3.22) 
MR Te Pur (t) 
æo(À,u,v) 
We are interested in the growth of the (squared) H? norm 
W(t) = A®p(t)? + w8q(t)? + vêr)’. (3.23) 


Expressing p?, q, and r°? in terms of E, H, and ©, we find 


AS(S — a_ (A, p, v)) pÊ(E — x4 (À, p, v)) + vê(E — xo(À, u,v) 
(A= u) (A= v) (u=v)(u — A) GA) y) 
(3.24) 


W = 


Hence, if E = x4 (À, p, v), then 


-_ N(x (A, WV) — t_(A, y, v)) v®(x4(A, uv) — To(À, p, v)) 





PE pan * @-AXe-w 
> M (a4, uv) = x- (À, m, v)) 
am ee 


Let us compute 
z4 (à, uv) x (A, u,v) = (A= u) (à — v)p(0)? 


; f 3.25 
+( O 1) 124(0)? Z —vAq(0)? ~ A24(0)?. = 





We pick the initial data such that 
W (0) = A®p(0)®° + u5q(0)$ with A®p(0)? ~ $W(0) and p®q(0)? ~ 4W (0). 


When © reaches x4 (A, p, v), we have 


AGO a A à 2. à 
À ==" 2 a6(X — u)(À = v) W(0) “er AE (3.27) 


Hence W jumps from W(0) to ~ LAW (0) in an interval of time that does 
not exceed one period of the = motion, i.e., 27,,,. Let us estimate this 
interval of time. We recall the asymptotic equivalent for the period of an 
elliptic integral in the modulus 1 limit. 
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Lemma 3.13. Assume that x_ < £o < x+. Then 


z4 
f dx 1 1 1 
— te FOE m 
(x — x)(x — zro)(x+— gr)  VT+ x 1 , [Z 
To T+—T_ 
uniformly in x—, £o, and z} as cai 1. 
T4 — LH 


Here, 


eee ee es O 5 
Var) = 2-0, 6,7) ~ Sq À VW) 
Further, 
toà, p, v) — z- (A, u,v) = (A= p)(A = v)p(0)? (3.28) 
so that 
1 1 


1 Jam 1h CEMER 
V ar- OOO UN) ANO 


(A= p) (À — v)p(0)? + (uv + à) — và = p?)g(0)? 
2(A — u) (à — v)p(0)? 
a(0)? 1 W(0)/2u$ A8 


N= 


2p(0)? 2 W(0)/2A8 pS 





~N 


è 





Hence 








3 u ( X6 ) 12 |p|? (>) 
DIRES — ln | — | < — In| —}. 3.29 


Conclusion: collecting (3.26), (3.27), and (3.29), we see that the 
squared H? norm W varies from W(0) to ~ p°W(0) in an interval of time 
12 php 
< —. (Here, p = A/p.) 
VW(0) P 
We now proceed by obtaining similar bursting estimates for the en- 
strophy. We return to (3.21) and (3.22). Pick the initial data so that 





[1] 


(0) = \?p(0)? + u?q(0)? with A?p(0)? ~ =E(0) and p?q(0)? ~ 5=(0). 


1 
2 
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Then 
be) = a(n v) = (À 8) v)p(0) + ( + = , im 1) p2q(0)? 
~ 20%p(0)? + (0)? ~ S500), 
u 


while xo(À,u,v) — x- (A, u,v) = (À — u) (à — v)p(0)? ~ 2X2p(0)? ~ =(0). 
Hence, in the limit as p = A/|u| — +00, one has 


1 1 
— — In 
2/2 /pPE(0) 1- 
1 Le 
24/2=(0 a ee =(0) 2 ° 
and = varies from xo(A, p, v) = E(0) to z4 (A, p, v) ~ p?=(0) on an interval 
of time of length 7,42. 


2D) uv 














4. Strictly Resonant Euler Systems: 
the Case of 3- Wave Resonances on Small-Scales 


4.1. Infinite dimensional uncoupled SO(3) systems. 


In this section, we consider the 3-wave resonant set K* when |k|?, |m|?, 
nf > 1/n?, 0 < n & 1, ie., 3-wave resonances on small scales; here 
|k|? = k? +k3+k2, where (k1, k2, k3) index the curl eigenvalues, and similarly 
for |m|?, |n|?. Recall that k2 + mo = nz, k3 +m3 = ng (exact convolutions), 
but that the summation on k1, m1 on the right-hand side of Equations (2.30) 
is not a convolution. However, for |k|?, |m|?, |n|? > 1/n?, the summation 
in ky, m1 becomes an asymptotic convolution. 


Proposition 4.1. The set K* restricted to |k|?,|m|?,|n|? > 1/n?, for 
all 0 <7 <1 is not empty: there exist at least one h/R with resonant three 
waves satisfying the above small scales condition. 


PROOF. We follow the algebra of the exact transcendental dispersion 
law (3.8) derived in the proof of Lemma 3.7. Note that P(v3) < 0 for 


= B?(m1,m2,am3) 


2 


3 = 1/h? large enough. We can choose hm 
m3 


= 0, say 
; spe aLe h T T 
in the specific limit — 0, and B(m1,m2,am3) ~ MAT + Mo + —. 

27m3 2 4 
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Then Po = h2h2 > 0 and P(Ÿ3) must possess at least one (transcendental) 
root 83 = 1/h?. 














In the above context, the radial components of the curl eigenfunctions 
involve cosines and sines in r/R (see [29, Sec. 3]) and the summation in ky, 
m on the right-hand side of the resonant Euler equations (2.30) becomes 
an asymptotic convolution. The rigorous asymptotic convolution estimates 
are highly technical and detailed in [18]. The 3-wave resonant systems 
for |k|?, |m|?, |n|? > 1/n? are equivalent to those of an equivalent periodic 
lattice [0,27] x [0, 2x] x [0, 27h], 3 = 1/h?; the resonant three wave relation 
becomes: 


Nie 








1 
n? n2\ k2 k2\ ? 
= (00+ 15 +00) + (otni +o -) 
3 





n3 3 k3 
1 
2 2\ =3 
ae (vs + die + o) = 0, (4.1a) 
m3 m3 
k+m=n, kgmgnz 4 0. (4.1b) 


The algebraic geometry of these rational 3-wave resonance equations has 
been investigated in depth in [6] and [7]. Here, V1, V2, V3 are periodic 
lattice parameters; in the small-scales cylindrical case, 0; = V2 = 1 (after 
rescaling of no, k2, m2), V3 = 1/h?, h height. Based on the algebraic 
geometry of “resonance curves” in [6, 7], we investigate the resonant 3D 
Euler equations (2.30) in the equivalent periodic lattices. 

First, triplets (k,m,n) solution of (4.1) are invariant under the re- 
flection symmetries 09,01, 02,03 defined in Corollary 3.1 and Remark 3.2: 
O0 = Id, oj(k) = (ei jki), I < 1 < 3, Ei,j = +1 if 7 x J, Ei j = —l ifi = 7, 
1 < j < 3. Second, the set K* in (4.1) is invariant under the homothetic 
transformations: 


(k,m,n) — (yk, ym, yn), y rational. (4.2) 


The resonant triplets lie on projective lines in the wave number space, with 
equivariance under gj, 0 < j < 3 and 7-rescaling. For every given equi- 
variant family of such projective lines the resonant curve is the graph of Te 


versus 22, for parametric domain resonances in V1, V2, Va. 


Lemma 4.2 ([7, p. 17]). For every equivariant (k, m,n) the resonant 
curve in the quadrant Ÿ1 > 0,02 > 0,03 > 0 is the graph of a smooth 
function 03/0, = F (02/01) intersected with the quadrant. 
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Theorem 4.3 ([7, p. 19]). A resonant curve in the quadrant 93/01 > 
0, %2/01 > 0 is called irreducible if 


det | m3 mi mi | 40. (4.3) 
D p2 y2 


ng ni ni 
An irreducible resonant curve is uniquely characterized by six nonnegative 
algebraic invariants P1, P2, Ri, Re, Si, and S2 such that 


2 2 
{2 2) (pe pay, 


ne? "3 
ki k3 
[aE =1 Ria Rots 


2 2 
{nate = (SE), 


22 
m3 m5 
and permutations thereof. 


Lemma 4.4 ([7, p. 25]). For resonant triplets (k, m, n) associated to a 
given irreducible resonant curve, i.e., verifying Equation (4.3), consider the 
convolution equation n =k+m. Letoi(n)#n for alll <i <3. Then there 
are at most two solutions (k,m) and (m, k) for a given n provided that six 
non-degeneracy conditions (3.39)-(3.44) in [7] for the algebraic invariants 
of the irreducible curve are verified. 


For more details on the technical non-degeneracy conditions see Ap- 
pendix below. An exhaustive algebraic geometric investigation of all solu- 
tions to n = k+m on irreducible resonant curves is found in [7]. The essence 
of the above lemma lies in that given such an irreducible “non-degenerate” 
triplet (k,m,n) on K*, all other triplets on the same irreducible resonant 
curves are exhaustively given by the equivariant projective lines: 


(k,m,n) — (yk,ym,yn), for some y rational , (4.4) 


(k,m,n) — (o;k,aj;m,ojn), j = 1,2,3, 4.5 


and permutations of k and m in the above. Of course, the homothety 7 
and the gj symmetries preserve the convolution. This context of irreducible 
“non-degenerate” resonant curves yields an infinite dimensional uncoupled 
system of rigid body SO(3;R) and SO(3;C) dynamics for the 3D resonant 
Euler equations (2.30). 
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Theorem 4.5. For any irreducible triplet (k,m,n) satisfying Theorem 
4.3 and under the “non-degeneracy” conditions of Lemma 4.4 (csee Appen- 
dix), the resonant Euler equations split into the infinite countable sequence 
of uncoupled SO(3;R) systems 


k= T kmn Arm — An)@m@n; (4.6a) 
ni, = L'émn (An = \k)An@k, (4.6b) 
an = Timin Ak = Am) akan (4.6c) 


for all (k,m,n) E yla; (k*),oj(m*), oj(n*)), 


4.7 
y= 41, +2,43... 0< j <3. (=n 

















k*,m*,n* are some relatively prime integer vectors in Z? characterizing the 
equivariant family of projective lines (k, m,n); kmn = (Px, X Bm, BF), 
Temn real. 


Theorem 4.5 is a simpler version for invariant manifolds of more gen- 
eral SO(3;C) systems. It is a straightforward consequence of Propositions 
3.2 and 3.3 and Theorems 3.3-3.5 in [7]. The latter article did not explicit 
the resonant equations and did not use the curl-helicity algebra fundamen- 
tally underlying this present work. Rigorously asymptotic infinite countable 
sequences of uncoupled S'O(3;R), SO(3;C) systems are not derived via the 
usual harmonic analysis tools of Fourier modes, in the 3D Euler context. 
Polarization of curl eigenvalues and eigenfunctions and helicity play an es- 
sential role. 


Corollary 4.6. Under the conditions Ans — Ap» > 0, Ak — Am* > 
0, the resonant Euler systems (4.6) admit a disjoint, countable family of 
homoclinic cycles. Moreover, under the conditions An: > +1, Am” < 
—1, Ar < àn», each subsystem (4.6) possesses orbits whose H° norms, 
s > 1, burst arbitrarily large in arbitrarily small times. 


Remark 4.7. One can prove that there exists some 0 < Imax < ©, 
such that |L kmn| < Tmax for all (k, m,n) on the equivariant projective lines 
defined by (4.7). The systems (4.6) “freeze” cascades of energy; their total 
enstrophy 

E(t) = So OaE + Main (t) + Anan (t)) 
(k,m,n) 
remains bounded, albeit with large bursts of =(t)/=(0), on the reversible 
orbits topologically close to the homoclinic cycles. 
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4.2. Coupled SO(3) rigid body resonant systems. 


We now derive a new resonant Euler system which couples two SO(3; R) 
rigid bodies via a common principle axis of inertia and a common moment of 
inertia. This 5-dimensional system conserves energy, helicity, and is rather 
interesting in that dynamics on its homoclinic manifolds show bursting cas- 
cades of enstrophy to the smallest scale in the resonant set. We consider 
the equivalent periodic lattice geometry under the assumptions of Proposi- 
tion 4.1. 


In Appendix, we prove that for an “irreducible” 3-wave resonant set 
which now satisfies the algebraic “degeneracy” (A-4), there exist exactly 
two “primitive” resonant triplets (k,m,n) and (k, m,n), where k, m, k, m 
are relative prime integer valued vectors in Z3. 


Lemma 4.8. Under the algebraic degeneracy condition (A-4), the ir- 
reducible equivariant family of projective lines in K* is exactly generated by 
the following two “primitive” triplets: 


n=k+m, k=ak, m= bm, (4.8a) 
n=k+m, k=d'oi(k)+0'0;(m), (4.8b) 
ie., 
n = ak + bm, (4.8c) 
n = a'oi(k) + b'o; (m), (4.8d) 


where o; # oj are some reflection symmetries, a, b, a’, b! are relatively 
prime integers, positive or negative, and k, M are relatively prime integer 
valued vectors in Z°, i.e., (a,a’) = (b,b') = (a,b) = (a',b') = 1, (k,m) = 1, 
where ( ) denotes the greatest common denominator of two integers. All 
other resonant wave number triplets are generated by the group actions o1, 
l= 1,2,3, and homothetic rescalings 








(k,m,n) (mn), (k,m,n) + ylk, ñ, n) (7 € Z) 
of the “primitive” triplets. 
Remark 4.9. It can be proved that the set of such coupled “primitive” 
triplets is not empty on the periodic lattice. The algebraic irreducibility 


condition of Lemma, 4.2 implies that +k3/|k| = +k3/|k| and +m3/|m| = 
+mz3/|m|, which is obviously verified in Equations (4.8). 

















Theorem 4.10. Under the assumptions of Lemma 4.8, the resonant 
Euler system reduces to a system of two rigid bodies coupled via a, (t) : 
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= (Am — Àn l'aman, (4.9a) 

= (An — A (4.9b) 

= (Ak — Àm )lakam + Ae = Xi) açam, (4.9c) 
åm = (An — Ag) T'ana;, (4.9d) 
= (An — lose, (4.9e) 


where I = i(Bx X Pm, Bi), D = (D; x Bm, D). Energy and helicity are 
conserved. 


Theorem 4.11. The resonant system (4.9) possesses three indepen- 
dent conservation laws 





Ei = a? + (1 — ajaz, (4.10a) 

Ez = a? + aa, + (1 — à)ai,, (4.10b) 

E3 = az + da, (4.10c) 

where 

a = (Am — Ak)/(An — Ax); (4.11a) 

a = (Am — Ag) (Ag — àn). (4.11b) 

Theorem 4.12. Under the conditions 
Am < Ak < Àn, (4.12a) 
Am < An < Aj, (4.12b) 








which imply a < 0, à < 0, the equilibria (+ax(0),0,0,0,+a;(0)) are hyper- 
bolic for |az(0)| small enough with respect to |ax(0)|. The unstable manifolds 
of these equilibria are one dimensional, and the nonlinear dynamics of the 
system (4.9) are constrained on the ellipse E, (4.10a) for ax(t), am(t), the 
hyperbola €3 (4.10c) for az(t), am(t), and the hyperboloid E> (4.10b) for 
Am(t), am(t), an(t). 


Theorem 4.13. Let the 2-manifold E1 N E2 N Ez be coordinatized by 
(am, am). On this 2-manifold, the resonant system (4.9) is Hamiltonian, 
and therefore integrable. Its (multi-valued) Hamiltonian is defined by the 
closed 1-form 


d m m 
h = Tin = A) — Pn fe, (4.13) 
aj, ak 
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while the symplectic 2-form is 
dam ^ dam 
Ww = ——— |, 
akan Qj. 


(4.14) 


PROOF. Eliminating az(t) via E1, an(t) via E2, az(t) via €3, the reso- 
nant system (4.9) reduces to 


åm = (An — )(E — (1— a)a2,)? (Eo — aa, + (à — 1)02,)?, 
åm = Hàn — À5)(E2 — aah, + (à — 1)a3,)? (Es — ãa?,)?; 





after changing the time variable into 
t 
t> fe tof te aot Se = DE ae de, 
0 
On each component of the manifold E1 N E2 N E3, the following func- 
tionals are conserved: 
~ dam 
ms Um = + (A, — À; St Ga. 
H(a a ) ( af (Ey _ (1 — a)a2, )1/2 


dam 


+ T(An — Ax) I (Es — Gaz, 7/2" 


We note that the system of two coupled rigid bodies (4.9) does not 
seem to admit a simple Lie-Poisson bracket in the original variables (ax, am, 
An: 4m Qj). Yet, when restricted to the 2-manifold €; N E2 N &3 that is 
invariant under the flow of (4.9), it is Hamiltonian and therefore integrable. 

















This raises the following interesting issue: according to the shadow- 
ing Theorem 2.10, the Euler dynamics remains asymptotically close to that 
of chains of coupled SO(3;R) and SO(3;C) rigid body systems. Perhaps, 
some new information could be obtained in this way. We are currently 
investigating this question and will report on it in a forthcoming publica- 
tion [21]. 

Already the simple 5-dimensional system (4.9) has interesting dynam- 
ical properties, which we could not find in the existing literature on systems 
related to spinning tops. 


Consider, for instance, the dynamics of the resonant system (4.9) with 
I.C. topologically close to the hyperbola equilibria (+a; (0), 0,0,0,+a;(0)). 
Under the conditions of (4.12) and with the help of the integrability theorem 
(see Theorem 4.13), it is easy to construct equivariant families of homoclinic 
cycles at these hyperbolic critical points. 
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Corollary 4.14. The hyperbolic critical points (+a, (0), 0,0, 0, +a;(0)) 
possess 1-dimensional homoclinic cycles on the cones 


a? +(1— à)a?, = —aa?, with a <0, à < 0. (4.15) 


Note that these are genuine homoclinic cycles, NOT sums of hetero- 
clinic connections. Initial conditions for the resonant system (4.9) are now 
chosen in a small neighborhood of these hyperbolic critical points, the cor- 
responding orbits are topologically close to these cycles. With the ordering: 


Am < Ak < An; (4.16a) 
Arl < [Aml]; [Ak] < An, (4.16b) 
Nis An XG, (4.16c) 
Aml < Aj, (4.16d) 
Ak > An; (4.16e) 


which can be realized with |a’/a| > 1 and |b’/b| 1 in the resonant triplets 
(4.8), we can demonstrate bursting dynamics akin to Theorems 3.9 and 
3.11 for enstrophy and H° norms, s > 2. The interesting feature is the 
maximization of |az(t)| near the turning points of the homoclinic cycles on 
the cones (4.15). This corresponds to transfer of energy to the smallest scale 
k, Az. 

In the forthcoming publication [21], we investigate infinite systems of 
the coupled rigid bodies equations (4.9). 


Appendix 


We focus on a resonant wave number triplet (n,k,m) € (Z*)? verifying 


e the convolution relation 





n=k+m, (A-1) 
e the resonant 3-wave resonance relation 
n3 k3 
e) (A-2) 





A/ vm? + Vam? + ami 


e the condition of “non-catalyticity” 


k3m3n3 # 0, (A-3) 
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e and the degeneracy condition of [7, p. 26] 
Gi", (k, m) = kinjmu + kimjn; = 0, (A-4) 
where (i, j, l) is a permutation of (1, 2,3). 


As is known [7, Lemma 3.5 (2)], the system of equations (A-3)-(A-4) for 
unknown k and m, given a vector n, admits exactly 4 solutions in Z3 x Z3: 


(k,m), (m,k), (k, m), (m, k). 


Here, k and m are two vectors of the original resonant triplet, whereas 
k = ao;(k), m = Bo;(m), where 


¢ 10,41}, B= 


and the symmetries o; and gj are defined by 


mk, — miki 


> mik; = miki 
7 miki + miki 








¢ {0,+1}, 


mik; + mjki 


oj u = (w)i=1,2,3 > (=u) iag 
One verifies that o? = o? = Id, oj0; = oji = —01, i.e., the group generated 
by o; and o; is the Klein group Z/2Z x Z/2Z. 

Let us write irrational numbers a and 5 under the irreducible repre- 
sentation a = a’/a, B = b'/b, with a,a’,b,b’ € Z* and (a,a’) = (b,b') = 1, 
where ( ) denotes the greatest common denominator of the integer pair. 
From k € Z? it follows that ala’k. However, since (a,a’) = 1, the Euclid 

= 1 1 
lemma yields that alk. Similarly, b]m. We set k = —k € Z3, m= jm € Zè. 
a 

Hence the integer vector n admits two decompositions 

n = ak + bm = a/o;(k) + b'o; (m). 

23 

EV 0127 + 0222 + 0323 
0, we see that, within the resonance condition (A-2), we can replace each 
vector k,m and n by any collinear vectors, integer or not. Suppose that 
there exists a positive integer d Æ 1 such that d|k. Then dln, so that by 


Since the function z > is homogeneous of degree 


1 E 
setting no = q™ ko = qE mo = ae we finally obtain 
no = ako + bko = a'ai(ko) + b'a; (mo). 


The triplets (no, ako, bmo) and (no, a'oi(ko),b'a;(mo)) verify from the above 
remark, the convolution relation (A-1), and the resonance relation (A-2). 
Hence without loss of generality we can assume that the only positive integer 
d such that d|k and dm is 1; which we denote by (k, m) = 1. Equivalently, 


k12 + koZ + kgZ + MZ + mZ + M3Z+ = Z. 
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Finally, suppose that there exists à positive integer d 1 such that 


1 1 1 
dla and d|b. Then din. We set no = gr 00 = a, bo = qe Observe that 


ir Ta = 1 ir (oh he 
Gi (aok, bom) = z Cis (ak, om) = (0. 


From [7, Lemma 3.5 (2)] it follows that the vector no of the resonant triplet 
(no, aok, bom) can also be written as 


no = k + ñ with (no, Ẹ, ñ) verifying (A-2). 


But then n = dno = ak+bm = a'c; (k) + b'o; (m) = dk+ din. By [7, Lemma 
3.5 (2)], (dk, din) must coincide with one of the pairs (a/o;(k),b'o;(M)), 
(b'c;(™), a’o;(k)). In particular, d|a’k and d\b/m™. Since dla and (a, a’) = 1, 
we have (d, a’) similarly (d,b’) = 1. But then the Euclid lemma yields d|k 
and dj, which contradicts the fact that (k, m) = 1. Hence we have proved 
that (a,b) = 1. Ina similar way, one can show that (a’,b’) = 1. 


Conclusion: From the above consideration it follows that n € Z* 
admits two decompositions 


n = ak + bm = a'o;(k) + b'o; (m) 
with (a, a’) = (b,b') = (a,b) = (a’, b’) = 1, (k,m) = 1. 

The triplets (n, ak, bm) and (n,a/o;(k),b'o;(m)) verify the resonant 
condition (A-2) (from the homogeneity of this condition) and the condition 
of non-catalyticity (A-3). Indeed, aba’b’ Æ 0 and the condition (A-3) on the 
initial triplet (n,k,m) imply that the reduced triplet (n, k, m) also verifies 
(A-3)). Finally, the degeneracy condition (A-4) G4”, (ak, bm) = 0 is verified. 
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Increased Stability 
in the Cauchy Problem 
for Some Elliptic Equations 


Victor Isakov 


Wichita State University 
Wichita, USA 


We derive some bounds which can be viewed as an evidence of increasing sta- 
bility in the Cauchy problem for the Helmholtz equation with lower order terms 
when frequency is growing. These bounds hold under certain (pseudo-)convexity 
properties of the surface, where the Cauchy data are given, and of variable zero 
order coefficient of the Helmholtz equation. Proofs use Carleman estimates, the 
theory of elliptic and hyperbolic boundary value problems in Sobolev spaces, and 
Fourier analysis. We outline open problems and possible future developments. 
Bibliography: 12 titles. 


1. Introduction 


Uniqueness and stability in the Cauchy problem for partial differential equa- 
tions is an issue of fundamental theoretical and applied importance. In 
particular, it is quite important for control theory and inverse problems. 
Uniqueness implies approximate controllability, and the Lipschitz stability 
estimates lead to exact controllability. The Cauchy problem plays a cru- 
cial role in recovery properties of media or obstacles from remote sensing. 
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Theory of the Cauchy problem has a long history, starting with the classi- 
cal Holmgren—John theorem about the uniqueness of continuation across a 
noncharacteristic initial surface [ for equations and systems with analytic 
coefficients. 


In 1938, Carleman used weighted energy estimates to handle nonana- 
lytic coefficients. His method generated a variety of results, mainly for scalar 
equations, published in hundreds of research papers and monographs. This 
method works under the so-called pseudo-convexity condition on the weight 
function. If this condition is not satisfied, there are examples of nonunique 
continuation across a noncharacteristic surface. With an exception of the 
hyperbolic equations and space like initial surfaces T, the Cauchy problem 
is not well posed, in particular, there exists no solution in classical function 
spaces. If a solution is unique, then one can claim some stability provided 
that solutions are bounded in some standard norms. As is well known [9], 
for general analytic equations the best possible stability is stability of log- 
arithmic type. This is quite pessimistic for the numerical solution of the 
continuation problem and therefore for various applications. The Carleman 
method implies much better Holder type stability estimates and, in some 
interesting cases, even the best possible Lipschitz type estimates. For brief 
history and references see [4, 5]. 


Needs of prospecting by acoustical, elastic, and electromagnetic waves 
stimulate the study of this problem for the Helmholtz equation 


(A+b-V+apk?)u = f inQ, u € Ha)(Q), (1.1) 
with the Cauchy data 
u = uo, du = u, on T, (1.2) 


where Q is a domain in R”, T € C! is an (open) part of its boundary 0Q, and 
v is the exterior unit normal to OQ. For fixed k we have a conditional Hölder 
stability estimate [5, Sec. 3.3], however the constants in this estimate may 
depend on k. Due to the celebrated results of John [9], in the general case, 
these constants blow up as k goes to co, and one can expect only a quite weak 
logarithmic k-independent stability estimate. However, in several important 
practical examples (for examples, in computations for inverse scattering 
[1] and in near field acoustical holography [2, 8]), it was observed that 
stability (and, as a consequence, resolution) in the Cauchy problem and 
in some inverse problems is increasing with k. In [3], the authors found 
new stability estimates explaining this phenomenon for constant ao and 
illustrated it by the numerical solution of some important applied problems. 
In [7], the author extended results of [3] to variable ag and b = 0. The goal 
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of this paper is to show that the addition of regular b does not change 
results of [7]. This is achieved by more careful and complicated analysis 
using the general scheme of [7]. In particular, we again employ hyperbolic 
energy inequalities in the low frequency zone, use Carleman estimates for 
the time dependent wave equation to get k-independent Carleman estimates 
for Equation (1.1), and “freeze” b, ao at certain points in a special way. 
Again, we have to impose some (nontrapping) condition on ag. Proofs 
are getting more complicated because, in addition to difficulties with the 
(tangential) Fourier transform for variable coefficients, we have to handle 
“non-selfadjoint” terms resulting from the Fourier transform of b- Vu. 


This paper is organized as follows. In Section 1, we describe the cur- 
rent state of the problem, our main results and adjust to the Helmholtz 
equation the famous counterexample of Fritz John for the wave equation. 
In Section 2, we give energy estimates in the low frequency zone for con- 
stant and variable coefficients. An important ingredient of the proof of the 
k-independent stability for the Cauchy problem is a Carleman type estimate 
for (1.1) which does not depend on k. In Section 3, we derive this estimate 
from a known estimate for hyperbolic equations exactly as in [7]. Using the 
results of Sections 2 and 3, in Section 4 we give (standard and similar to 
[7]) proofs of the main results. 

We write x = (x',2n) € R",2 < n. Let Q be an open subset of 
the cylinder {0 < x, < h,|x’| < r} with the Lipschitz boundary 00, Q C 
{£n < h}, and let T be the part of OQ contained in the layer {0 < £n < h}. 
Suppose that Q(d) = QN {d < rp} and N*(d) = R”! x (d,h), 0 < d. Let 
En = (0,...,0,1). We denote by C and x constants that depend only on 
Q, S, ao, b, d. Any other dependence is indicated. We denote by ||u|| (z)(@) the 
standard norm in the Sobolev space Ho (Q) and write ||u||(Q) = |u| (o)(Q). 
We set Mi = |lullay(@), F = IAKO + lult) + [[Vull|), and F(k) = 
F+klu|(T). Denote by V(£,x,) the (partial) Fourier transform Fu(€, £n) 
of a function v(x) with respect to 2’. 

Since we are interested in increasing wave numbers k, for the sake of 
simplicity, we assume that 


L<k. (1.3) 
Theorem 1.1. Assume that b, ao € C1(Q),0 < ao on Q, and 
0 < ao + Vao : £ + Bnônao, 0 < nao on À (1.4) 


for some positive Bn. Let 0 < d. Then for any € there are C,C(e), xd) € 
(0,1) such that 
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Mi *“F(k)* + a (1.5) 


Ilull@(Q(@) < C(F +elullay() + Cle) à 
for all u solving (1.1), (1.2). 


As is known, C (£) indeed depends on d and blows up as d — 0 [3],[5, 
Ch. 3]. 


Theorem 1.1 allows us to consider more general domains Q. Let S be 
a compact subset of Q. We denote by P(v;d) the half-space of R” with 
the exterior normal v which has the distance d from S. We denote by y all 
v such that P(v;d) N OQ is contained in F. Let Q(v;T,d) be P(v;d) NQ, 
and, finally, let Q(T,d) be the union of all such Q(v;T,d) over v € +. If 
T = 0Q, then Q(T,0) is the difference of Q and the convex hull of S and 
Q(T, d) is the collection of points of Q(T, 0) which are at distance d from S. 
As in [3], applying Theorem 1.1 to any Q = Q(v;T,d),v € y and using an 
appropriate partition of unity, we obtain the following assertion. 


Corollary 1.1. Let the condition (1.4) be satisfied in any Q(v;T,d), 
v € y, with the x, -direction replaced byv. Then the bound (1.5) with Q(T, d) 
instead of Q(d) is valid. 


There is an important particular case, where the norm of the data 
does not explicitly depend on k. Let us keep the notation of Corollary1.1. 
Let w be an open subset of Q with T C Ow (boundary layer) such that T is 
at the distance do from ðw N Q. Let Fy = || FICO) + llulla (w). 


Corollary 1.2. Under the assumptions of Corollary 1.1, there are 
constants ©, C (do), C(e) such that for any solution u to the Cauchy problem 
(1.1), (1.2) 


Mi *F% + w 


uC, d)) < C(do)(Fa + ellullay(Q) + Cle) + 


(1.6) 


To derive Corollary 1.2 from Corollary 1.1, we let x to be a cut off 
function that is equal to 1 on Q\w and vanishes near I. Applying Corollary 
1.1 to xu instead of u and using that 


(A +b: V + k?añ)(xu) = x((A + k?)u) +2Vx: Vu + (Ax +b- Vx)u 
= xf +2Vx:Vu+(Ax+b:Vxy)u 


and the function yu has zero Cauchy data on I’, we obtain (1.6) from Corol- 
lary 1.1. 
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Theorem 1.1 and its corollaries show an improved stability in the 
Cauchy problem (1.1), (1.2) when one continues the solution of the dif- 
ferential equation inside the convex hull of I. Due to the results of John 
[9], this is impossible when one continues to the outside of a convex I. 


Our proof of Theorem 1.1 is based on the following assertion. 
Theorem 1.2. Let the condition (1.4) be satisfied. Then there are 
constants C, x(d) € (0,1) such that for any solution u to the Cauchy problem 
(1.1), (1.2) 
lulla (Q(@)) < C(F + (Mi) *F(k)*), (1.7) 
which is of its own interest since C and x are independent of k. 
Due to the above-mentioned results of John, the stability estimates of 


Theorems 1.1, 1.2 seem to be optimal. We remind the remarkable argument 
from [9, p. 569-571]. 


Let n = 2,r = |x|, xı =rcos6,xv2 = rsin. The functions 
Ug (a) = k73 Jn (kr)e'*? 


solve Equation (1.1) (with b = 0,aọ = 1) in R?. Let Q be the annular 
domain{4 < |z| < 2} and F = {|x| = À}. John showed that 








1 2 
| J. (kr)| < që when as, 


for some 0 < q < 1, and, on the other hand, 
|u| = Je(k) > Cok? on {|z| = 1}. 
From the first bound and known recurrent relations for Bessel functions we 
have a similar inequality for Jj, and hence 
k|luel|(P) + IVuxll(T) < g” for some q € (0,1),C < k. (1.8) 
Moreover, from [9, p. 570] 
lula (Q) < C (1.9) 


and 
2 1 T 1 ik 1 
2 = 2 2 4-2, 2 ( not 4 a 
Jé(kr) = a (r*—1)7? cos ( 1 +h ((r? 1)? —cos -))+0(=), (1.10) 
where o is uniform on (3/2,2). We have 


2 


B 
Jos ( “+ b((r? 1)3 cos L a] (-T+xs)as 


2 





ae 
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_ Baa, sin(—$ + 2ka) — sin(—? + 2k6) a 1 (1.11) 
C ACk C 





provided that k > C. Here, we used the substitution s = (r2—1)2 —cos~} 


and observed that 


1 
m 





1 _ ds _2\1 3 
ar *)? < O when 5 <r < 2. 
Using (1.10) and (1.11), we yield 
lux ||? (9) 
f 1 
il TE , 2 1 f 
>a (r* — 1) 2 cos a a k((r 1)? — arc cos =) )rdr + o( z) 


2 


> zf “ k((r? 1)? — arc cos ~)) ar +o( 5) > a 


3 
2 





This inequality and bound (1.9) demonstrate that for different geometries 
(when Q is not in the convex hull of I) or without the condition (1.4) 
Theorem 1.1 and its corollaries are wrong. Moreover, this example shows 
that the constants in the bound (1.5) (which holds at fixed k, [5, Secs. 
3.2, 3.3]) blow up when k grows. So, without convexity type conditions, the 
stability in the Cauchy problem for the Helmholtz equation is not improving, 
but on the contrary it is deteriorating. 


2. Energy Type Estimates in Low Frequency Zone 
We obtain some auxiliary results imitating the standard energy estimate for 
hyperbolic initial value problems. 


Lemma 2.1. Let a(n),b(n) € C*([0,h]) depend only on xn, and let 
v € C7(Q*) solve the initial value problem 


(A + B(n)- V + a(n)?k?)u; = 0; f; nO*(d), j=1,...,n—1, 


(2.1) 
vj = 0 on Q* (hı) 


for some hy € (d,h), fj € C?(Q*(d)), f; =0 on N* (hi), and 


Vj (È, £n) = 0 when oni) ps < léf?. (2.2) 
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Then there is a constant C depending only on h, sup(|b(n)| + |Onb(m)| + 
la(n)| + |Ona(n)|), supa-!(n) over (0,h) such that 


lv" (d)) < CIFIC (a). (2.3) 


PROOF. By the Parseval identity, it suffices to show that the solution 
to the initial value problem 


OV; + ba(n)ônV; + (a(n)?k? — |E?) V; 


(2.4) 
— ib(n) - EV; = —ié;F;on(d,h), j=1,...,n—1, 
with zero final conditions 
V; =0, Fj =00n (hy, h) (2.5) 
satisfies the bound 
h h 
[MPE sasse [RPE sds 5= 2.01 (26) 
d d 


Multiplying both sides of (2.4) by 6, V;, taking the complex conjugate, 
and adding results, we yield 


(OnVi)OnVj + (On Vj)3n Vj + 2bn(n)ldn Vi |? 
+ (a(n)?k? — |El?) (Vn Vj + Vida V5) — ib(n) : E(V;daV; — Vida V;) 
= igj (FjOnVj — FjOnVj). 
Observing that 0,,|V|? = VO,V+0,VV and multiplying by -e7*, we obtain 
— (al VF)?" — bn (n)2|3n V; e7” 
— (a(n)?k? = [Jon |V; Pere + éb(n) - E(Vdu V; — id VJe 
= ~i€;(FjOnVj — FjOnVj)e™*™. 
Integrating by parts over the interval (£n, h) with the use of (2.5), we obtain 


|OnVil?(@n)e7™" + (a? (n)k? — IV (ane 


h 
+ fe — 2bn(n))|OnV;|?(s)e™*ds 
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h 
+ Je (n)k? — |El?) + 2a(n)Ona(n)k?)|V;|?(s)e7*ds 


vi fon E(VjOnVj; — VjOnVj)(s)e7*ds 


= —ié; Jar = F;0,V;)(s)e7*ds. (2.7) 


By elementary inequalities, 





jo €(VjOnV; — Vj ðn V;)(s)e"*ds 





<jw |On v; serans fiet IV Je ds 
and 


h 
6 Jar, — Fj0,,V;)(s)e™*ds 


Tn 








<fr |F;|?( ners f laavsPtoetas 


Tn 


so, using the condition (2.2) and dropping the first two terms on the left- 
hand side of (2.7), we yield 


h 


fe = n(n) — |b'(n)|? — D) Vl? (s)e "ds 


Tn 


h 


T OO — ||?) + 2a(n)Ona(n)k? — [IV (s)eT*ds 


h 
< J EF AC)" as. (2.8) 
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Choosing 





T = Max (su (2b, (n) + |b’(n)|?) + 1,4sup ( = at) + 2), 


where the supremum is taken over (0, h), we guarantee that 
0 <r —2b6,(n) — |b'(n)|? —1, 
272 
AE Lane + 2a(n)avaln)k? — [EP 


Hence from (2.8) we derive 


h 
[Ss AVE y (ser ds < j IE (se "ds 


Tn 

















and, using (2.2), we arrive at (2.3). The proof is complete. 





Lemma 2.2. Let a(n) € C1((0,h]) depend only on tn, and let Un € 
C?(Q*) solve the initial value problem 


(A + b(n)» V + a(n)?k?)un = On fn in Q* (d), 


2.9 
Un = 0 on Q* (hy) A 
for some hy € (d, h), fn € C®(Q*(d)), fn =0 on Q* (hı), and 
2 
Vp (ê, £n) = 0 when auu < Jë. (2.10) 


Then there is a constant C depending only on h,sup(|b(n)| + |3nb(n)| + 
la(n)| + |O,a(n)|), supa~t(n) over (0, h) such that 


Ileus |(Q"(d)) < Cll frll(Q*(@)). (2.11) 


PROOF. By the Parseval identity, it suffices to show that solutions to 
the initial value problem 


3p Va + bn()OnVn + (a(n)?k? — |E]? — ib(n) - €)Vn = OnFn on (d,h) (2.12) 
with zero final conditions 


Vn = 0, Fa = 0 on (hi, h) (2.13) 


fmt a a <e fr te ade, (2.14) 


satisfy the bound 
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Integrating Equation (2.12) over (xn, h) and using the final conditions 


(2.13), we obtain 
h 
Va (£n) -fi (On bn ( 
h 


+ I (a(n)?(s)k? — eaa (2.15) 


Tn 


— nVn (Tn) — bn( 


Multiplying (2.15) by Vn (x, )eT®*, taking the complex conjugate, and adding, 
we yield 


— (An|Vnl?)(an Jer" — 2bn (n)| Vn |? (2n )er er 


a | Bnbn(n)Va(s)d8) Van) + ( j Dub (r)Pa (ds) Va) Je" 


h 
+ (Jet — E — ib(n) Vds) Pa(en)e™* 


h 
+ ( f (eR? — lel? + iln) + €a (ds) Va (der 
(FV, + FV.) (2n). (2.16) 
Setting for brevity 
Alan, €) = a(n)? (En)? —|EP, Bltn.€) =D) En) E (217) 
observing that 


h h 


( J4- iB), a (s)ds) Va (zn) + ( [4 +iB)7; a (6)ds) Va (en) 
n , Tn l 
=- EN J (A — iB)Va(s)ds 
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and integrating (by parts) (2.16) over (x,,h), we arrive at 


h 


[Ve ets + fe — 2b,(n))|Vn|?(s)e7*ds 


are f (J'en cos) 7O ea 


1 2 


h 
fu — 1B)(s)Vn(s)ds 

















tJ een NE 
: j 0 ie (A+ ne V, (Her dt 
< j [Fa[?(s)e"*ds + j IV, [?(s)e"*ds (2.18) 


by the elementary inequality 2ab < a? + b?. 
We will now bound some terms in (2.18). 
We have 


pre f (Jane nv, (ds) (her at 


h h 


< 14 (s)||Va(#)|ds) "dt 


h 


© (Jo. s)|? + [Va(t))as) e"tat 
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h 


o(a fivmretas f (| vations) era) 


h 
< Ch | WVa(s)Per as (2.19) 


Tn 


To bound the next term, we observe that 


Í A 
e —— = —— 
A+iB Æ +B? 


by the definition (2.17) of A and the condition (2.10), so the real part of 
this term is nonnegative. 


> AT! > CR 2 


Similarly, 
On(A—iB) 


SCOR 
(A+iB) LD 








and hence 


Re ( T ae T 


— - |? — 2.2 
A+iB  (A+iB}? Ck? 20) 


Finally, using again (2.17) and (2.10), we yield 


2iB ae 
A+iB| © k’ 


and hence 


i (zon) qr A + iB) (5) Vn (s jds) V; (Dera 
cf jjja-imoa 
< oà} ffa- memos 


Dropping the first and fourth terms in (2.18) and using (2.19), (2.20), 
(2.21), we yield 





|[Vn|(t)e"'dt 





2 





h 
cas f mea), (2.21) 


Increased Stability in the Cauchy Problem 351 


h 
fe — 2b, (n) — Ch)|Vnl2(s)ds 
. h h 2 
+ (=p = Cx) J | I (A — iB)(8)Vn(s)ds| etdt 


h h 
< fines + f Iva(s) Pera. 


Now, we choose 
T = max(2 sup bn (n) + Ch + 2, C°), sup over x, € (0, h). (2.22) 


Due to this choice of 7, the last inequality implies 
h h 
I \Vi(s)|?e7*ds < I |Fn(s)/Pe7*ds. 
Tn Tn 


So we obtain (2.14) with C = e7” and 7 defined by (2.22). 


The proof is complete. 














Lemma 2.3. Let a(n) € C([0,h]) depend only on £n, and let vn+1 € 
C?(Q*) solve the initial value problem 


(A + b(n) - V +.a(n)?k?)Unsi = kfn+1 in Q” (d), 


2.23 
Un+1 = 0 on Q* (hi) (220) 
for some hı € (d, h), fn € C®(Q*(d)), fn+1 =0 on Q* (hı), and 
2 
Katadera Oe Pe ee. (2.24) 


Then there is a constant C depending only on h,sup(|b(n)| + |3nb(n)| + 
la(n)| + |O,a(n)|),supa~t(n) over (0, h) such that 


longi] (Q"()) < Cll fnll (2 (d)). (2.25) 
The proof of Lemma 2.3 is similar to that of Lemma 2.1. 


_Lemma 2.4. Let a(n) € C*([0,h]) depend only on xn. Let vo € 
C?(Q*) solve the initial value problem 
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(A + b(n) -V + a(n)?k?)vo = k? fo in O*(d), 


2.26 
vo = 0 on Q* (hı) ( ) 
for some hı € (d, h), fn € C®(Q*(d)), fayı =0 on Q* (hı), and 
2 
Vo (E, £n) = 0 when aa < Jêl. (2.27) 


Then there is a constant C depending only on h,sup(|b(n)| + |3nb(n)| + 
la(n)| + |[ðna(n)|), supa™t(n) over (0, h) such that 


[vol (Q*(d)) < CULI) + [lôn foll (2*(d))). (2.28) 


PROOF. We need to modify slightly the previous argument. Indeed, 
as in the bounds for V}, 
|OnVo|? (tn )e™™” + (a2, (an )k? — |El?) Vol? (an )e 
h 
+ fe — 2bn(n))|OnVol2(s)e7*ds 


h 


+ fran? — lé?) + 2k?a(s, n)ôna(s,n))|Wl?(s)e ds 
k h 
4i J b(s,n) - £(VodnVo — hane 


h 
zap / Re (Pda o)(s)e"°ds 


h 
= k? Re (FoVo)(an)e7™™” + Mf Re ((On Fo + TFo)Vo)(s)e™*ds. (2.29) 


To bound the last integral, we observe that 


h 
| [ov n) i E(VoOnVo = Von Vo)(s)e™ ds 


h 
< [(e.mPleP iver + |OnVol”)(s)e™*ds 
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h h 
< ce f \VoP(s)er*ds + f 18,0? (seas 
because || < Ck due to the condition (2.27). Dropping the first term on 
the left-hand side of (2.29), using the elementary inequalities 


1 2 a(n)? 2 
am El +7 l ) 





|FoVo| < ( 


(On Fo + TFo)Vol < 2(\OnFol? + 7*| Fol”) + |Vol? 
and the assumption (2.27), we yield 


h 
ee [Vol (en) + Je — 2b (n) — 1)|OnVo|*(s)e7*ds 


2 
h 
+ J (Set) - Ch?) |Vol?(s)e™*ds 
a? (£n, n)k? 9 k? 9 
SH e n F n 
E Volen) + Fo Er) 


h h 
+8 [mers +R f Alan Fol + 7?FaP)(s)e"*ds. 


Choosing 


T = max(2supb,,(n) + 1,2sup(C + 1)a(n) ?), sup over (0,h), 


we guarantee the positivity of the second integral. So, we can absorb the 
first integral on the right-hand side by the last integral on the left-hand side 
to arrive at 


a(n)°(2n)|Vol?(an)e™™™ 
4 h 
2 Tin 2 2 2 TS 
< anya) (tn)e +8 [2 + 7°|Fo|*)(s)e7*ds 
d 


or 


h 
[Vo]? (an)e™™™ < C(|Fo|? (an er?" + Jar +r*|Fol?)(s)er*ds. 
d 
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Integrating with respect to x, over (d, h) and replacing e77” on the left-hand 
side by 1 and on the right-hand side by e7”, we arrive at (2.28). 














The proof is complete. 


Now, using Lemmas 2.1-2.4, freezing the coefficient with respect to 2’, 
and partitioning unity, we obtain energy type estimates for general variable 
ao; b. 

Let € > 0. We denote by X(j) points with integer coordinates. Let 
x(j), j =1,...,J,be points eX (j) that are contained in Q’ = {x : x E€ Q}. 
It is clear that J < Ce". The balls B'(x(j);€) form an open covering of 
M. We define 0; = B'(x(j);£) x (0,h). Let x(x’; j) be a partition of unity 
subordinated to this covering. We can assume that 


0<vG7) EL [VxG7)| < CE7}, [AxG i) 


We introduce a “low frequency” projection vı = Pv of a function v. 
Introduce a function x € C'©(R) such that x = 1 on (0,1/2), x = 0 on 
(3/4, 0), 0 < x < 1. Let xj(£n; £) = x(k tag (x(i), “LL We define 


< Ce, (2.30) 


vlj) = Be POs n= DP (2.31) 


For brevity we set ||v|| = |||] (0) (Q*(d)). 
Lemma 2.5. Let v € C?(Q*(d)) solve the initial value problem 
(A +b: V + a$k?}u = ôi fi +... + nfn + kfagi +k’ fo in N*(d), 
v = 0 on Q* (hı) 
for some hı < h. Then there is a constant C such that 
lell < CA + EPA + + Nfa) + Ifall 
+ Îlfoll + Ada foll + €k lella RA) + elol + nv). (2-33) 


(2.32) 


PROOF. From (2.31) and the Leibniz formula we have 
Av(; j) +b- Vul j) + k?a2u(; j) 
= xG; I3 fi +... + On fn + kfnx1 +k’ fo) 
+2VX(G j) : Vu + ses Vx 5) + AX(G5))v, 
so 
Av(;) + 5(2"(j), 2n) VOG J) + 403 (2"(f),200)0(5) 
= (XGA) fi) +--+ (x GP fn) — AXG A) Fi = «+ — On-1XG I) fn- 
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+ kXG Í) fn+1 + K’XG I) fo + 2Vx (7) + Vo + (b: Vx(G i) + Ax(G5)}v 
+ (b(a (j), an) — b(a)) + Vu j) +k’ (lala (G), tn) — aola) uG 5). 
Applying the low frequency projection P; to both sides, we yield 

APjv(; j) + 065,12) - VPju(; j) + ka’ Gn, j)Pyu( 5) 

= FXF VG 5) + 27 Onx5jFOnv(s j) + bn FOX Fl; 5) 

+ 1 P(xG I) AL) + + OnPi (XG I) fn) — Pin(xG I) Fn) 

— P(AXG I) FL) — -- — Pi((On-1xG5)) fn—a) 

+ KP; (x) fn41) +k? P; (x54) fo) 

+ P;(2V'x(9) - Vu) + P;((AX(G 5) +b- Vx i)o) 

+ P;(b(;3) — b) - Vul j)) + BP; (a? Gn, 5) — ag); j)), 


where Pin(f) = F~OnxjF Ff, 069) = b(a (4), ), and a(;n, j) = ao(x' (3), ). 
Observing that 


I(a?(5n, j) — a6)l + lên (a? G n, j) — a6)l < Ce 


on the support of u(; j) and | P;f|| < || f||, using (2.30), and applying Lem- 
mas 2.1-2.4, we obtain 


lP GDI? < CUXG DAT + + IXE Dal? + ERAN? + 
+EP) + IXE I fral? + IlxG Doll? 

+ [1x6 9) On foll? +e 7k? || Vol? (Q5) 

HETEK? loll? (O) + elel) + lvl? (O). (2.34) 











Now, summing the local estimates (2.34), we obtain a bound for vı 
given by (2.31). The support of v(; j) intersects at most 2” supports of 
other v(; k), but this is not true for P;u(; j). To make certain constants be 
€ independent (as in (1.5)), we use that (J — P;)u(; j) is a high frequency 
component of v(; j) as defined by (2.31). Hence 

IE = P wG AIP < CK? OG DIE 
and 
eG AIP = IPG AI? +I = PoG AIP < PGDI? + CA [oC DC. 
Using that the multiplicity of covering Q; is at most 2” and summing (2.34) 
over j = 1,...,J, we yield 


loll? < CE tH D <o( St) |) foll? + = +È ht) P) Fa” 
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J 
+ D IxG D On fol? +e 7k (LA? + + fa?) 
j=l 


+ 64k vlin (O(a) + e*(Ilel? + IVl). 


Using that x?(;1) +... +xX?GJ) < 1, we obtain (2.33) and complete the 
proof of Lemma 2.5. 














3. Some Carleman Estimates 


Let 
1 
w(a;T) = | exptorert-OF- yar, (3.1) 
Ži 
where 8 = (0,...,0, 8n) is a vector to be chosen later. We remind a result 


from [7]. We will give its short proof. 


Lemma 3.1. Let the condition (1.4) be satisfied. Then there is a 
constant C such that 


fo + rk?)|ul? + 7|/Vul?)w(,7) 
Q 
< c(] (A+ agk?)ul|?w(, 7) + fo + 7k*)\ul? + r\Vul?)w(,7)) (3.2) 
Q 


(eke) 
for all u € H?(Q\) and T >C. 


PROOF. As is known [5, 12], under the condition (1.4), there are 
positive g, 0 depending on Q, ao, 8 such that with y(x, t) = e7(|z—B|?—07¢?) 
we have the following Carleman estimate for the wave operator: 

(3|U|? + 7|VU/? + 710,0|?)e?7? 


Ax(—1,1) 


< c( / (A — as? )U etry + fur +7|VU|? + 7|0,U|?)e?7? 


Ax(—1,1) 2Nx(—1,1) 





+ J (UP + TIVO? + 7|.UP)e"*). (3.3) 


Qx{-1,1} 
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We apply (3.3) to the function 
U(x,t) = u(x)e**, (3.4) 


choose large 7 to absorb the integral over Q x {—1,1} by the left-hand side 
of(3.3), and integrate with respect to ¢ to obtain the weight function w. 


From the definition (3.4) 
VU(a,t) = Vu(z)e™, OU (x,t) = iku(r)e™ 


and 
(A — aa(x)0?)U (a, t) = (Au(a) + a(x)u(a))e™. 
Hence the Carleman estimate (3.3) implies that 


[EURE HATER + Ph f erat) ae 


Q 


< Cf f NA+ loula) ( f esta) ae 
Q —1 


i 


+ [ (9 +7k)luP@) + Vula) Ph f reat) dr 





aa —1 
+ l ((73 + 7k?) ful?(2) + 7|Vula) P)? Dar). (3.5) 
Q 


Now, choosing 7 large and using different growth rate of the weight 
function on the left-hand side of (3.5), we eliminate the last term on the 
right-hand side. Indeed, let Æ > 0. By definition, 


plz, t) — p(z, 1) = e722 (e0? — e=) > e1(0) 
when |t| < 1/2,x € Q. Hence there is C(E) such that 


1/2 1 
E< / lelea ole at < | rte ete 
-1/2 = 


when C(E) <r. Then 


1 
Beet ®t) sanin 
—1 
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provided that C(E) < T. Setting E = 2C, we can absorb the last term on 
the right-hand side of (3.5) by the left-hand side. The proof is complete. 














4. Proofs of Theorems 1.1 and 1.2 


PROOF OF THEOREM 1.2. We choose 


2r? 3 


Bn =— (= - =a), B= (0,...,0,Bn)- 


Introduce the notation Q4 = QN {(d — Bn)? < |x — BP}. We assume that 
3d? < 16r?, so that Bn < 0. Using the choice of 8 and considering the 
intersection of level surface 


æ- BP = (34 - fn) 


with the lateral wall {|x’| = r} of the cylindrical domain, one can be con- 
vinced that the boundary layer {æn < $d} N Q does not intersect Q a. 
Indeed, if (a’,x*) is a point of the intersection of this cylindrical domain 


2 % 2 2 d 2r? 2 

and of the boundary of Qg, then r? + (x7 — Bn)? = (d— Bn)? = (G+) | 
9r2\ 2 2r2 

(Ti ba) = és , and rž 7 en which gives x* =f. 


Hence there is a cut-off function y that is equal to 1 on Qu, vanishes near 
00.2 {xn = 0}, and satisfies the bounds |Vy| < Cd71, |Ax| < Cd”?. 


Writing Equation (1.1) as (A +k?a?)u = f —b- Vu, applying Lemma 
3.1 to xu instead of u, and shrinking the domain in the norms on the left- 
hand side of (3.2), we get 


KG + rk?)lul? + r]/Vul?)w(;7) 
Qa 


C( | fPwer) + f Vapwe f IVx: Vu+ (AxiuPw(r) 
Q Q 


ONO 


Na 


+ Je + Tk? )lul? + 7/Vul? + Pau wl 7)), (4.1) 
T 
where we used that xy = 1 on Qa and the triangle inequality. Choosing 


T > 2C, we absorb the second integral on the right-hand side by the left- 
hand side. 
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Let b = e°X°, by = evld-BnŸ, by = e218-Pnl”, where X = sup |z — £l 
over xz € Q, 
1 


1 1 
ei? ov? ee 
W(r) J t dt, wi (7) z pen t dt, wie) = | em t dt. 

=Í “4 Le 
Observing that wı < w on Qa, w < W on Q, and w < we on 2 \ Na 


and replacing w by its minimal value on the left-hand side and by maximal 
values on the right-hand side of (4.1), we yield 


7*w1(r)||ul|?(Qa)) + rw (7) || Vull? Oa) 
< C(W(r) (WIFI? (Q) + (7? + rk? +’) llull E) + TVu? E) 
+ d-4wa(r) (|| Vull?(Q) + lull?) 
Dividing both sides of this inequality by w1, we obtain 
T? ull? (Qa) + TVu? (Qa) < CW (nur (FIO) 
+ (7° + 7(k? + a™°))llull? E) +7 Val} E) 
+ d-*wa(r)wy (TVu? + lul?) (4.2) 
It is obvious that W(r)w, (rT) < Ce07. A crucial observation is that 
wa(r}w] (T) < Ce“. 


Indeed, by the definition of b; and @ and elementary calculations, 


2 2 
by — bg = e7 (2r? THEI 





perte +2) 7) O1. 
Therefore, 
1 
wi) > Ca e27(bi-ba)e"™ y > wy(r)e27/¢, 

= 

Hence from (4.2) we have 
lull? (Qa) + || Vull2(Qa) < CT F2(k) + e-7/C78 M2) when C <r. 
(4.3) 

By increasing C, we can eliminate 7? on the right-hand side. 


To use (4.3), we need 7 to be large. If Mı < CF(k) for some C, then 
we have the Lipschitz bound (1.7). Otherwise, we can equalize two terms 
in (4.3) by setting 

C? M 
= = Un ——— 
C2+1 d?F(k,d) 


T 
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Then the right-hand side of (4.3) is 


ot 1 
CF(k)° MY ) n = C241 


and, using that Q(d) C Qa, we obtain (1.7). The proof is complete. 














PROOF OF THEOREM 1.1. Since T is Lipschitz, by known extension 
theorems, there is a function u* such that u = u*, Vu = Vu* on T and 


Ile" lla (8*7 (0)) < C(lullL) + [|Vull()) < CF, (4.4) 


where we used the definition of F. Let v = u — u* on Q and v = 0 on 
Q*(0) \ Q. It suffices to obtain (1.5) for v instead of u. Observe that 


Av +b: Vu + azk?u = f + f* —b- Vu* — a2k?u* in 0*(0), (4.5) 


where f* = —div(Vu*). Since v vanishes outside some cylinder, by us- 
ing known results about the H!-approximation of energy solutions by H?- 
solutions, we can assume that v € H?(R”"~! x (0,h)) and hence f* = 
Ofi +... +Onfn + fn+1 with || f;|| < CF. By (4.5) and Lemma 2.5, 


IoIGR TE x (d, h)) < CA +e PIR) FE FRE + fu || + [On u* | 
+e K (lloll (A) + elol + lanv) 
< O(F + O(e)k +F +C(e)k llulla (Q(d)) + ellulla (82) + F)), 


where we used that ||vlla) < llulla) + F due to (4.4). From this bound and 
(1.7) we obtain the needed bound (1.5) for v. The proof is complete. 














Conclusion. It is clear that difficulties in theory and applications of 
many important inverse problems are due to their notorious (exponential) 
instability. In practical situations, logarithmic stability permits, as a rule, 
to find only 10-20 Fourier coefficients of a solution at distance from T, which 
results in very poor resolution and disappointment of engineers or scientists 
expecting effective mathematical processing of experimental data whose ac- 
quisition is often very laborious and expensive. So, any way to increase 
stability and to increase resolution is indeed valuable. While increasing 
stability with the wave number is observed experimentally in several basic 
inverse problems, before there was no theoretical explanation. Moreover, 
there is a belief that stability always grows with frequency. As was shown, 
it is true only under some (convexity) type conditions. Otherwise, stability 
might deteriorate. 


One of the next natural questions is to trace the dependence of con- 
stants on distance d and to study stability in the whole domain Q. For 
example, we expect that C < Cod~*, where Co does not depend on d. To 
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demonstrate it, we need more detailed Carleman type estimates. We ex- 
pect that this increased stability is more dramatic in the three-dimensional 
case, when the data are given at a larger distance, when singularities of 
the solution are distributed over Q \ T, and certainly for large frequen- 
cies. Accordingly, the most stable solution (for the same space geometry as 
in Section 1) is anticipated in the time domain (i.e., when the Helmholtz 
equation is replaced by the wave equation) provided that the initial data are 
zero. In near future we plan to study this issue theoretically and to link it to 
the increased stability for the Helmholtz equation and to the (largely open) 
problem of the exact controllabity in a subdomain. Observe that the exact 
controllability in the whole domain is relatively well understood [6, 10]. 
The present paper outlines a possible way to study increasing stability of 
the continuation for the equation 


EAu +b- Vu + aÿu = 0. 


Large k corresponds to smaller viscosity € and has natural links to stan- 
dard smoothing regularization technique. The analysis of Section 2 carries 
through, however at present we do not know how to derive appropriate 
Carleman type estimates, like in Section 3. These estimates help to handle 
the high frequencies zone. As follows from John’s example, this high fre- 
quency zone might interact with the low frequency zone (where the solution 
is stable disregard of any (pseudo-)convexity conditions) and damage overall 
stability. Similar results are expected for continuation from a lateral wall 
of solutions to parabolic and hyperbolic equations 


(O, — A — k?a2)u = 0, (0? — A — k?a2)u = 0 
and for more general equations and systems. 


The author already showed the increased stability of recovery a poten- 
tial in the Schrödinger equation (A — k? +c(x))u = 0 from its Dirichlet-to- 
Neumann map. The results were presented at the international conferences 
“Applied Inverse Problems 2005” in Cirencester, England, and “Inverse 
Problems and Applications,” Banff, Canada, in 2006. The paper with com- 
plete proofs using complex geometerical optics technique and some sharp 
estimates of regular fundamental solutions of operators with constant co- 
efficients [4, 5] is in preparation. Probably, it is harder to show increased 
stability for the coefficient ao in the equation (—A — k?a2(x))u = 0. At 
present, there are only some preliminary results (in the low frequency zone) 
[11], methods of (complex) geometrical optics do not look promising, and 
we do not know a good alternative. The next step is to obtain similar esti- 
mates for the inverse scattering problems by obstacles and by the medium. 
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In 


particular, it is still an open question whether stability of recovery of 


near filed from far field pattern is improving with growing frequency. It is 
clear that one has to impose some (pseudo)convexity condition on unknown 
coefficients or obstacles. 
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Cauchy problem 37, 140, 170, 339 
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— divergence 225, 247 
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Controllability 8 
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D 
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— functional 206 
— entropy 150 
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Envelope, wavepacket 65 
Equations 

— autonomous 138 

— nonautonomous 161 


Estimate, enstrophy 40 
Euler equations 18, 301 
— incompressible 271 

— resonant 312 
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Function 

— quasiperiodic 174 

— recurrent 175 

— translation compact 172 
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Galerkin approximation 8 
Ginzburg-Landau equation 147, 
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Grashof number 144 
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Kernel 

— of process 166 

— of semigroup 140 
Kolmogorov e-entropy 150 


L 
Laplace-Beltrami operator 5 
Lie extension 14 
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Lie rank 12 
— zero-time 12 
Lyapunov dimension 153 


M 

Method of power series 291 
Mode 8 

— observed 8 
Multi-wavepacket 73 


N 

Nagano theorem 12 
Navier-Stokes equations 38, 142, 
153,289 

Navier-Stokes/Euler equations 4 
Norm, wavepacket 65 

Number, band 64 





O 

Optics geometric nonlinear 267 
— weakly 271 

Orbit 11 

— zero-time 12 

Order metric 206 


P 

Phase, interaction 96 

Phases adjusting 273 

Points, band-crossing 79 
Position, wavepacket 65 
Principle, superposition 58,78 
Process 162 


R 
Relation, dispersion 64 


S 
Section, kernel 140 
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Semigroup 138 
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— (E, E)-continuous 139 
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— — asymptotically 139 
Set 

— absorbing 138 
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— attracting 138 
Solution universal 85 
Stability increased 339 
Susceptibility 82 

— elementary 95 
Symbol, time 171 


T 
Trajectory complete 165 
— bounded 166 


V 
Variable slow 66 


W 

Wave 

— large amplitude 275 
— vorticity 307 
Wavepacket 57, 65 

— doublet 67 

— simple 65 

— multi-particle 58, 65 
— particle-like 57 

— single-band 68 

— — particle-like 69 
Wavevector 64 
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nk-spectrum 73 
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